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Abstract

In the centre of mass frame, we have investigated the electroweak process eTe™

— ™ in the presence of a plane and

monochromatic laser wave of linear polarization. We provide the theoretical calculations of the differential cross-section for
this process by using the scattering-matrix approach and Dirac-Volkov formalism. The laser-assisted cross-section is computed,
and its dependence on the laser parameters is analyzed. We have found that this cross-section increases significantly inside
a linearly polarized laser wave co-propagating with the incident particle’s beam, and it passes its corresponding laser-free

cross-section by several orders of magnitude.

1 Introduction

Laser physics is one of the most exciting and challenging
fields in physics. Since the invention of the laser in 1960
[1] till today, a great progress has been made in this field
of physics both theoretically and experimentally. Lasers are
useful as they are indispensable tools in different fields of
physics such as optics, medical physics, biology, nuclear
physics, etc. Radiation-matter interactions have received a
great interest from both theoretical and experimental physi-
cists [2-8]. In atomic physics, several research papers have
been published in non-relativistic and relativistic regimes.
Then, some researchers included the electromagnetic field
interactions in elementary particle decay [9—13] and scatter-
ing reactions, especially those of eTe™ collisions [14-23].
In general, the process of eTe™ annihilation into a pair of
fermions can proceed in both resonant and non-resonant
manner. Under resonance conditions, the intermediate prop-
agator is on the mass shell. These resonance phenomena
are known as Oleinik resonances, and they have been stud-
ied very extensively by Roshchupkin et al in enormous and
high quality papers such as laser-assisted processes in Quan-
tum Electrodynamics (QED) (see the following references
[24-32] for more details). In the present paper, we consider
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the non-resonant case, where the intermediate particles are
considered as virtual bosons. The process of muon pair pro-
duction via e™e™ collision inside an external field is studied
in quantum electrodynamics (QED) for both linear [33] and
circular [34] polarization of the laser field. However, at high
energies, the interference between the y -photon contribution
and Z-boson exchange are both important. Therefore, we
studied in references [35, 36] the process ete™ > utu~ at
the leading order by taking into consideration both y -photon
and Z-boson exchange in the presence of a laser field with
circular polarization. In these papers, we have found that
laser wave with circular polarization reduces the probabil-
ity of the process to occur; its cross-section is decreased by
the circularly polarized electromagnetic field. However, as
this process is an elementary and fundamental process for
other ete™ collisions, it is important to look for ways that
lead to the enhancement of its cross section. In addition, we
assume that the polarization of the laser may be crucial for
the cross-section’s behavior. In this respect, we investigate in
this paper this electroweak process inside an electromagnetic
wave of linear polarization. Further, by analyzing numerical
data obtained from the theoretical calculations, we illustrate
the effect of the linearly polarized laser field on the process’s
cross section.

The remained of this paper is structured as follows: In the
next section, we present a detailed analytic calculation of the
cross-section of the process ete™ — pu+ ™ inside a linearly
polarized laser wave. Then, we compute this cross-section
and analyze the obtained results. Finally, a short conclusion
is given in the last section.
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Fig.1 Feynman diagrams of the process ete™ — u*u~
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2 Theoretical calculation

We consider, in this part, the cross-section of the muon-
antimuon pair creation from electron-positron collisions
inside an electromagnetic field with linear polarization. We
adopt natural units (7 = ¢ = 1), the Livi-Civita tensor
€923 — | and the metric g"* = (1, —1, —1, —1). The Z-
boson and y photon interference are taken into consideration,
and the Feynman diagrams for this process are depicted in
Fig. 1.

According to the Feynman rules, the laser-assisted scat-
tering matrix element of this process can be expressed as
follows:

SfiteTe” = utu™)
/ / I 7D (6 = I 4, ()
+Il,, (x)c,w(x_y)J;M_(y)}d‘*xd‘*y, M

where the currents of the incoming particles coupling to Z-
boson and y photon are expressed as follows:

e+e Z(-x) Il/pz,_yz(-x)

_ig oS

4cos Oy Vﬂ(g_v 8aV ) ¥py.s; (X) 2)
I ey () =V, (D) Ty )rp, 5, ().

