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Abstract
In this work, the degenerate phenomena of transverse mode’s frequency in an off-axis end-pumped solid-state lasers was 
researched based on a semi-confocal cavity. When the off-axis distance was 0.05 mm, the beam profile was always nearly 
Hermite-Gaussian mode in the change of cavity length. At this time, the degenerate range of transverse modes was the cav-
ity length to radius ratio L/R from 0.4974 to 0.5008 by the analysis of the frequency signals. When the off-axis distance 
was 0.10 mm, the beam profile changed from the Hermite-Gaussian mode to the geometric mode and finally back to the 
Hermite-Gaussian mode as cavity length varied. At this time, the degenerate range of transverse modes was L/R from 0.4974 
to 0.5025 by the analysis of the frequency signals. The beam profile was nearly the geometric mode in the range of L/R from 
0.4958 to 0.5092. The degeneracy range by observing beating frequency changes was more accurate and more useful than 
the method by comparing the beam profile changes. Furthermore, it was found that the off-axis pumping did not significantly 
alter the degeneracy position and range.

1  Introduction

Under the principle of paraxial approximation, laser trans-
verse modes in spherical cavities exhibit various eigen-
modes, such as Hermite-Gaussian (HG) modes in cartesian 
coordinate and Laguerre-Gaussian (LG) modes in cylindri-
cal coordinate [1, 2]. Numerous theoretical frameworks 

and experimental results suggested that the special forms 
of structured light were able to be synthesized within the 
spherical resonator [3–5]. Shu-Chun Chu et.al. inserted 
a fine opaque-wire into the laser resonator for exciting 
all high-order HG modes [3]. Ajian Hu et al. obtained 
all kinds of LG modes by controlling the locations and 
thicknesses of opaque rings and lines on the mask [4]. 
These structured lights could be applied in many fields, 
such as trapping nanoparticles [6], optical communica-
tion and optical device [7]. Researchers were able to be 
obtained more complex structured light by using the prin-
ciple of transverse mode degeneracy in lasers. Innumer-
able effort has been devoted to researching the degenerate 
phenomena of transverse modes in recently two decades 
[8–15]. Many researchers considered that the transverse 
mode degeneracy was the result of the frequency lock-
ing of transverse modes [12–14, 16]. Other researchers 
thought that the transverse mode degeneracy was the result 
of the phase locking of transverse modes [17]. As for the 
frequency degenerating of transverse modes, theory and 
results of it had been researched substantially [13, 14, 16, 
18, 19]. Chen Y.F., Tung J.C and Lu T.H. et al. obtained 
the Lissajous modes [19, 20] and Multi-axis Hermite-
Laguerre-Gaussian mode [21] by the transverse mode 
degenerate. These experiments focus on the analysis of the 
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phenomenon after degeneracy in the resonator. However, 
there were few researches on how wide the stable degen-
erate region was, to our knowledge. If there were some 
methods to analyze the detailed degeneracy process in the 
resonator, it will greatly promote the practical applications 
of the transverse modal degeneracy. It could help to judge 
whether the degenerate phenomena occurred or not. And 
the stable degenerate region was a necessary condition 
when exploiting the mechanism of frequency degenerating 
to realize transverse mode locking. Therefore, research on 
the detailed degenerate process of modes and the stable 
degenerate region held great significance.

The theory of fractional degenerate configuration of 
resonant cavity was able to explain the experimental phe-
nomenon during the frequency degenerating process of 
transverse modes [19]. There were studies focusing on 
fractional degenerate resonator configurations [13, 14, 
22–24]. Chen Y.F. et al. considered that the transverse 
modes in the spherical cavity were identical to the eigen-
functions in the 2D isotropic harmonic oscillator [25]. 
They also used the 2D Gaussian wave-packet state to 
analyze the phenomena of transverse modes degenerate 
[2]. These studies suggested that laser modes localized 
on geometrical trajectories were formed by a frequency 
locking of nondegenerate transverse modes with different 
longitudinal orders [22]. These studies explicitly showed 
the results of frequency degenerating of transverse modes, 
and provided rational explanations to the results refer-
ring to the theory of frequency degenerating. J.Dingjan, 
M.P. van Exter, J.P. Woerdman et al. measured the total 
power output of the laser at constant pump power against 
the scaled resonator length L/R [26]. But these studies 
did not describe the detailed degenerate process and the 
stable degenerate region, which were important in actual 
application.

