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Abstract. Light experiences a moving medium as an effect-which is valid whenu and v’ are parallel. As the question
ive gravitational field. In the limit of low medium velocities of velocity transformations is a problem of only geometrical
the medium flow plays the role of a magnetic vector poteniransformations, the light in the medium can be simply seen
tial. We review the background of our theory [U. Leonhardtas “something” moving with the velocity/n. The actual na-
and P. Piwnicki, Phys. Rev. &0, 4301 (1999); Phys. Rev. ture of the moving signal is of no importance. In the same
Lett. 84, 822 (2000)], including our proposal of making opti- sense wave fronts and elementary waves transform simply ac-

cal black holes. cording to normal Lorentz transformations:

PACS: 42.15.-i; 04.20.-g; 03.65.Bz X =@x—-uty, y=y, Z=z, t'=@t-ux/Ay, .

Light propagation in moving media is an old topic. The first with

relevant result was achieved by Fresnel in 1818 [1], long be- 1 @

fore the theory of relativity or Maxwell’s theory of electricity V = ————= - 4

anq magnetism had been c_ieveloped. He used the ether model v1- (u/cy?

of light propagation to obtain Thus light in a dielectric is a very special thing. On one hand
C 1 it has an important feature of light in vacuum — a fixed vel-

V= + (1— F) u (1) ocity ¢ =c/n; on the other hand, as it is not propagating

with the vacuum velocity of light, it is subject to the normal
for the velocity of a light ray propagating in a moving trans- orentz transformation used for massive particles. Conse-
parent medium. Here is the velocity of the light as seen quently, the velocity as seen in the laboratory system depends
from the laboratory systeng the velocity of light in vac-  on the velocity of the medium, and elementary waves are
uum,n the medium’s index of refraction andthe velocity of | orentz contracted. But note that due to the fixed velocity of
the medium. The factor in parentheses is usually called Freghe light in the medium frame the velocities in the laboratory
nel's drag coefficient (Mitfihrungskoeffizient), as accordingsystem are fixed as well. They now depend on the direction of
to Fresnel's interpretation this coefficient defines the fractiorpropagation, but as soon as the direction is fixed, the modu-
of the ether that is dragged by the medium. The sign in the cdus of the velocity is known. The explicit formulae allowing
efficient depends on whether light and medium are moving inhese velocities to be calculated are rather cumbersome, as the
the same or in opposite directions. Fresnel's result was verirelocity transformation in its full three-dimensional form is
fied experimentally by Fizeau in 1851 [2]. As long as we areneeded.
considering the effects only to the first orderiyc and light Let us consider an elementary wave emitted at some point
and medium are propagating in parallel directions, (1) givesvithin the medium. In the medium’s rest frame this elemen-
the correct expression even in the light of modern physics. ltary wave is obviously a sphere fulfilling
is fairly easy to obtain this formula using the expression for

the relativistic velocity addition, X2 +y?4+72-c4?=0, (5)
0= utv i ) where the primed quantities are those in the rest frame of the
1+ (u-v)/c? medium. Using the Lorentz transformation (3) we can trans-

form this equation to the laboratory frame to obtain

*Corresponding author. 2 2 2 /242
(Fax: +46-§200-430, E-mail: piw@quantopt.kth.se) (x—ah?/b+y"+2°—bc™t" =0, (6)
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with The equation can be rewritten in the form
1-1/n? 1—(u/c)? g2 192 197\ o 10
a= Um al’ld b= m . (7) C2 8t2 Cz atz Hy — M- ( )

The first two terms in the parenthesis of (10) form the

d’Alembert operator that is invariant under Lorentz trans-

formations. As the medium is assumed to be at rest, its four
velocity

w=y(1 %) (11)

Thus an elementary wave that is emitted at titreg some
point P = (Xo, Yo) in the xy-plane of the laboratory system
will at time t + At have a curve of intersection with they-
plane that is described by