Similarly, the currents of the outgoing particles are given by:

=) =V 5, ()
g v _ 5
Zcos Oy vV (8v — 8aV )V pass (V) 3
)/MJer(y) l/fp3,s3(Y)(ieVU)Wm,m()’)a

with ¥, 515 Ups.sos ¥ps,sy and ¥y, s, are successively the
states of the incident electron, incident positron, outgoing
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muon and outgoing antimuon. Oy is the Weinberg angle, g =
e/ sin Oy the electroweak coupling constant, and the leptonic
weak neutral coupling constants g, = —1 + 4 sin? @y and
ga = —1. The propagators of the Z-boson and the y photon
[37] are successively given by the following expressions:

d4q e—i‘I(X—)’) qquV
Dyy(x—y) = f (2n)4 M2 ( iguv +i M% >,

dq e71abY 4y
G (x—y)=/ —( iguy + i >
" emt  q? g

&)

with g denoting their four-momentum. The incoming elec-
tron and positron, which are charged fermions, are embedded
in a laser field. Therefore, their states are derived from Dirac
equation, (i — eA — m)y.(x) = 0, as follows [39]

_ kA u(p1,s1) eiS(@1.51)
1/’p|,s1 (-x) - I:l - z(kkﬁl)] «/2Q1V o (6)
_ ¢ v(p2,82) 32) tS(q K} )

where the classical actions S(g;, s;)(i = 1, 2) are defined as:

S(q1,81) = — x+e(§1p')sm sin 2
(g1, 51) q1 ¢ — g(k [71) ® L)

S(q2, 82) = +q2x + e(él pz) sin¢ + 8(k§1 sin 2¢

V is the quantization volume. The free Dirac spinors up, )
and v(p, s,) are fulfilling the normalization: } . u(p;, s;)u
(pi, si) = pi + m, for particle and in v(pi, s)v(pi, si) =
i — m, for antiparticle, with s; denotes the particle’s spin,
and x is the space-time coordinate of the incident particles.
q1(01, q1) and g2(Q2, g2) are their effective four-momenta
acquired inside a laser field. In the centre of mass frame, the
free four-momenta of the electron and positron outside the
electromagnetic field are expressed by: p; = (E1, |p1/, 0, 0)
and pr» = (E2, — |p2], 0, 0). The free-momentum and its cor-
responding effective momentum are related by the following
equation:

262
g =t 5 g i=(1.2). 8)
! b Ak.pi)

Since the Dirac-Volkov states of the incident electron and
positron (Eq. 6) depend on the electromagnetic potential A*
(A = Aty,), the polarization of the laser field has an impor-
tant role in the evolution of the transition amplitude. In this
paper, we assume that the laser field is linearly polarized, and
its classical potential is read as:

Al (@) = &/ cos(), )
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where Sl“ = (0,0, |&], 0) is the polarization 4-vector with
g7 = |€]> = (¢/w)?, and ¢ is the amplitude of the laser field.
¢ = (k.x) is the phase of the electromagnetic field, and k*
is its wave four-vector such that k" = (w, w, 0, 0) satisfying
(&.k) = 0 with w denotes the laser frequency. Since the
produced muon and antimuon are much heavier than electron
and positron (m,, ~ 200m,), they will not interact with the
laser field unless its strength overcomes ¢ = 1010V .cm ™!
[35]. In this paper, we consider laser strength less than this
limit. Therefore, we describe them as free states [37] such
that:

(10)

!l/fpm (y) = %e—may
(P4.54) ,+i
Ypass(y) = Lpa) ptivey.
The free-momentum of the outgoing particles in the centre of
mass frame are expressed as p3 = (E3, [p3| cos 9, [p3|siné, 0)
and ps = (E4, —|p4alcosO, —|pg|sinf, 0), with E;(i =
3,4) are their energies. To evaluate the S-matrix element
given by Eq. (1), we have to replace the particles’ states and
the Z and y-propagators by their expressions. After simpli-
fication, the scattering matrix element will be as follows:

+00

2

n=—oo

m)*8*(p3 + ps — q1 — q2 — nk)
4V2/Q102E3E,

Sri =

'S 1
4 cos? Ow (g1 + q2 + nk)?
X [ﬁ(m, 537 (g8 — g5y ) v(pa, s4)5(pa2, 52)

[CoBon + C1Bi, + Cszn]u(pl, Sl)i|

62

_I_—
(q1 + q2 + nk)?