In this work, we analyzed theoretically and experimen-
tally the phenomena of transverse mode’s degenerate near 
the semi-confocal cavity with different off-axis distances. 
The position and range of transverse mode degeneracy in 
the resonator were analyzed by using the change process of 
frequency signal and the change of beam profile patterns. 
By analyzing these phenomena, it was found that the off-
axis distance did not change obviously the position and 
range of the degeneracy cavity configuration. The exact 
position and range of degenerate cavity length were able 
to be found by analyzing the change of frequency signal 
in the process of cavity length change. However, the exact 
position and range of degenerate cavity length couldn’t be 
analyzed by the change of beam profile patterns. There-
fore, it was feasible and effective to analyze the position 
and range of transverse mode degeneracy by observing the 
changes of the transverse mode frequency signal.

2 � Theoretical model

The path of light ray in a stable spherical resonator can 
be described by the ABCD transmission matrix [27]. The 
round-trip propagation matrix starting from a flat-concave 
cavity with a flat input mirror at z = 0 and a concave out-
put coupler with R radius of curvature at z = L is [2, 27]:

Let the coordinate vector of the light be �⃗x =
[
x 𝜃

]T  , 
where ‘ x ’ represents the initial coordinate of the light and 
‘ � ’ is the transmission direction of the light. The condi-
tion for achieving a stable transverse mode in the resona-
tor is that there exist any transverse patterns will return 
one round-trip later with exactly the same pattern. With 
|M| = 1 , Two eigenvalues of the matrix M can be found to 
be [2, 27, 28]:

The medium of ray transformations is air so the con-
dition for AD − BC = 1 is satisfied. When A + D ≤ 2 , the 
eigenvalues are Imaginary number. � is the Gouy phase 
angle in a round-trip of the light ray transformations. The 
Gouy phase angle is related to the resonator configuration 
according to [2, 27]:

When the resonator is in a hemi-confocal geometry for 
which the Gouy phase angle � = 2�(1∕4) , the output laser 
modes are the geometric modes. A prominent feature of the 
transverse beam profile is the presence of fringes in both the 
near and far fields. In the paraxial approximation, where we 
can find the propagation of rays inside the cavity using the 
ABCD-matrix formalism, we find that any ray inside the 
cavity will reproduce, and hence form a closed trajectory, 
after Q round-trips [26]. This is the direct result from the fact 
that the ABCD matrix for such a resonator satisfies.

The cavity length corresponding to a semi-confo-
cal cavity is the condition for L = R∕2 , which means 
that the 1/4 degenerate resonant cavity configuration in 
ΔfT∕ΔfL = �∕2� = 1∕4 . The frequencies of Hermite-
Gaussian modes native to a spherical mirror resonator are 
given by [26]:
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In the above formula, q is the longitudinal mode index, 
n and m are the transverse mode indices, c is the speed of 
light. If the frequencies of the two modes degenerate, the 
frequency of the modes satisfies that:

When the sum of n and m is constant, the frequency dif-
ference between two orders longitudinal modes is:

When q is constant, the frequency difference between two 
orders transverse modes is:

ΔfL indicates the transverse mode spacing and ΔfT indi-
cates longitudinal mode spacing. The ratio of transverse 
mode spacing to longitudinal mode spacing is:

From Eq. (9) we see that the ratio of transverse mode 
spacing to longitudinal mode spacing depends on the ratio 
L∕R . The feature of ΔfT∕ΔfL = P∕Q means that the laser 
resonator is in the degenerate condition of P∕Q , which P and 
Q are coprime positive integers. Taking the 1/4 degenerate 
resonant cavity configuration as an example, a frequency sig-
nal packet with ΔfT and another frequency signal packet with 
ΔfL − 3ΔfT can coincide. The schematic model of modes 
frequency degeneracy in the resonator is shown in the Fig. 1:
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3 � Experimental setup