(X —Xg—aAt)2/b+ (y—yo)? —bc?At? = 0. (8)
L . I , is of the form

This is an ellipse with its center at the poi@ = (Xp+

aAt, yo) and its short semiaxis in the direction of the medi-y* = (1, 0). (12)

um’s motion. The elementary waves are thus dragged by the

medium and contracted in the direction of motion (see Fig. 1)This allows us to interpret the time derivative as a term of the
One more important point should be noted here. In thdorm 3,,u* with the four gradient

case of a light ray propagating in a moving medium, the vel-

ocity vectorv and the wave vectdt are not parallel, except _ (19 (13)

for the cases when they are parallel to the velocity of the” ~ \ ¢ at’ ’

medium or the light ray has the velocityi.e. the medium has ) ) .

no influence on the light or is simply not present. In a techni&nd thus we obtain a covariant form of the wave equation,

cal sense this is due to the fact that these vectors are parallelfi§cause we can rewrite it in the form

the rest frame of the medium but transform to the laborator N

frame according to different laws. The actual calculation i 00" + (n* — D (u a“)z] Fuw =0. (14)

straightforward but complicated. To understand the physica‘_|

| . .
; . ere and throughout the paper we apply Einstein’'s summa-
background, recall the interpretation of the two vectors. Th‘?ion convention.gWhen traﬁsg)rming tﬁg unation into a new

velocity vector is tangent to the ray, whereas the wave VeGg e \ve also have to transform the field strength tensor. But
tor is orthogonal to the wave fronts of the light wave. The facty) y,ic cace the Lorentz transformation does not depend on
that they are not parallel means that the velocity has a Con%’pace and time, and hence there are no additional contribu-

ponent that is parallel to the wave fronts. . tions from differentiating the transformation included in the
Being a wave phenomenon, light has to fulfill a wavegq strength tensor

equation. When the medium is at rest we can write the equa-
tion as

1 Geometrical optics and general relativity

) n2 82
( c? atZ) wr =0, © In the previous section the problem was rather simple and
could be handled well with the different kinds of special
whereF,, is the field strength tensor of the light field (40). relativistic transformations. The calculations might become
This equation differs from the equation for light in vacuum rather tedious, particularly when the general velocity trans-
only by the facton? that multiplies the time-derivative term. formation is involved, but everything is absolutely straight-
forward. For the problem we are interested in and which is
discussed in [3, 4], we go one step further and allow for a de-
pendence of the velocity on space and time. For example,
imagine a transparent fluid in nonuniform motion — e.g. in the
form of a vortex. This fluid can be considered to be built up
of small volume elements, each of them moving at a well-
defined velocity. Thus in the rest frame of every volume
element, light propagates in all directions with the velocity
¢/n, and by using the Lorentz transformation we can find out
the possible kinds of motion as seen from the laboratory for
every element. But what we are interested in is the motion
through several volume elements, and we have the problem
that we should match smoothly the velocities of the different
u elements. This is not a trivial task: in every volume element
- there exists only one permitted value of velocity for every di-
rection of motion and it might happen that these values “do
Fig.1. An elementarywave in a meing dielectric. The medium is moving not match” for neighboring elements and the light ray has to

to the right with the velocityu. A light wave isemitted at point P and after . . . -
having propagated the elementamve has théorm of an ellipse centered change its direction to allow for a smooth propagation.

at Q. Thus thevave isdragged by the medium and simultaneously Lorentz Let us discuss th.e propag'ation O_f light rays in a m_edium
contracted with a slowly changing velocity profile. The assumption of
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a velocity profile that does not significantly change over sevthe three-dimensional wave vector, whereas the space com-
eral wavelengths is central for the approximations made iponents of the contravariant vectof = g#’k, are parallel

this work. to the velocity. Thus the difference between wave vector and
We assume the light field to be of the form velocity can be understood as following from the difference
between co- and contravariant four vectors.
Fuo = FuexpiS +c.c., (15) Light rays in a moving medium propagate according to
the rules of general relativity with the metric (21). Since this
where#,, is a slowly varying envelope and is a central point here, let us briefly repeat the main ideas of
motion in general relativity. In a flat space—time described by
S= [ (—w dt+k- dx) (16) the M|nkow§k| metricy”?, particles will move along straight
lines according to
is the action. Here we introduce the wave four vector dur (23)
w ds o
k, = (—, —k) (17)
c with s being the proper time angt* the particle’s four vel-
and the line element ocity. The proper tims can be introduced via the line element
dx’ = (c dt, dx). (18) G5 =gu dx" o, (24)