[ﬁ(pa 53)yHv(pa, s4)v(p2, $2)

[DOBOn + DBy, + Dszn]M(Pl, Sl)“

+00
=2 S

n=—oo

Y

where S;ﬁi and Sy; are successively the partial and total
scattering matrix elements. The parameter # is interpreted as
a number of emitted (if n < 0) or absorbed photons (if n >
0). The quantities Cp 1 2 and Dy 2 are explicitly expressed
by:

Co = y" (gt — g5v°)
C1 = cp2fiky* (g8 — g5y — epivt (g — gov )kE;
Ca = cpiepag Kyt (g8 — gly ke,

Dy = y*
Dy = cpaf iky" — cpry kg
Dy = cpicpré kv kg,

12)

Besides, the coefficients By, , B, and B, are expressed in
terms of generalized Bessel functions by:

Boy, = Jn(ag, a2)
By = % Jp—1(a1, 00) + Jn+1(051,062))
Ban = 4 (Jn-a(@1, @2) + 200(@1,02) + Juga(er, @) ).

(13)

Here, we use the generalized Bessel functions [38], which are
composed of products of regular cylindrical Bessel functions,

“+00
Tn(er,a0) = Y Jyow(@) (@),

(14)
n'=—o00
with
&.p2 &.p; & 1
a1=e[ — ];a2= [ + ] (15)
k.pz k.p1 8 k.p2 k.pl

The product &;.p; = 0, hence oy = 0. Thus, the sum in the
generalized Bessel functions collapses and the inner summa-
tion index n’ is fixed at n’ = n/2 such that:

+oo

> Tucaw (@) (e)

n'=—o00

Julay, ap) =

+00
= Z Jnfzn/(o).]n’((m)

n'=—o00

= Jup2(a2).

(16)

Since the regular Bessel function J,; («2) must be of inte-
ger order, n must be even and thus only pairs of laser photons
are absorbed or emitted at the electron-positron vertex. To
obtain the differential cross-section in the centre of mass
frame, we divide the square of the scattering matrix ele-
ment by VT to obtain the transition probability per volume,
then by J;, and by the particle density p = V ~!. Finally,
we integrate over the final states for a fixed emission angle
dQ = sin6dOd¢ where 6 is the scattering angle. The total
cross-section can be expressed as follows:

IS} 11
VT |Jincl p

d’p4
(2m)3’

d’p3
(2m)3

(7)

oy =

where the incident current |Ji,e| = (/(q192)* — m;‘4 /
010,V), and m} is the effective mass of the electron and
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positron. Now, we have to average over the polarizations of
the incoming particles, and we sum over the final ones,

doy(ete”™ = ptu™)

_ 1 rﬂZM%mmﬁ%
- fi 2
16 /(qlqz)z _ mz«“ (2m)“E3 Ey4
x8%(p3 + pa — q1 — q2 — nk). (18)

In this equation, we first integrate over d3 p3, and then the
integral over d° p4 can be performed by applying the well-
known formula given by [37] :

J(x)

A 19
lg X)]gx)=0 (19)

/de(X)S(g(X)) =

In Eq. (19), the delta function, 8*(p3 + ps — q1 — g2 — nk),
ensures the conservation of energy and momentum through
the interaction. As a result, the final expression of the partial
differential cross-section becomes as follows:

d
d(g (efe” > putu)
- 2
— 1 | );|2 2|p3| : 1 ’
16/(qrg? —ms* | Q?E3 187 (IP3Dg(pan=0

(20)

where the expression of the function g/(|p3 |) is given by:

' Eilps3l
g (Ip3h) = _2[—p - |p1|cos9]
Ip3|% +m,

_éé[ o|ps| ~woost]

2k-pit fipsl? +m2
E
—2[¢ + |p2| cos 9]
Ip3|% +m?,

_ﬂﬁ[ w|ps| ~woost]
2k-p2t fips 2+ m2

—Zn[ opsl wcose]. 1)

/P31 +m?,

In Eq. (18), the spinorial part |M i |2 can be evaluated as
follows:

— 1
BT = L3 3

pol spins

)
4 l16cos* 0w \ (g1 + g2 + nk)> — M2

XTr[ (s + m)y" (g5 = g5r ) (py = my)
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Yulgy — gZ)/S)]Tr[(p2 —m)t"(p, + mg)?”]

