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Abstract

Laguerre-Gaussian beams possess a unique transverse mode structure defined by the orbital / and radial m mode numbers,
offering promising potential for controlling nonlinear optical interactions. This comprehensive study aims to elucidate the
crucial influence of this transverse mode structure on the nonlinear absorption processes. We first established a rigorous
theoretical framework by deriving analytical expressions describing the behavior of the Open Z-scan normalized optical
transmittance for an arbitrary nth-order nonlinear process under the weak nonlinearity approximation, accounting for the
transmitted optical intensity, power, and their dependency on the beam’s transverse mode profile. In the numerical simula-
tions, we focused on the specific case of second-order (n = 2) nonlinear absorption. Subsequently, detailed numerical simu-
lations were employed to systematically analyze the intricate interplay between the / and m mode indices and their impact
on the transmittance characteristics. By precisely varying these indices, we investigated how the observed transmission
profiles were affected, revealing distinct behaviors for different Laguerre-Gaussian modes. When only m increases, absorption
decreases due to the wider transverse energy spread, while varying / leads to a non-monotonic trend involving intense lobes.
Remarkably, simultaneously increasing both / and m systematically enhances absorption through constructive interference

of the helical and ring-like structures.

1 Introduction

Nonlinear absorption is a phenomenon where the absorp-
tion coefficient of a material depends on the intensity of
the incident light. This nonlinear behavior arises from vari-
ous mechanisms such as multiphoton absorption, saturated
absorption, or free-carrier absorption [1, 2]. In our work, we
focus on multiphoton absorption, where multiple photons
are simultaneously absorbed to excite an atom or molecule
to a higher energy level, which is only possible at high light
intensities. Saturated absorption occurs when the ground
state population is depleted at high intensities, leading to
decreased absorption. Free-carrier absorption involves the
absorption of photons by free carriers generated through
other nonlinear processes. Multiphoton absorption has sev-
eral notable applications including multiphoton microscopy
for high-resolution fluorescence imaging of biological tis-
sues [3], 3D microfabrication through localized two-photon
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polymerization of photoresists [4] and high-density 3D opti-
cal data storage by two-photon writing [5].

Investigating multiphoton absorption processes experi-
mentally requires advanced techniques capable of probing
nonlinear optical phenomena at high intensities. A widely
employed method is the Z-scan technique, introduced by
Sheik-Bahae et al. in 1989 [6]. The open-aperture Z-scan
configuration is particularly well-suited for measuring
nonlinear absorption coefficients, including multiphoton
absorption cross-sections. In an open-aperture Z-scan
setup, a focused laser beam is translated along its propaga-
tion axis (the z-axis) through a thin sample of the material
under study. The transmittance of the sample is recorded
as a function of the sample position z relative to the beam
focus [7]. As the sample crosses the focal plane, the peak
intensity experienced by the sample changes, leading
to a variation in the measured transmittance due to the
intensity-dependent nonlinear absorption. By fitting the
recorded open-aperture Z-scan trace to an appropriate
theoretical model, the nonlinear absorption coefficient
can be extracted. Crucially, the open-aperture configura-
tion is insensitive to nonlinear refraction effects, ensuring
that the measured nonlinearity is solely due to absorption
mechanisms. Other techniques employed to characterize
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multi-photon absorption include nonlinear transmission
measurements [8], pump-probe spectroscopy [9], and
two-photon excited fluorescence [10]. However, the open-
aperture Z-scan method offers several advantages, such as
simplicity, sensitivity, and the ability to separate different
nonlinear absorption processes based on their intensity
dependence [11]. The Z-scan technique has been applied
to study multiphoton absorption in a wide range of mate-
rials, including semiconductors [12], organic molecules
[13], nanostructures [14], and biological samples [15].

In theoretical and experimental studies of multiphoton
absorption, the choice of the incident beam is crucial,
often guided by research objectives or desired applica-
tions [16]. Theoretical models and numerical simulations
predict the behavior of these beams in nonlinear media,
considering beam parameters, nonlinear material proper-
ties, and underlying multiphoton absorption mechanisms
[17]. Theoretical models of nonlinear absorption in Z-scan
measurements can be categorized into two main groups
based on the spatial profile of the incident laser beam [18].
Analytical expressions for the normalized optical trans-
mission have been derived as a function of beam param-
eters and material properties for both categories. The first
category assumes a circular Gaussian beam profile [6,
11, 19-22] to describe nonlinear absorption processes up
to a specific order or a generalized nonlinear process of
arbitrary order. The second category utilizes an elliptical
Gaussian beam profile [23], with only one model proposed
for an arbitrary nth-order nonlinear process.