Now we can apply (14) to the field (15). For a general field,With

we would now have to take into account the tensor nature of )

F,.., s it has to be transformed to different frames at dif-9uv =70 = diag[1, —1, -1, —1] (25)
ferent points and thus the derivatives would also operate on

the velocities involved in the Lorentz transformation. But asin the flat empty space and

we have assumed that the velocity profile changes slowly, we

neglect all the derivatives of the profile in comparison withy _ T + 1 1\ u.u (26)
the quadratic wave vector contributions. Thus we arrive agaiﬁ’”‘U e\ n2 re

at (14) as the wave equation for the field and we finally obtain ) ) ) .
in the moving mediumg,,, being the covariant version of the

k. k“ + (n® — 1)(uk,)*> = 0. (19) space-time metric (21). One can easily check that (21) and
(26) are exactly inverse. In this form the equation is only valid
This equation can be rewritten in the form for massive particles because the four velocity is not defined
and the line element sdvanishes in the case of a massless
k.k,g"’' =0, (20)  particle.
Equation (23) simply means that we require the four vel-
with ocity to have the same coordinates at all points in a coordinate
system that seems to be “natural” in a sense as the Cartesian
g’ =™ 4+ (n®> = HuruY, (21) coordinates seem to be a “natural” choice in the case of a flat
space. The situation becomes much more involved as soon
where as we go to a curved space. In this case we can still attach
a tangent space to our space—time at every point and require
"’ =diag[l, —1, -1, —1] (22) the velocity vectors to be elements of these spaces. But the

tangent spaces at different points are not parallel anymore,

is Minkowski's metric tensor of special relativity. Relation and thus there is no natural way of saying that two vectors
(20) strongly resembles the relation for the wave vector ofat two different points are “the samé’Here one introduces
light used in the general theory of relativity. In that cagé  the notion of parallel transport, a method of defining corres-
is the metric tensor describing the structure of space-time. Iponding vectors in different tangent spaces. It is obviously not
our case this tensor reflects the velocity profile of the movinga good idea to require the coordinates of the vector to be con-
medium. But the formal analogy of these two cases allows ustant, as we can arbitrarily choose the systems of coordinates
to interpret the motion of light in a dielectric in the spirit of in the different spaces and thus this requirement would not be
general relativity and to call the tensor introduced in (21) thecovariant; the equation would not have the same form in all
metric tensor of the system. We can conclude that the light'systems of coordinates. In this sense not even (23) is a good
propagation will formally be governed by exactly the sameequation, as it will not keep its shape when transformed into
principles. curvilinear coordinates. The solution is to generalize the no-

What should be noted here is that due to the structurtion of a derivative by introducing covariant derivatives. We
of the metric tensor the spatial components of the co- anill only state the result for the covariant derivative, a deriva-
contravariant forms of thk four vector will be different; in  tion can be found in the book by Landau and Lifshitz [5] or
particular they will not be parallel anymore. This takes usfor a more mathematical discussion see the book by Wald [6].
back to our discussion of the difference between velocity and
momentum vectors in a moving medium. According to (17),1«ajl tangent spaces are isomorphic, but there is no canonical isomorph-
the space components of the covariant wave vegtdiorm  ism,” as a mathematician would put it.
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In the case of a contravariant vectst one replaces the nor- rays for this case. The velocity profile we used was that of
mal derivative in the following way: a vortex. We have slightly modified the profile in comparison
to the usual vortex [7], denoted in polar coordinates

da* — D, =9,a" + I} a", (27)
_Y 35
and analogously for covariant vectors u= Te‘/’ ’ (35)
3,3, — D,a, = d,a, — F,fvax ’ (28) in order to avpid the velocity of the flow becoming superlumi-
nal. The profile we used had the form
wherer, are the Christoffel symbols, W
u= ;ew . (36)
1 ag(r agm} 3gm
I =Zgo | =24 =2 =02 29
me 2g ( XV + ax®  9xe (29) with
We can use this definition to introduce the notion of the par- W2
allelly transported vector. A vecta* is said to be parallel ¥ =4/1+ 22 (37)
transported along a curve if its directional derivative along
this curve vanishes, i.e. Here W denotes the vorticity: a constant fixing the velocity
of the vortex. This profile is similar to the usual velocity pro-
t'D,a" =0, (30) file of a vortex in the sense that the space components of the