P

AP
P4 — mu)Vu]Trl:(pz - me)Kn(pl + me)?n]

Tr[(ps +moy'(

2 2

¢ 1
+ 2 gz ( 2)
(q1 + g2 + nk)? 4cos? Ow \ (g1 + g2 + nk)? — M2
T’[(If’s +mu)y gy — gov)

X(py = m v [Tr[(p, = mT" (py +moR"

62 g2

+ (g1 +q2+ }'lk)2 4 cos? Ow

x( 1 )
(q1 + q2 + nk)? — M2
Tr[(;ﬂ3 +m )yt (py —mp)vu(gy — gﬁys)}

X Tr[(p2 —mo)k" (p, + me)?":|, (22)

where

" = CoBoy + C1B1, + C2By, and
k" = DoBon + D1B1, + D2B2,. (23)

The total differential cross section is obtained by summing
the partial differential cross section given by Eq. (20) over
the possible number of exchanged numbers such that:

do do"
T 24)

neven

The calculation of traces that appear in |M_;’cl|2 is performed
by using FeynCalc Program [40, 41], and the total cross-
section is obtained by numerically integrating the Eq. (20)
over the solid angle d2 = sin8d6d¢.

3 Results and discussion

In this section, we present the numerical data obtained by
computing the total cross-section of the process eTe™ —
uwtu~. Then, we discuss and analyze these results for
different laser frequencies and strengths in order to con-
clude the required and convenient laser parameters. The
total cross-section is a summation of partial cross-sections

o = Y T _o". The electromagnetic wave is assumed to

n=—0oo
be linearly polarized, and its wave vector k is considered as
co-propagating with the incident beam (eTe™ beam). The
choice of this direction is based on the fact that: In [36], we
have studied the laser-assisted muon pair production from
e*e™ annihilation via the exchange of Z and y bosons. We
found that the circularly polarized laser field with a direction

perpendicular to the e™e™ beam reduces the cross section of
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Fig.2 Comparison between the laser-free total cross-section with laser-
assisted total cross-section at the limit of vanishing fielde = 0 V.cm™!
andn =0

the process. In [42], we have studied the effect of the direc-
tion of the laser field with circular polarization on the cross
section of the process. As a result, we found that the circu-
larly polarized laser field that co-propagates with the e*e™
beam reduces also the cross section. However, the effect of
the laser is stronger in this case. In this paper, this is obvious
in Eq. (8) where the product (k. p;) becomes small in the case
of eTe™ traveling in the direction of the laser field. There-
fore, the electron/positron will receive an energy increment
in the direction of field propagation. Hence, the effect of the
laser on the cross section of the process is high. The standard
model parameters are chosen such that: the electron mass
me = 0.511 MeV, the muon’s mass m, = 105.66 MeV , the
mixing angle sin®(#,,) = 0.23126, the Fermi coupling con-
stant Gp = 1.1663787 x 1075 GeV 2, the Z-boson mass
Mz = 91.186 GeV and its total width I'z = 2.4952 GeV
[43]. As afirst step in our discussion, we computed the laser-
assisted cross section at the limit e = 0 V.em ™! and n = 0.
Then, we compared it with the total cross section calculated
in the absence of a laser field for different centres of mass
energies. It is obvious from Fig. 2 that at the limit of van-
ishing field, the laser-assisted total cross-section tends to the
cross-section in the absence of the laser field in all centre of
mass energies.