While this theoretical framework accounts for spatially
asymmetric laser beams and their associated nonlinear
responses, further development is needed for other beam
profiles commonly encountered. The formulation of addi-
tional models for spatially structured beams beyond circu-
lar and elliptical Gaussian cases remains necessary to fully
describe nonlinear absorption using the Z-scan technique
under diverse excitation conditions. The use of Laguerre-
Gaussian (LG) beams as incident beams is particularly
significant and potentially advantageous. LG beams pos-
sess a ring-shaped transverse intensity profile with an azi-
muthal phase dependence, resulting in an optical vortex
at the beam center [24]. This unique intensity distribution
can lead to enhanced nonlinear absorption processes due
to the high intensity gradients present in the beam profile.
Furthermore, controlling the beam parameters, such as the
radial and azimuthal mode indices [25], allows tailoring
the intensity distribution and exploring its influence on the
nonlinear absorption dynamics. These characteristics of
LG beams offer increased sensitivity in Z-scan measure-
ments, provide complementary information to traditional
Gaussian beam experiments, and are particularly relevant
for studying structured light interactions in nonlinear
optics.

@ Springer

In the concluding part of this introduction, we will dis-
cuss the focus of our work, which aims to develop theoretical
models for arbitrary order nonlinear absorption processes
in the weak nonlinearities regime, taking into account lin-
ear absorption within the framework of the open-aperture
Z-scan experiment. The material under study is considered
thin, and Laguerre-Gaussian (LG) beams are employed as
incident beams. It is important to note that, to the best of
our knowledge, this specific approach has not been previ-
ously explored in the literature, as our extensive biblio-
graphic research did not uncover any prior work addressing
this particular combination of nonlinear absorption order,
linear absorption, open-aperture Z-scan, and LG beam
illumination.

The paper is divided into two main sections. Firstly, we
develop the theoretical model through multiple steps. We
begin by deriving expressions for the transmitted optical
intensity, followed by the transmitted optical power. Finally,
we obtain an expression for the normalized optical trans-
mittance. This first section outlines the full mathematical
framework. In the second section, we perform some numeri-
cal simulations to analyze the influence of the radial and
azimuthal mode indices on the optical transmittance. Spe-
cifically, we computationally study how variations in these
mode indices affects the transmittance behavior. These sim-
ulations provide insights into how the different Laguerre-
Gaussian modes are transmitted according to the model
developed in the initial theoretical section.

2 Theoretical model

Laguerre-Gaussian beams (LG) are a family of solutions
to the paraxial wave equation in cylindrical coordinates
[24]. They have a doughnut-shaped intensity profile and an
azimuthal phase dependence. The order of the Laguerre-
Gaussian beam modes are specified by the indices / and
m. The indice [ is called the azimuthal mode order, as it
determines the azimuthal phase structure and orbital angular
momentum. The indice m is called the radial mode order, as
it governs the radial nodes and intensity rings in the profile.
Laguerre-Gaussian beams can be produced experimentally
by passing a laser beam through a spiral phase plate [26],
which imparts the required azimuthal phase profile. They
can also be generated using spatial light modulators or cylin-
drical mode converters [27]. Due to their orbital angular
momentum, Laguerre-Gaussian beams have potential appli-
cations in optical tweezers and spanners for manipulating
microscopic objects [28]. They are also being investigated
for use in optical communication networks as a way to
increase data transmission capacity [29].

Considering a Laguerre-Gaussian laser beam of order
(I, m) propagating along the (OZ) axis and incident on a thin
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nonlinear material sample, the complex electric field ampli-
tude associated with this beam can be described as [30]:

WO
Elm(x’ Y, t) = EO(t)

p 2p? p*
(7))o (-
W\ W)/ "\ W(2) W2(z)

electromagnetic wave equation w = 2z¢/ A. In this equation,
¢ symbolizes the velocity of light in a vacuum.