) ) o velocity four vector are equal to the velocity three vector of
wheret” is tangent to the curve. In the physical situation ofthe nonrelativistic vortex. For low velocities, i.e. for large dis-
a particle moving in a curved space-time, this curve is thgances from the vortex’s core, the two kinds of vortices can be
particle’s world line. In order to generalize the equation ofconsidered equal.
motion for a particle, we have to require that it movesinaway et us sum up the results in a few words. The main re-
allowing its own velocity vector to be parallel transportedsyit is that the vortex attracts light rays passing by. Light rays
along this world line, i.e. it is always “the same” according tothat are far away are deflected, rays coming very close to the

the covariant derivative. We obtain the condition vortex’s core can even fall into it. In this sense a vortex acts
like a black hole. But only light rays propagating in the direc-
u’Dyu” =0, (31)  tion opposite to the flow will fall into the black hole, whereas
. , rays propagating with the flow can always escape. Further-
or written out in components more one should note that every motion with light falling into

P N the vortex has a time-reversed counterpart with light coming
X " OxT Ox ) (32) out of the vortex and vanishing to infinity. The trajectories
ds? "'ds ds corresponding to these motions are mirror pictures of each
o . . . . ther. The full Schwarzschild metric of general relativity does
This is the geodesic equation for a massive particle. Wheﬁotonly contain a black hole, but also a white hole. The white

we look at it from another perspective, this formula reflect%ole is a time-reversed version of the black hole; no particles
the variational principle behind general relativity: the path ac- . . » NO particie
an enter the event horizon and every particle present within

tually chosen by a particle is the one where the proper tim hori h | X hensible di |
becomes maximal. As mentioned above, this kind of equatioff'€ ['0"1Z0n has to leave it. A comprehensible discussion of
cannot be applied for light. I that case we have to replace thi'€ full Schwarzschild metric and its two singularities can be
ourvelocy by the conravaranwave v wiichis__ C416 1 e 000k Mener L[5, U e coneeet o
also tangent to the world line. We then obtain for the geodesig ’ 9 prett :

our model as a black and a white hole in one. One should

equation emphasize that it is a risky enterprise to interpret our model
dk® N in the spirit of “real” black holes. Up to now we did not in-
e + I KK =0, (33)  vestigate the relation between our metric and the metrics of

the different kinds of black holes. But there is an intuitive ar-
wheret is some parameter along the curve. Due to the forgument showing why our metric does not describe a black
mal equivalence this is also the condition that will define thehole [9]. The medium flow has no radial component. A real
trajectories for light rays in a moving medium. event horizon would be created if the flow velocity would
In the actual calculation [3] we have chosen a Hamiltoniarhave a radial component larger than the velocity of light in the
approach instead of explicitly solving the geodesic equationmedium. In our model there is always a direction the light can
We started from the wave equation (19) in the explicit form take in order to come to regions with a lower flow velocity.

0? — A2+ (N*=1)y*(w—u-k?=0 (34)
2 Gordon’sapproach
and defined to be the Hamiltonian. The details of the calcu-
lations can be found in [3]. The idea of using a general relativistic description for light in
In order to get an impression of what happens to a lighta moving medium was discussed for the first time by Gordon
ray in a moving dielectric we have chosen a concrete exampli@ his 1923 paperZur Lichtfortpflanzung in der Relativitéat-
of a velocity profile and calculated the trajectories of lightstheorie [10]. His approach was different from ours, but he
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arrived at the same results for the metric tensor. As his caH. Minkowski in 1908 [11]. They form the starting point for
culations show the theory from a different perspective, it ighe investigations made by W. Gordon.

worthwhile to briefly present the calculations that led Gordon  Using (41), (42) and (44) and the fact that

to his results. In his calculations he started from the classical

description of electric and magnetic fields in matter.

uu, =1, (45)