To analyze the effect of the linearly polarized laser field
on the total cross-section of the studied process, we show
in Fig. 3 the dependence of this cross-section on the cen-
tre of mass energy of the collision for a laser field with
frequency @ = 1.17¢V and strength ¢ = 10° V.cm™'.
According to Fig. 3, we remark that the laser-assisted total
cross-section keeps the same behavior as its correspond-
ing laser-free cross-section. For instance, the peak occurs
at /s = My (dominance of Z-boson exchange) regard-
less of the number of exchanged photons. In addition, the
y-photon exchange is dominant at low centre of mass ener-

108

--- Without Laser
—.= n= +40
...... n= +60
- n=x80
—— n= =100

101 |

olnb]

20 40 60 80 100 120 120 160
Vs [GeV]
Fig.3 Dependence of the laser-assisted total cross-section on the cen-
tre of mass energy of the collision by considering different ranges of

numbers of exchanged photons withw = 1.17 eV ande = 10° V.cm ™!

10°

\ --- WithoutLaser
\ —-- He:Nelaser(hw=2.0eV)

10* <‘
S Nd : YAGLaser(hw =1.17 eV)

103 4
102 4

10 4

olnb]

20 40 60 80 100 120 140 160

Vs [GeV]

Fig.4 Variation of the laser-assisted cross-section as a function of /s
for different laser sources by fixing their strength at & = 10°V.cm ™!
and by summing over n from —40 to +40

gies. By comparing the laser-assisted cross-section with the
laser-free cross-section, it is clear that the total cross-section
of the studied process increases inside a laser field with linear
polarization. Moreover, its order of magnitude depends on the
number of transferred photons between the electromagnetic
field and the colliding beam. Indeed, it increases by enlarg-
ing the range of exchanged photons numbers. For instance
at /s = My, the laser-free cross-section is 0 ~ 1.4nb.
However, the laser-assisted total cross-section, at /s = Mz,
can reach ~ 206nb, ~ 306nb, ~ 407 nb and ~ 508 nb
for the number of exchanged photons +40, £60, £80 and
£100, respectively. Therefore, in the presence of a laser field
with linear polarization, the total cross-section of the studied
process can be increased by several orders of magnitude.

It is well known that a laser pulse is characterized by its
parameters, i.e., its strength and frequency. Consequently, to
select the convenient electromagnetic field source, it is wor-
thy to study the variation of the cross-section as a function of
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the laser parameters. Figure 4 illustrates the variation of the
total cross-section as a function of the centre of mass energy
for different laser frequencies. Figure 4 shows that the laser-
assisted total cross-section of the process ete™ — utu~
increases as long as the laser frequency decreases for all cen-
tre of mass energies +/s. For instance, at /s = 60 GeV, the
total cross-section is o ~ 0.21 nb in the absence of a laser
field, and it is equal to 0 &~ 1.62nb and 0 ~ 4.66 nb for
w=2eV and w = 1.17 ¢V, respectively. Therefore, a pow-
erful laser pulse with low frequency greatly influences the
probability of the process to occur compared to laser sources
with high frequencies. From the mathematical point of view,
the laser field strength contributes to the laser-assisted cross
section through the arguments of the generalized Bessel func-
tion defined by Eq. (14) and through the A*-dependent terms.
As the field strength increases up to & = 10°V.cm ™! (Figs. 3
and 4), the electron state becomes more distorted, and thus the
cross section is more strongly modified. Therefore, the cross
section increases because the electron’s energy increases.
Through its propagation inside an electromagnetic field, the
charged particle (electron/positron) experiences a pondero-
motive energy. The latter is an additive energy to the kinetic
energy of the charged particle. Its expression in the presence
of a linearly polarized laser field is given by:

e’e?

Up

(25)

T dmew?’

Besides, the number of exchanged photons n has a great
contribution to the energy, and this number depends on the
frequency of the laser field. This is illustrated in Figs. (3)
and (4) where the number of laser photons is high as far
as the frequency is small. In addition, the charged fermion
(f) acquires an effective mass, mf,-, inside a linearly polar-

ized laser field such that m’ = mzf + €2£7 /2 where m
is its laser-free mass. Each incident particle (electron and
positron) will interact several times with the laser field before
the electron-positron collision. As a result, the ponderomo-
tive energy and the acquired effective mass of each particle
will be multiplied several times. Therefore, we assume that
the combination of this laser-acceleration technique with
the conventional electron-positron collider will lead to an
enhancement of the number of events which is related to the
cross section as follows:

ZZLXO', (26)

where dR/dt is the number of event per second, L the
luminosity of the collider, and o is the cross section of the
particles’ interaction. In Fig. 5, the dependence of the cross-
section on the laser field strength is shown. In addition, the
order of magnitude of this cross-section increases not only
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Fig.5 Dependence of the laser-assisted total cross-section on both laser
field strength and number of exchanged photons at the Z-boson pole
forw=1.17¢V and /s = Mz

by increasing the strength of the laser field but also it raises
as much as we sum over a large range of exchanged photons
number. At e = 10° V.cm~! for example, when we sum the
partial cross-sections from —40 to +40 (—80 to +80) the total
cross-section is approximately o ~ 206 nb (o ~ 407 nb ).
This increase of the cross section is physically justified by the
increase in external field photon number density associated
with larger values of the laser field strength. The probabil-
ity that more laser photons will take part in the process also
increases.

Figure 6 illustrates the variation of the cross-section of the
process ete™ — '~ inside a laser as a function of laser
strength ¢ for different laser field sources, i.e., the He:Ne laser
(w = 2eV) and the Nd:YAG laser (w = 1.17 ¢V). Accord-
ing to Fig. 6, the laser-assisted cross-section increases as
long as we increase the laser field strength, and this confirms
the previous results. In addition, this cross-section’s order of
magnitude increases also as much as the laser field frequency
decreases. Physically, the decline of the laser-assisted cross
section with increasing laser frequencies is due to the inertia
of the electron in responding to the laser-field oscillations,
which are caused by the oscillations of the Bessel functions.

The difference between the effects of linearly and cir-
cularly polarized [42] laser fields on the behavior of the
laser-assisted cross-section can be explained as follows: In a
laser wave with circular polarization, the electron moves in
perpendicular electric and magnetic fields, and it rotates on
an orbit whose radius corresponds to the value of the laser
field strength. However, inside a laser wave of linear polariza-
tion, the electron moves with linear oscillations in an electric
and magnetic field perpendicular to each other, and it does
not experience any other movement. Therefore, the proba-
bility of electron-positron scattering will be higher inside the
linearly polarized laser field than that corresponding to a cir-
cularly polarized laser field. The laser technology available
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Fig. 6 Laser-assisted total cross-section of the studied process as a
function of laser field strength for two different laser fields at /s = M
by summing over the number of transferred photons n from —40 to +40

today is prominent and very developed. It can provide laser
sources with intensities that overcome those presented in the
present paper. However, the experimental realization of the
studied process is challenging at the present time. This is due
to many reasons: The first one is the synchronization of the
laser field with the collision time, especially for high energy
collisions. The second challenge is about the technical com-
bination of the strong external field with the conventional
electron-positron accelerator. Thirdly, the laser pulses that
are available today are not short enough, especially for high
energy processes. In the atomic physics energy scale, there
are many experimental attempts such as Compton scatter-
ing and Thomson scattering [44-46]. While the experimental
feasibility of the studied process is challenging in the near
future, it is interesting to investigate its theoretical frame-
work. In addition, we assume that future particle colliders
may offer the opportunity of testing this process.

4 Conclusion

The process of muon pair production in the presence of an
electromagnetic field is investigated. The analytic calculation
of its cross-section is performed within the S-matrix the-
ory and Dirac-Volkov formalism. The laser wave is assumed
to be plane, monochromatic, linearly polarized, and co-
propagating with the incident e™e™ beam. We found that
laser wave with linear polarization enhances the total cross-
section of the process ete™ — uTu~ by several orders
of magnitude. In addition, the order of magnitude of the
laser-assisted cross-section depends on the laser field param-
eters. Indeed, a linearly polarized laser wave with strength
e = 10° V.em~" and frequency w = 1.17 ¢V can raise the
total cross-section of the studied process at /s = Mz from

o &~ 1.4 nb (without laser) to &~ 206 nb by exchanging about
440 photons. The most promising setup for an experimental
investigation of the process in the near future is based on the
combination of a super-intense laser sources with a conven-
tional electron-positron accelerator. We hope that the present
work will serve as a stimulus for experimenters to perform
such scattering experiments on electrons dressed by a laser
wave of linear polarization.
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