. kp?
>exp<—J kz+1lp— (A +1+2m)(2) + > (H
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where E(¢) is the time-dependent amplitude at the beam
center or focus containing temporal profile h(f) of the
pulse,W,,/W(z) is an amplitude scaling factor account-
ing for beam width W(r) variation with propagation dis-
tance,(p/ W(z)" describes the radial polarization dependence
with p as the radial cylindrical coordinate, Lin is the associ-
ated Laguerre polynomial of order / and m, exp(—p*/W?(z))
gives the Gaussian beam intensity profile. The complex field
equation also contains important phase terms. The quantity
kz models the longitudinal wave number as the beam travels
along z with k the wavenumber in free space, the azimuthal
phase I¢p imparts orbital angular momentum and {(z) is the
Gouy phase from beam focusing or defocusing. The radial
curvature phase (kp?/2R(z)) accounts for the locally vary-
ing radius of curvature R(z) of the wavefront. These phase
components fully characterize the three-dimensional helical
wavefront of the LG mode.

The parameters W(z), R(z) and {(z) are given by the follow-
ing relations:

2\ 3
W(z)=Wo(1+<Z_ZO> > (2a)
2R
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where W, is the waist radius, which represents the minimum
beam width, z is the axial location of the beam waist and
Zg 1s the Rayleigh range. It corresponds to the distance from
Zy over which the initial beam divergence occurs. Specifi-
cally, z is the distance required for the beam radius W(z)
to increase by a factor of \/5 compared to the waist radius
W,. The Rayleigh range is given by the following formula:

7o = ”_Wg 2d)

k=

where A is the wavelength of the laser beam. Although the
full expression contains a time-dependent term exp(—jwt),
Equation (1) omits this factor, with w representing the angu-
lar frequency of the Laguerre-Gaussian beam. The angular
frequency w is connected to the wavelength A via the usual

When solely considering a nonlinear absorption pro-
cess of arbitrary order n, accounting for linear absorption
and within the slowly varying envelope approximation, the
behavior of an intensity-modulated Gaussian beam propa-
gating inside a thin nonlinear material can be characterized.
The beam intensity /(x, y, z/, ) varies with the propagation
distance z' inside the sample according to a first-order non-
linear differential equation [2]:

dl(x,y,z/,t
% =—apl(x,y,2/,1) —a, 1" (x,y,2/,1) 3)

This equation describes how the beam intensity
changes over z/ due to both linear and nonlinear absorp-
tion effects. The linear absorption is represented by the term
—apl(x,y,z2/,1), where « is the corresponding coefficient.
Nonlinear absorption of order 7 is contained in the factor
—a,I"(x,y,z/,t), with a, as the nonlinear absorption coef-
ficient of order n.

Upon inspection, equation (3) can be recognized as a first-
order nonlinear ordinary differential equation in the form of
Bernoulli’s equation. By considering the relevant boundary
condition /(z = 0) = [, which denotes the incident inten-
sity at the entrance plane of the material, and Making the
substitution z/ = L, where L is the geometrical thickness of
the sample, allows solving for the transmitted intensity at the
exit plane, It is shown that the transmitted optical intensity
is given by the relationship [21-23]:

Iinc('x’ ¥, 2, t)exp(—aoL)

Ty, y,2,1) = =@
[1 + (1= D, Ly, t)] =
The transmitted intensity expression Ig,?,(x, y,Z,t) provides

the local field amplitude as a function of input beam param-
eters and material properties, where z denotes the position
of the nonlinear optical material relative to the laboratory
reference frame, the solution involves the effective sample
thickness of order n, Lg;f_l), and the optical incident inten-
sity,Il.’;;l(x, ¥,z,t). These parameters are described by the
following expressions:

1 —exp[—(n — DayL]
(n—Day

(n=1) _
Ly = 5
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Now, we apply the weak nonlinearity approximation to
simplify the expression for transmitted optical intensity. Spe-
cifically, we are considering a material that exhibits an nth-
order nonlinear absorption process. Typically, the intensity
required to drive such a process efficiently increases with
the order of the nonlinearity. For an excitation intensity suf-
ficient to induce only the nth-order effect, the probability
of simultaneously generating nonlinearities of even higher
orders (n + 1) and above remains relatively small. This is
due to the sharp rise in intensity needed for higher-order
processes. While minor higher-order interactions may still
occur, their overall contribution becomes negligible com-
pared to the dominant nth-order term. Through applying the
weak nonlinearity constraint, we can neglect higher-order
terms above n + 1 in our theoretical analysis. Prior studies
have established that this approximation can be expressed
quantitatively through a relationship between optical inten-
sity and order of the nonlinearity [23]. Specifically, the
required intensity was shown to scale as:

Inp=t
e ln 7
a Am @)

Using this approximation, all terms of order higher than
2 can now be neglected in the Taylor series expansion of
the denominator of equation (4). This leads directly to a
simplified expression for the transmitted optical intensity.
Expanding only to second order yields:

1 (0. 21) = L (0 2, Dexp(—aL)

1= @ L) (020 )

Having derived the simplified expression for transmitted
optical intensity using the weak nonlinearity approximation,
we can now relate this to the transmitted optical power out-
put. To calculate the power, we must integrate the transmit-
ted intensity over the entire beam cross-section at the exit
plane. By integrating this intensity distribution, we obtain
the overall power output according to:
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To calculate the transmitted optical power, we divided its
expression into two contributions. Expressing this in polar
coordinates, the first contribution is given by:

+o0o+00
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To evaluate the integral appearing in relation (10), we per-
formed the following change of variables:

>pdpd¢

(10)

2 2
u= 2p —du = 4_pdp — pdp = W (2)du
W2(z) W2(z) 4

1)

where we introduced the dimensionless variable u. The
expression (10) then becomes:

+00+00

//[im‘,lm(x7 Vs 2, t)dXdy

—00—00

Wo \*W2@) [ uy!
=2ﬂ10(r>(wé)> . / (5) £ exp(-udu .
0

By utilizing the properties of generalized Laguerre polyno-
mials [31], one was able to obtain the following result:
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To evaluate the second integral appearing in relation (9), we
followed the same procedure. Expressing this in polar coordi-
nates, the integral is presented as:

+00+00
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By using the change of variables (11), this integral takes
the following form:

+00+00

—00—00
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where we have introduced the quantity P;,.,,(f) repre-

senting the incident optical power, given by the following
expression:

. g=l) _T
@ chf nl+1
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To complete the model development, we evaluate the
normalized optical transmittance. This quantity represents
the fraction of incident optical power that is transmitted
through the material. It is defined as the ratio of the trans-
mitted optical power to the maximum incident power. The
normalized optical transmittance can be written as:

+00
/ P (z, ndt
T(")( )= — (19)
[ P, (Ddt

Through applying the expressions derived for the inci-
dent and transmitted optical powers, as given in relations
(17) and (18), and explicitly defining the axial dependence
of the beam width as expressed in relation (2a), we obtain
the following for the normalized optical transmittance:

WZn 1
/ / B i Y, 2, Ddxdy = 2 —=1o( )(WZn G )) / @) [(L. w)"]exp(—nu)du = > ——D(n.1, m)zn(t)<_wznfz(z)> (15)

where we have introduced the quantity D(n, [, m) defined by:

+oo

D(n,l,m) = /(u)”][(Lin(u))n]zexp(—nu)du (16)

0

This quantity D(n,l,m) is dimensionless and only
depends on the indices n,[ and m. It does not depend on
the parameters of the Gaussian beam or the properties of
the material and can be evaluated numerically for different
values of the indices.

Substituting relations (13) and (15) into the relation (9)
then provides the expression for the transmitted optical
power as:

’ R
Tlm (@)= eXp<_a0L) - 2 . n—1 +00
Z
<1 +(2) ) J s
(20)

where [, epresents the on-axis intensity of the incident beam
at the focus, specifically , = 1(0,0). The relation (20) can
also be rewritten in the following form:

o F(ﬂ)

n- Im

(+(=))"

where we have introduced the parameter F(”), which is
defined as:

Tl(;)(z) = exp(—a,L)[ 1 - 1)
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For the special but practical case where the pulse has a
Gaussian temporal profile, we have:

h(t) = exp(—1*) (23a)
+oo
/ h(tydt = (23b)
+oo
h()y'dt = 2= 23
4 (h(®)) v (23¢)
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In the even more specialized scenario where the incident
laser beam has both a Gaussian spatial profile (fundamental
mode / = m = 0) and a Gaussian temporal pulse profile, the
expression for F I(r':l) simplifies to:

D(n, 0.0)LY =t Ly V!