In a situation without free charges the fields obey Max-

well's equations in the form

we can reexpress the field,, in terms ofF,,,

V.B=0, VxE=-22 £ Hou = Pyt (L) (WP — U (46)
’ ot
V.D=0 VxH= 9b (3g)  Orin contravariant notation
’ ot -
H o _ pFov _ OFVA[ . _ | VEOA
In a medium at rest we have the additional constitutivegoH =P+ e WFT W — W) (47)
equations . . :
This result can be rewritten in the form
— -
D= SSOEv B= 8002 (39) ﬁHgv — FM [(nkgnw) + (n2_ 1) (nkguvut +’7ULuAug)] ,
€0
describing the properties of the medium. In order to be able (48)

to consider fields in a moving medium we have to rewrite the . ) )

theory in a covariant form. In relativity the electric and mag-Where we have used the identiy. = n". We are free to add
netic fields can be combined in the form of antisymmetricthe term(n®—1)“u*ueu”u‘F,,. It vanishes being simultan-
tensors. The field& andB form the tensors eously symmetric and antisymmetric when the indicesd

¢ are interchanged. Now we can write (48) in the form
0 Ex E, E

—Ex O —cB; cB ﬁ ov _ (pnhe 2 Apj0 w 2 VL
Fuy = e cB, 0 —cByX , eoH ("4 (n* = 1) u*u®) (n" + (n“ = 1) u'u’) F, .

—E, —CBy cB, 0 (49)

0 -Ex —Ey —E; Introducing here the tensor (21), allows us to write this in the
g — | Ex 0 —CB; cBy (40) final form

Ey cB, 0 —cBx| "

E; —CBy cBx 0 B He = g?g"F,, . (50)

€0

The tensorsH,, and H*" are defined in an analogous way, h L ; Hoci .
with E replaced byD andcB by H /c. With these definitions 11US We can again interpret” as an effective metric ten-

Maxwell's equations (38) can be written in the covariant formSO @nd(i/e9)H®" as the contravariant counterpart Bf,.
g (38) To denote this, Gordon puts parentheses around the indices

ok,  9F,  0F, whenever an index has been moved with the metric (21), and
XY x> axe (41)  so we obtain in his notation

for the first pair of equations and FOO = go*g"F,, . (51)
H- _0 (42) When changing equations from special to general relativ-
axk ity one has to change normal derivatives to covariant ones.

L . In the case relevant here — that of second rank tensors — one
for the second one. Considering a medium that moves at thgptains

three velocityu, i.e. the four velocity

u g AK — DAk = g Ak AR R ATm (52)
W=y (1, —) , (43)
¢ and
we can rewrite (39) in the form m m
3 Aik = DiAKk= a1 Ak — I} Ank — I Aim - (53)

H*u, = eeoF U, , o , _ _ ,
" Considering Maxwell’s equations in free space, i.e. for

FroUy + Fouls + Fuuy = —(Hjouy + HoyUs + HyaUp) Fov = H/gp, We see that the introduction of covariant
€0 (44) derivatives does not change the first set of Maxwell’s equa-

tions (41). This is due to the fact that the Christoffel symbols

In the case of a medium at rest, i.e. iof = (1, 0), this is  are symmetric in the lower indices, whereas the field strength

simply (39). But, as (44) is valid in one frame of reference!®nsor is antisymmetric. The second set (42) can be rewritten

and is written in a covariant form, it is valid in all systems. in the form ([12])

It thus yields a connection between the tendets and HeY 1 9 =gF*

that is correct irrespective of the relative velocity of the ob-——_ -~ 2 _ o, (54)

server and the medium. These equations were published by/—_g axe
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where g is the determinant of the metric tensgt’. We

Charged particles moving in an Aharonov—Bohm potential

can obtain Maxwell’'s equations in the moving medium intoacquire only a phase shift, but the velocity is unchanged.
this form by using (42) and introducing additional factors of In our casew is constant, but the modulus of the real vel-
/—3, which is permitted as long agsis a constant. Then we ocity v changes. That the velocity cannot stay unchanged

obtain
JEM(©@) 1 aﬁp(k)(e)
axe v—9 axe - (55)