In this work, the method of the off-axis pumping was used to 
generate pure high-order modes in a plano-concave cavity. 
The experimental setup was illustrated in Fig. 2. The 808 nm 
pump beam emitted by a fiber-coupled diode laser with a 
200 μm diameter of fiber core was collimated by 2 lens L1 
(f = 50 mm) and L2 (f = 46 mm). They were fixed together 
on a three-dimensional displacement platform. The laser 
resonator was composed of one flat mirror IM employed 
as the pump mirror and one concave mirror (ROC = 50 mm, 
T = 10%) employed as the output coupler (OC). The OC was 
fixed to a one-dimensional displacement platform in order 
to control the resonator cavity length. The gain medium was 
an a-cut 3 × 3 × 3 mm3 0.8% at. Nd:YVO4 crystal. The out-
put beam passed through a filter (F) to get rid of the pump 
beam and was split into two beams by a beam splitter (BS) 
where one of them was used to record the beam profile by 
an IR camera (DataRay, Inc,) and another was used to record 
the beating frequency by a radio frequency (RF) spectrum 
analyzer (Keysight, Inc. N9000A, a bandwidth of 9 kHz to 
13.6 GHz). The length of the cavity was varied between 23 
and 27 mm, to select either frequency-degenerate or non-
frequency-degenerate configurations. The significant point 

Fig. 1   The schematic model of 
modes frequency degeneracy in 
the resonator. Different colors 
represent different longitudinal 
modes and different points in 
the same color represent differ-
ent orders of transverse modes 
in the same longitudinal modes. 
The horizontal coordinate 
represents the mode frequency. 
a L/R = 0.7, b L/R = 0.5
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Fig. 2   A sketch of experimental set up for this Nd:YVO4 laser: LD, 
laser diode; L1-L3, lenses; IM, input pump mirror; OC, output cou-
pler; F, filter; BS, beam splitter
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was that the pump spot on the crystal is displaced from the 
axis of the system by a distance.

4 � Results and discussion

In the case of not selecting a frequency-degenerate cavity, 
off-axis pumping method will induce directly the higher-
order HG model [29, 30]. This method is simple and easy to 
operate, because it can induce strong gain guiding effects, 
which are easily manipulated[26]. The strength of the gain 
guide does not primarily depend on the size of the funda-
mental Gaussian mode waist. However, the strength of the 
gain guide rather depends on the position of the pump spot 
relative to the position of the outermost lobes of high-order 
HG mode. Compared to on-axis pumping, off-axis pumping 
method need a broader range of guiding strengths. The reso-
nator mode matched the beam waist radius of 100 microns 
and the typical threshold power is 0.4 W–0.6 W.

In this experiment, we observed the process of two sets 
of frequency packets approaching, merging and then moving 
away. The degeneracy range of transverse modes in the reso-
nator was determined by analyzing the cavity length range 
when the frequency packets were combined. Considering 
that the degenerate state of the resonator can be analyzed 
using the Gouy phase angle that depends on the ratio of cav-
ity length to radius L/R, we use the ratio of the calculated 

cavity length to the curvature radius of the spherical mirror 
as the control parameter for analysis.

When the off-axis distance in the y direction was 0.05 mm 
and the cavity length to radius ratio L/R was 0.4844, the 
laser transverse mode’s pattern was nearly HG03. The beat-
ing frequency signal intensity changes with L/R were shown 
in Fig. 3a–g. Figure 3h–n showed that the change process 
of laser transverse mode’s patterns with L/R movement. 
We chose to observe at the threshold pump power of 0.42 
W. When L/R was 0.4958, the two frequency packets were 
nearly coincident. At this time, weak light appeared on both 
sides of the spot, and adhesion would occur between the 
outer and inner lobes, resulting in less obvious dark lines. 
When L/R was 0.4974, the two frequency packets were 
exactly coincident. However, the beam profile pattern had 
not changed much and remained close to HG03. According 
to the research of Chen Y.F. et al., when the order of trans-
verse modes was not high enough, the mode distribution at 
the position of P/Q degenerate resonator could not show 
the characteristics of ray trajectory [2]. However, the close 
combination and separation of the two frequency packets 
could still be seen from the analysis of the laser RF signal. 
Furthermore, the location and range of degenerate region 
could be found by this method. When L/R was 0.5025, the 
two frequency packets were separated and the resonator 
exited the 1/4 degenerated condition. By analyzing the shape 
change of the beam profile patterns, it could be found that 

Fig. 3   When the off-axis dis-
tance was 0.05 mm with differ-
ent L/R, a–g were the schematic 
diagram of frequency signal 
changes within 1 GHz to 1.45 
GHz in the maximum holding 
state of the radio frequency sig-
nal analyzer and h–n were the 
beam profile patterns captured 
by CCD
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the beam profile was close to HG03 regardless of the length 
of the resonator. This was because the characteristics of ray 
trajectory were not displayed under this off-axis amount. In 
other words, the 1/4 degenerate resonant cavity configura-
tion had few effects for the output laser mode. The results 
show that the 1/4 degeneracy configuration has little effect 
on the shape of the output beam profile. The merger range 
of the 1/4 degenerate resonant cavity configuration in this 
experiment was about 0.4974 to 0.5008 for the cavity length 
to radius L/R.