FO = (24a)
00 \/ﬁ n\/z
where :
+oo
D(n,0,0) = /exp(—nu)du = % (24b)

0

We arrive at the same result that we had previously estab-
lished in our earlier works [23]. By reproducing this prior
result for a Gaussian beam, it verifies the validity of our
current model. Retrieving the expression we had previously
derived confirms the consistency and correctness of our
treatment, especially when a more general Hermite-Gaussian
beam reduces down to the simpler Gaussian case.

The transmittance expression we have derived provides
a theoretical foundation that can be leveraged for analyzing
experimental laser beam propagation measurements. Nota-
bly, it enables fitting the expression to results from Z-scan
experiments, which probe materials by measuring transmit-
tance changes from nonlinear absorption. By comparing the
recorded Z-scan transmission curves against our theoreti-
cal transmittance formula, both the absorption coefficient
and the actual incident beam profiles can be extracted. This
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Table 1: Parameters D(2, 1, m)

and Fﬁ? for different (I, m) m [ D@ Lm) F,(i)(GW/cm)

mode indices of the incident 0 0 05 7072

Laguerre-Gaussian beam
10 0.25  3.536
20 0.171 2.418
30 0.132  1.867
0 1 025 1.768
0 2 0.75  1.325
0 3 5.625 1.657
11 0.625 2.210
2 2 13.99  4.121
3 3 1031.83 15.202

allows determining crucial optical properties of the samples
under study.

3 Simulations

In the final part of our paper, we will perform simulations
utilizing the derived transmittance relation (21) to study the
influence of the beam modal indices / and m on nonlinear
absorption processes. We will focus on scenario that have
been extensively studied experimentally, namely second-
order nonlinear absorption (n = 2).

To study the influence of the (I, m) indices of Laguerre-
Gaussian (LG) beams on nonlinear absorption, we consider
the following combinations:

— The fundamental Gaussian mode for a reference (0,0).

— Modes with [ = 0 and varying m to study the effect of
radial nodes.

— Modes with m = 0 and varying [ to study the effect of the
ring structure.

— Modes with [ = m to study cases where there are both
radial nodes and a ring structure.

The simulations were performed using the parameter
values [20]. We assume the pulse has a Gaussian temporal
profile, set the beam waist position z, = 0, and neglect linear
absorption (a, = 0). In Table 1, we have listed the values of
the parameters D(2, [, m) and F 1(31) for different values of the
indices (/, m) of the incident Laguerre-Gaussian beam. These
values correspond to the cases mentioned below.

Figure 1 graphically depicts the Z-scan signatures or
traces for the second-order (n = 2) absorption process for
different values of the beam indices (I, m). Figure 1a shows
the variation of the transmittance for / = 0, where the radial
mode number m is varied from O to 3. In Figure 1b, the radial
mode is fixed at m = 0, and the orbital angular momentum
number [ is varied from 0O to 3. On the other hand, Figure 1c
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Figure 1: Z-scan signatures for second-order (n = 2) absorption process of Laguerre-Gaussian beams: a Fixed [ = 0, varying m = 0 to 3 b Fixed

m = 0, varying [ = 0 to 3 ¢ Simultaneous variation of / and m for 1 to 3

simultaneously varies both the / and m indices with the same
step size from O to 3.

Across all the cases presented, we observe the familiar
valley shape that is characteristic of nonlinear absorp-
tion processes. The normalized optical transmittance
decreases, indicating an increase in absorption, as the
sample approaches the beam waist located at z = 0, where
the absorption reaches its maximum. Notably, these curves
exhibit symmetry about the z = 0 point. This symmetry
arises because the intensity distribution of the Laguerre-
Gaussian beams is itself symmetric about the beam waist,
leading to an equal absorption behavior when the sample
is translated equidistantly before or after the focus. As the
sample moves away from the beam waist in either direc-
tion, the intensity drops, resulting in decreased nonlinear
absorption and a recovery in transmittance. The overall
shape reflects the nonlinear dependence of the multiphoton
absorption process on the peak intensity at the beam focus.