The determinang takes the the valuep = n2. That can

is already clear from Fresnel's formula (1), because the ray
passes through regions with varying flow velocities. In par-
ticular, rays passing on two different sides of the vortex’s
core will move with different velocities, as one of them
propagates with the flow and the other against it. But it is
still remarkable that the rays are not bent, as would happen

be seen from the fact that the metric tensor in the movingven in most other nontrivial velocity profiles in this approx-
medium (21) can be obtained from the metric tensor in thémation. As long as we are only interested in trajectories

medium at resty)” = diagn?, —1, —1, —1] via a Lorentz

or stationary wave phenomena, light in the vortex and the

transformation. The determinant of a Lorentz transformatiod—\haronov—Bohm effect are fu!ly equivalen'g. Itis also possible
is +1 because the Minkowski metric is Lorentz invariant.to introduce a new Hamiltonian for light in the vortex cor-
Consequently, the determinantgf’ does not depend on the responding to a rescaled time parameter. In order to find this

frame of reference and is thus equaltm? = det(gs”) in

Hamiltonian we start from the wave equation (14) to the first

all frames. Thus electromagnetic fields in a moving dielectricorder inu/c and choose’w?/c* as our new Hamiltonian.
can be described within the framework of general relativity ad\Ve obtain

long as the index of refraction is constant.

3 Optical Aharonov—Bohm effect

The theory discussed up to now is valid for almost all vel-
ocities. When velocities become very high and change fast, 2
spectacular effects such as optical black holes can be olpt = (k+w

served. However, although velocity profiles as extreme as c?

n-1
C2

H=k+20 u-k. (61)

But as long as we want to be exact only to the first order in
u/c, we can always add a quadratic term and obtain

1)2
ul .

(62)

those needed here cannot be realized in practice, there is an-

other regime where interesting effects might be observable.
One can go far away from the vortex where the velocitie
are low. As is shown in [3], we can expand the Hamiltonian;

for light in the moving medium to first order im/c to obtain

c 1
H=ﬁk+<1—ﬁ>u~k. (56)
Applying Hamilton’s equations
dx oH dk oH
Tk @ 57)
gives the velocity
dx ck 1

We are free to rescale the velocity by multiplying it kythe
modulus of the wave vectdrand thus obtain

w=Kkv. (59)
Rewriting the equation of motion in terms ofyields
dw 1

a Hamiltonian having the same structure as that of a charged

Soarticle propagating in a magnetic field. This shows the

analogy between light and charged matter waves. In writ-
ing the last expression, one should keep in mind that the
quadratic term has been added only to make the expres-
sion look nicer and to show the similarity with the mag-
netic case. In fact, this expression is different from the
correct second-order expansion of the Hamiltonian and
may be used only when the second order term can be
neglected.

Note that we again arrived at a situation where velocity
and momentum are not parallel. Here they differ by a term
proportional to the velocity of the flow.

4 Remarks

We have shown a very far-reaching formal analogy between
the motion of light in a moving medium and in a gravita-
tional field. The gain from this equivalence is twofold. On one
hand we have reduced the problem of light rays in a moving
medium to the known problem of light rays in gravitational
fields, a topic where a substantial amount of work has been
done already. On the other hand, general relativity with its
ideas of curved space—time and geodesics is very abstract
and hard to grasp intuitively. With the picture of a flowing
medium in mind, one can understand general relativity more
easily, a gain that is not at all dependent on the possibility of

This resembles strongly the equation of motion for a chargedn experimental realization of those ideas. One should note

particle moving in a magnetic field. In this analogycor-
responds to the vector potential amdto the velocity. In

that already ideas have been sketched to interpret general rel-
ativity in a spirit similar to our work. Harrison describes in