When the off-axis distance increased to 0.10 mm and 
the ratio L/R returned to 0.4786, the beam profile pat-
tern was nearly HG08. Figure 4a–h showed the beating 
frequency signal intensity changes with the ratio L/R. Fig-
ure 4i–p showed the changing processes of the beam pro-
file patterns. We chose to observe at the threshold pump 
power of 0.6 W. When L/R was 0.4958, the beam profile 
patterns had begun changed from HG08 to the geometric 
mode. The intensity of the beam profile center decreased 
and the intensity of both sides increased. At this time, 
many packets of RF frequency signal appeared on the 
analyzer. When L/R was 0.4974, a main signal appeared 
on the RF frequency signal analyzer. By observing the 
changes on the analyzer, it could be considered that the 
cavity length entered the 1/4 degenerate condition at this 
time. When L/R was 0.4992, the intensity at the center 
of the beam profile disappeared. At this time, the beam 

profile pattern completely changed to the geometric 
mode. When L/R was 0.5092, a frequency signal suddenly 
appeared on the left side of the main frequency packet and 
began away to degeneracy. At this time, the beam profile 
patterns had begun to change into the HG08. The intensity 
at the center of the beam profile pattern increased and the 
intensity at both sides decreased gradually. By observing 
the signal changes of the analyzer, it was believed that the 
length of the resonant cavity had exited the 1/4 degeneracy 
condition. When L/R was 0.5125, the two frequency pack-
ets gradually moved away from each other. At this time, 
the beam profile pattern changed back to the HG08. By 
observing signal changes on the analyzer, the length range 
of the resonant cavity where transverse mode’s degener-
ate occurs at this off-axis distance was L/R from 0.4974 
to 0.5025. However, the beam profile patterns began to 
change long before the frequency signals merged. We 
speculate that at this off-axis distance, there were some 
orders of nondegenerate transverse modes with different 
longitudinal orders degenerated due to frequency locking 
before the length of resonator reached the 1/4 degeneracy 
condition. Therefore, it was impossible to determine the 
accurate length of resonator cavity at the 1/4 degeneracy 
condition. Furthermore, the changes in the beam profile 
patterns could not represent that the length of resonator 
was in a degeneracy condition. Compared to the result 
with an off-axis distance of 0.05 mm, the cavity length of 
the 1/4 degeneracy condition had no change.

Fig. 4   When the off-axis dis-
tance was 0.10 mm with differ-
ent L/R, a–h were the schematic 
diagram of frequency signal 
changes within 1 GHz to 1.45 
GHz in the maximum holding 
state of the radio frequency 
signal analyzer and i–p were the 
beam profile patterns captured 
by CCD
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5 � Conclusion

In summary, it is feasible to observe and analyze the fre-
quency degeneracy of the transverse mode in resonator 
from the changes of frequency signal. In these experi-
ments, we analyzed the transverse mode’s degenerate phe-
nomena by observing the phenomena that the RF signals 
in the analyzer transformed within the change of cavity 
length, and that beam profile patterns changed from HG 
mode to geometric mode and finally back to HG mode. 
Different orders of nondegenerate transverse modes with 
different longitudinal orders degenerated when the cavity 
length was in the 1/4 degeneracy condition. At two dif-
ferent off-axis distances, the range of the resonator cavity 
length in the 1/4 degeneracy condition was slightly differ-
ent. At the off-axis distance of 0.05 mm, two packets of fre-
quency signal in the analyzer were coincidence when the 
range of L/R was 0.4974–0.5008. At this time, the beam 
profile patterns were nearly HG03 regardless of the length 
of the resonator. At the off-axis distance of 0.10 mm, two 
packets of frequency signal in the analyzer were coinci-
dence when the range of L/R was 0.4974–0.5025. At this 
time, the beam profile patterns had obviously changed 
before the merging of two packets of frequency signal. 
In short, the degeneracy range by observing beating fre-
quency changes is more accurate and more useful than the 
method by comparing the transverse pattern changes. This 
work had some reference value for studying the transverse 
mode’s degeneracy of the resonator cavity.
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