The trends observed in Figure la, where the orbital
angular momentum number !/ is fixed at O while the radial
mode number m is varied from O to 3, reveal an intriguing

phenomenon. As m increases, the nonlinear absorption,
indicated by the depth of the transmittance valley, progres-
sively diminishes. This behavior can be attributed to the
transverse intensity distribution of the Laguerre-Gaussian
beams. Higher radial mode numbers correspond to beam
profiles with an increasing number of concentric rings in
the intensity pattern. Consequently, for larger m values,
the energy is distributed over a larger area in the trans-
verse plane, leading to a lower peak intensity at the beam
center. Since multiphoton absorption scales nonlinearly
with intensity, this reduction in peak intensity results in a
weaker nonlinear absorption effect. Additionally, the pres-
ence of intensity nulls in the higher-order radial modes
may also contribute to the decreased absorption by reduc-
ing the effective interaction volume. These observations
highlight the intricate interplay between the beam’s trans-
verse mode structure and the nonlinear optical process,
emphasizing the importance of understanding and tailor-
ing the input beam characteristics for optimizing nonlinear
optical interactions.
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The trends observed in Figure 1b, where the radial mode
number m is fixed at 0 while the orbital angular momentum
number [ is varied, reveal a non-monotonic behavior in the
nonlinear absorption. As / increases from 1 to 2, we witness
an enhancement in the absorption, indicated by a deeper
transmittance valley. However, upon further increasing / to
3, the absorption unexpectedly decreases. This phenomenon
can be understood by considering the intricate interplay
between the helical wavefront and the resulting transverse
intensity distribution associated with different / values. For
[ =1, the presence of a central vortex due to the phase sin-
gularity leads to a reduction in peak intensity, consequently
lowering the absorption. As [ increases to 2, the intensity
redistributes into intense petals or lobes surrounding the cen-
tral vortex, effectively concentrating the energy into higher
intensity regions and enhancing the nonlinear absorption
process. However, when / is further increased to 3, the trans-
verse intensity pattern becomes more complex, with addi-
tional petals or lobes emerging. While this intricate struc-
ture may locally increase the intensity in certain regions, it
also leads to a more widespread distribution of the energy
over a larger area in the transverse plane. Consequently, the
overall peak intensity experienced by the sample decreases,
resulting in a reduction in the observed nonlinear absorption
for [ = 3 compared to [ = 2. This non-monotonic behavior
highlights the delicate balance between the beam’s orbital
angular momentum, the resulting transverse mode structure,
and the peak intensity distribution’s influence on nonlinear
optical processes. It underscores the importance of carefully
considering and tailoring the input beam characteristics to
optimize or achieve specific nonlinear optical responses, as
the interplay between these factors can lead to intricate and
sometimes counterintuitive phenomena.

Figure 1c presents a distinct trend when the orbital angu-
lar momentum number / and the radial mode number m are
varied simultaneously with the same step size. In contrast to
the previous cases where either / or m was held constant, we
observe a consistent increase in the nonlinear absorption as
both indices are incremented together. This behavior can be
attributed to the combined effects of the helical wavefront
associated with non-zero / values and the radial intensity
distribution governed by m. As [ increases, the transverse
intensity pattern develops more pronounced intense petals
or lobes, as previously discussed. Simultaneously increas-
ing m introduces additional concentric rings in the radial
intensity profile. The simultaneous variation of / and m leads
to a constructive interplay between these two aspects of the
transverse mode structure. The intense petals or lobes aris-
ing from non-zero [ values are further segmented by the
concentric rings associated with higher m values. This com-
bined effect effectively concentrates the energy into smaller,
higher-intensity regions within the transverse plane. Con-
sequently, as [ and m are incremented together, the peak
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intensity experienced by the sample continues to increase,
facilitating stronger multiphoton absorption processes. This
results in the observed deepening of the transmittance valley,
indicating an enhancement in the overall nonlinear absorp-
tion. These observations underscore the intricate relation-
ship between the orbital angular momentum, radial mode
structure, and the resulting transverse intensity distribution
of Laguerre-Gaussian beams. By tailoring both / and m
simultaneously, it becomes possible to sculpt the intensity
pattern in a way that optimizes the peak intensity and, con-
sequently, the nonlinear optical response of the system under
investigation.

In addition to the observed effects on nonlinear absorp-
tion, it is important to note that our Z-scan transmittance
curves reveal another interesting phenomenon related to
Laguerre-Gaussian beams. As seen in Figure 1a, b, c, the
width of the transmittance valleys varies with different
combinations of radial (m) and azimuthal (1) mode num-
bers. This variation in the width of the transmittance dip is
directly related to the spatial extent of the nonlinear interac-
tion region and the effective Rayleigh length of the beam.
For instance, when both m and 1 increase simultaneously
(Figure Ic), we observe a narrowing of the transmittance
valley, indicating a more localized and intense nonlinear
interaction. This effect is a consequence of the unique spatial
intensity distribution of LG beams, where the combination
of helical phase structure and radial intensity variations cre-
ates regions of highly concentrated energy. The narrowing
of the transmittance valley could have potential advantages
in applications requiring precise spatial control of nonlin-
ear interactions, such as high-resolution nonlinear micros-
copy or selective material processing. Future studies could
explore how to optimize this effect by fine-tuning the LG
beam parameters for specific applications.