case we choose the vortex (35) as the velocity profile wéis popular book on cosmology [14] the idea to interpret grav-
arrive at an analogy to the Aharonov-Bohm effect [13].itation as flowing space. In this picture, elementary waves
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emitted from a point source are dragged by the flowing spac¥sing (63), we obtain for the group velocity
and thus move away in relation to their source, exactly as in
the case shown in Fig. 1. Because this is not a motion withindw VI1+x n w dy 1 - (65)
space but rathgr the motion of space |tse!f, veIomqes higheTgy < Cc ¢ do zm)
than the velocity of light would be permitted. This is ex-
actly what will happen within the Schwarzschild radius, andConsequently, a strong dependence of the susceptibility on the
hence even light propagating in the opposite direction thafrequency leads to a small value of the group velocity. To
the space will be still dragged by it and unable to escape. Aachieve the strong dispersion an effect called electromagneti-
it is well known in general relativity, one can always choosecally induced transparency (EIT) has been applied.
a system of coordinates in such a way that space—time is flat Electromagnetically induced transparency is an effect of
at exactly one point. This would then correspond to the resjuantum coherence with three atomic levels in an approxi-
frame of some droplet. We have not yet followed this pathmateA configuration being involved (see Fig. 2).
further, but it seems to be a very fruitful approach towards For the creation of EIT two lasers are needed. One of them
a deeper understanding of light in a moving dielectric. In our- the probe laser — is tuned to the frequency of the transition
approach, we varied the velocity of the medium but kept thébetween the upper level (a) and one of the lower levels (b). It
index of refraction constant. The situation where only thes the propagation of this beam we are actually interested in
index of refraction is varied is described in textbooks. Lan-when performing the experiment. With only the probe laser
dau and Lifshitz [5] use a variational approach, whereas thpresent, its light would be absorbed by the medium very
method described by Born and Wolf [15] is similar to ours.quickly. The situation changes as soon as the second laser —
A particularly interesting remark can be found in a footnotethe drive laser — is used. The drive laser light is strong and it
of the book by Born and Wolf where they mention a 1926is tuned to the transition between the upper state and the sec-
paper by Bortolotti [16]. He showed that the light trajecto-ond of the lower states (c), creating a quantum interference
ries in a resting medium with variable index of refraction arethat makes the medium effectively transparent to the probe
geodesics in a three-dimensional space with the metric tensbeam. When both lasers are tuned exactly to their respec-
diagn?, n?, n?]. tive transition energies, both the real and imaginary parts of
the susceptibility vanish. Thus the probe light will propagate
through the medium without loss and at the vacuum velocity
5 Slow light and optical black holes of light.
In Fig. 3 the dependence of the susceptibility on the detun-
In the previous sections we discussed spectacular effects fg is shown. A detailed discussion of the effect can be found
light in a moving medium, such as deflection of light raysin the book by Scully and Zubairy [19]. What is most import-
in the vicinity of a vortex or the optical Aharonov—-Bohm ef- ant here is that the real part shows a strong linear dependence
fect. For these effects to become strong high values of the
index of refraction and high medium velocities are necessary.
In order to create an optical black hole, one needs veloci- a
ties of the medium that are comparable to the velocity of
light in the medium, which is incredibly large. It should be
clear that in no laboratory can vortices with such velocities
be created. Thus the effects of general relativity in a glass
of water seem to be nonobservable. Modern interferomet- c
ric techniques would allow for the observation of the optical
Aharonov—-Bohm effect, however.
Last year reports were published regarding experiments 1,
with light mpvmg at thremgly low _grOUp VQlOC_ItIeS [17,18]. Fig.2. Three-level system needed for the creation of electromagnetically
The velocities mentioned in the first publication [17] wereinduced transparency. A strong drive laser field couples the levels a and
as low as 17 fs. These effects have been seen in alkalt, making the medium transparent for the weak probe laser tuned to the
Bose-Einstein condensates and in noncondensed atomic Ve&nsition &b
pors. The low group velocities are not due to a very high

Drive
Probe O NNNNNNY

value of the nondispersive index of refraction. They are a re- X
sult of the very strongly dispersive character of the medium, A1 ~ IMAGINARY PART
i.e. the index of refraction depends strongly on the frequency FA [N
of the light. Light in a dispersive medium obeys the wave P Do
equation SO IS
’ \ ] N
2 2 —’I’ \\ Il \‘~~
2 w w _ W\ 2 A
kK"~ 7 —x(@) 5 =0. (63) \/
wherey = n? — 1 is the susceptibility. A wave group in a dis- REAL PART
persive medium moves with the group velocity Fig. 3. Susceptibility for the probe laser beam in electromagnetically in-

duced transparency. The plot shows the dependence of the real (solid lines)

dw dk\ 1 and imaginary (dashed lines) parts of the susceptibility x on the detuning A

Vg = — = (—) (64) of the probe beam. The drive beam is assumed to be on resonance. Arbitrary
dk do units are used
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on the detuning of the probe. In [4] we used a simplified
model of EIT. We assumed the susceptibility to be of theform

2
x(@) = w—o(w’ —wp) + O (@ —w0)?) , (66)

with wg being the resonance frequency of the a <> b transi-
tion. We neglected the imaginary part of the susceptibility x
and assumed the real part to be linear close to resonance.