While our simulations demonstrate the potential of LG
beams for tailoring nonlinear absorption, it’s important to
acknowledge the experimental challenges in generating and
manipulating these beams. Precise control of both radial
and azimuthal mode numbers requires sophisticated opti-
cal setups. Factors such as beam distortions, alignment sen-
sitivities, and maintaining beam quality over propagation
distances can impact the realization of theoretical predic-
tions in practical settings. Future work should address these
challenges to bridge the gap between simulations and experi-
mental implementations.

The properties of LG modes, including mode numbers
and polarization, can be tailored for specific MPA applica-
tions. Spatial light modulators or g-plates can be employed
to generate and dynamically control LG beam param-
eters. Polarization control, achieved through waveplates
or polarization-sensitive elements, adds another dimen-
sion for optimizing nonlinear interactions. By combining
these techniques, researchers can fine-tune the spatial and
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polarization properties of LG beams to maximize desired
nonlinear effects or achieve selective excitation in complex
media.

The unique characteristics of LG beams in MPA pro-
cesses open up exciting possibilities for various applica-
tions. In laser-based micromachining, the ability to control
energy distribution through LG mode selection could enable
more precise material removal or modification. For material
characterization, the sensitivity of LG beams to nonlinear
absorption could enhance the detection of subtle material
properties or defects. In multiphoton microscopy, tailored
LG beams could improve imaging resolution and contrast by
optimizing the excitation volume. These examples highlight
the potential of LG beams to advance numerous fields rely-
ing on nonlinear optical interactions.

4 Conclusion

In this work, we have undertaken a comprehensive investi-
gation to elucidate the profound influence of the transverse
mode structure on nonlinear optical absorption processes
involving Laguerre-Gaussian beams. We began by estab-
lishing a rigorous theoretical framework under the weak
nonlinearity approximation, deriving analytical expressions
that collectively describe the behavior of the Open Z-scan
normalized optical transmittance for an arbitrary nth-order
nonlinear process. This entailed meticulous mathematical
formulations accounting for the transmitted optical inten-
sity, power, and their dependency on the beam’s transverse
mode profile. Building upon this theoretical model, we then
employed numerical simulations to systematically analyze
the intricate interplay between the radial and azimuthal
mode indices and their impact on the transmittance charac-
teristics for the specific case of second-order (n = 2) nonlin-
ear absorption. We investigated how precisely varying these
mode indices affected the observed transmission profiles.
When only the radial number m is increased, a progressive
decrease in absorption is observed, due to the more wide-
spread distribution of energy over a larger transverse area,
effectively reducing the peak intensity. In contrast, varying
the orbital number [ leads to a non-monotonic trend, with an
initial enhancement in absorption arising from the formation
of intense lobes, followed by a decrease at higher / values
due to a more complex intensity distribution. Remarkably,
when both / and m are increased simultaneously, a system-
atic improvement in nonlinear absorption is observed. This
synergy arises from the constructive interference between
the helical wavefront associated with non-zero / and the
concentric ring structure governed by m, effectively con-
centrating the energy into regions of very high intensity.
Furthermore, our analysis of the Z-scan transmittance curves
revealed a notable variation in the width of the transmittance

valleys for different combinations of radial and azimuthal
mode numbers. This effect, particularly pronounced when
both m and | increase simultaneously, indicates a more local-
ized and intense nonlinear interaction region. The results
obtained in this study highlight the crucial influence of the
transverse mode structure of the incident Laguerre-Gaussian
beams on the behavior and efficiency of multiphoton absorp-
tion processes. These findings underscore the critical impor-
tance of tailoring the input beam and precisely controlling
its transverse mode structure to optimize nonlinear optical
interactions. By judiciously manipulating the / and m num-
bers, it becomes possible to sculpt the intensity distribution
in a way that maximizes or minimizes multiphoton absorp-
tion, opening new avenues for controlling and optimizing
nonlinear optical processes.
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