In the experiment we discussin [4], themediumis moving
relative to the light source. Consequently the light frequency
in the rest frame of the medium is different from the fre-
guency intheframe of thelight source. But it is the frequency
in the medium frame that fixes the value of the susceptibil-
ity, and so the susceptibility will depend on the vel ocity of the
medium. Thus the frequency dependence of the susceptibil-
ity comesinto play. Although the probelight isassumed to be
monochromatic, while transforming the wave equation (63)
into the laboratory system we have to keep in mind that the
frequency appearing in the argument of the susceptibility is
till the frequency in the rest frame of the medium. We obtain
for the wave equation

2 Wy N ;o wo—Uu-k
k 2 X(w)C2 =0, w—i\/m, (67)

where wy is the frequency of the probe laser. In (67) the re-
lation between frequency and wave vector can become very
involved. For our purpose we use the susceptibility in the
form (66) and expand the wave equation (67) to the second
order in u, and thus we obtain

) u\2 u, o uz \ w?

Sincethisequationis quadratic in k and w we can rewriteit in
the form

g“'k.k, =0, (69)
with the definition
K, = (% &) (70)
and the metric tensor
2
g — (”‘:‘J% “%u®u) . (71)
ag —1+4a 2

Note that the precise result for the wave equation (68)
strongly depends on the approximations made. Using higher
orders in the expansion of the wave eguation (67) or in the
expansion of the susceptibility would create higher terms in
k and w. In that case, no relativistic model would be valid
anymore. Note also that the susceptibility (66) is only valid
within a narrow frequency range. If the frequency detuning
due to the Doppler effect of the moving medium exceeds
this range our analysis is not applicable anymore. However,
one may compensate for the overall Doppler detuning in the
particular region of the flow where oneis interested in by ad-
justing the frequency of the probe light. Aslong as we accept

our model and the approximations made, all the techniques
used in the case of the nondispersive medium can be used
once again.

The particular example for a flow is the same one we
used in the case of the nondispersive medium. Again we con-
sider the velocity profile in the form of a vortex (35). As
discussed in the previous section light rays are null geodesics
of the metric (71), and the vortex acts as a black hole
that can swallow light rays coming too close to it. Note
a small difference of the black hole when compared to the
nondispersive case. In the nondispersive case only light rays
propagating in the direction opposite to the flow can fall
into the black hole. They do so when they come to close
to the core of the vortex. Light rays propagating with the
flow could come arbitrarily close to the vortex’s core and
still escape. In the dispersive medium this is not the case.
Here two kinds of critical radii are possible. Whereas the
soft critical radius corresponds to that encountered in the
nondispersive case, the hard critical radius is a new fea
ture. All light rays coming to the core closer than the ra-
dius fal into it. But even this radius does not constitute
areal event horizon [9]. There are still solutions with light
coming out of the vortex and escaping to infinity, as has
been discussed in the preceding chapter. Numerical exam-
ples show that hard critical radii are far beyond feasibility.
But the soft critical radius might become realizable with the
methods of today’s experimental techniques. As relativistic
effects in the moving medium become visible when the vel-
ocity of the medium becomes comparable to the velocity
of light in the medium, it is clear that the strongly reduced
group velocity will make the observability of optical black
holes much more likely. Thus the ideas of optical black
holes in highly dispersive media provide us with an interest-
ing prospect of observing general relativistic effects in the
|aboratory.

6 Summary

A moving medium appears to light as a change in the met-
ric of space and time, i.e. as an effective gravitationa field.
When the medium moves at moderate vel ocities the flow acts
similar to a vector potential, and so the medium appears as
an effective magnetic field. A vortex flow will generate the
optical analogue of the Aharonov—Bohm effect. Spectacu-
lar relativistic effects are expected when the medium moves
faster than the local speed of light. The advent of extremely
slow light shows that thisis not an entirely unrealistic regime
and thus opens the prospect of making artificial astronomical
objectsin an earthly laboratory.
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