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Abstract
The complete computational model of a low-mode ytterbium-erbium doped fiber amplifier, based on the numerical analysis 
of rate equations, was developed. In contrast to existing models, we considered the effects of the secondary energy trans-
fer and the upconversion as well as the presence of isolated ytterbium ions and clustered erbium ions in the aggregate. In 
addition, the presence of several transverse modes and the effect of transverse spatial hole burning were took into account, 
too. Necessary parameters of the active medium were determined experimentally by measuring the luminescence decay of 
active ions and the output power and optical spectrum of a fiber amplifier. The proposed model allows one to calculate both 
the power and spectral characteristics of ytterbium-erbium doped fiber amplifiers, and the nonstationary dynamics of the 
population inversion and the luminescence of active ions. This can help one to select the required concentrations of active 
ions, the geometry and the length of active fibers for each specific task.

1  Introduction

Infrared laser radiation is widely applied in various fields 
nowadays: materials processing technologies, fiber commu-
nication systems, scientific applications. In particular, the 
wavelength range near 1.5 μm is of special interest due to a 
number of reasons. First, radiation in this range can be con-
sidered as “eye-safe”. Second, fused silica exhibits minimum 
optical losses near 1.55 μm, which is very important for fiber 
optic communication. Third, Er (erbium) ions have a wide 
luminescence spectrum in this wavelength range.

Amplifiers and laser sources based on active optical fib-
ers doped with Yb (ytterbium) and Er ions (YEDFA) are 
often used to generate radiation in this wavelength range. 
The presence of Yb ions suppresses the effect of concentra-
tion quenching of Er and makes it possible to increase con-
siderably the concentration of Er ions without reducing the 

generation efficiency [1, 2]. Moreover, it makes it possible 
to increase the efficiency of absorption in the wavelength 
range near 970 nm, which allows the use of the high-power 
gallium arsenide diode lasers for pumping. Pump radiation 
is absorbed by Yb ions, and then the excitation energy is 
transferred through dipole–dipole interaction to unexcited 
Er ions (further we will call this effect first energy transfer). 
Er ions, in turn, nonradiatively relax to a metastable energy 
level. However, Er ions (unlike Yb) have a large number of 
energy levels. This leads to the manifestation of the follow-
ing processes: the energy transfer from an excited Er ion 
to another excited Er ion (upconversion) [3–5]; the energy 
transfer from excited Yb ions to excited Er ions (secondary 
energy-transfer) [6]; the absorption of pump or generated 
photons by excited Er ions (excited state absorption) [7]. 
These effects result in the transition of excited Er ions to 
higher energy levels, what leads to additional losses in terms 
of signal amplification and generation efficiency.

There are a number of papers that present YEDFA mod-
els, for example [8], based on the solution of the rate equa-
tions—the evolution of radiation intensity and the energy 
levels population of Yb and Er ions. In [9] particle swarm 
optimization method combined with rate equations was 
used to recover the spectroscopic parameters and the opti-
mum design of YEDFA’s. The model included the first and 
secondary energy transfer between Yb3+ and Er3+ ions, the 
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amplified spontaneous emission and the upconversion and 
cross relaxation mechanisms among the Er3+ ions. The pro-
posed algorithm has been employed to optimize the ampli-
fier performance evaluating the fiber length, input pump 
and signal power in order to maximize the power conver-
sion efficiency. In [10] the influence of thermal effects on 
YEDFA performance was investigated using multiphysics 
model based on combined nonlinear rate equations and heat 
conduction equation.

However, several significant effects are not taken into 
account. For example, when a certain concentration level 
of Yb ions is achieved, some of them become isolated and 
weakly interact with Er ions [6, 11]. The absorption of pump 
radiation by such ions does not provide the excitation trans-
fer to Er ions, resulting in the reduction of the generation 
efficiency. The authors of the paper [6] by measuring the 
luminescence decay of the Yb and Er ions estimated that the 
portion of isolated Yb ions was about 15% for concentrations 
of Yb and Er ions 24 × 1025 m3 and 2 × 1025 m3, respectively.

Another significant problem is the clustering of Er ions, 
i.e. the formation of groups of Er ions actively interacting 
with each other [2, 4]. In such clusters, the upconversion 
rate is much higher, which further reduces the generation 
efficiency. In the paper [4], the degree of clustering was 
measured in aluminosilicate fibers doped with Er ions, by 
means of the analysis of the amplifier transmission satura-
tion effect. It ranged from 0.4 to 12% depending on the con-
centration of Er ions. In phosphosilicate fibers this effect is 
actually stronger: the degree of clustering can vary from 8 
to 20% depending on the concentrations of Er and Yb ions 
[2]. Despite the problem of clustered Er ions is described 
in the literature, it was not included in a model of the Yb/
Er-doped medium so far.

Most of the presented YEDFA models consider only the 
single-mode operation of the amplifier. However, in a num-
ber of cases it is necessary to apply a few-mode (in our work 
it was assumed that term “few-mode” denote 2–10 transverse 
LP modes) or even multimode amplifier, using fibers with a 
larger core diameter, since much higher power can propagate 
in such fibers without reaching the threshold of various non-
linear effects. Also, in fiber-optic communications the use 
of the mode division multiplexing (MDM) can significantly 
increase the data transmission rate [12], because in such 
case each transverse mode can represent a separate chan-
nel. Although there are some papers [10] where multimode 
propagation was considered, too.

In this paper, we propose the most complete and univer-
sal model of the operation of a few-mode YEDFA, which 
includes clustered Er ions and isolated Yb ions. A number of 
experiments were also carried out, allowing us to determine 
the key parameters of the active medium: the coefficients of 
the first energy transfer CET, the secondary energy-transfer 

CSET and the upconversion CUC, as well as the degree of 
clustering of Er ions and the fraction of isolated Yb ions.

2 � Theoretical analysis

2.1 � Energy levels of Yb and Er ions

The model of the Yb/Er active medium includes the energy 
levels 2F7/2 and 2F5/2 of Yb ions and 4I15/2, 4I13/2, 4I11/2 of Er 
ions (see Fig. 1), which are numbered from 0 to 4, respec-
tively. Absorption and emission of photons by Yb ions (tran-
sitions between ground 2F7/2 and metastable 2F5/2 levels) are 
described by the corresponding absorption σ01 and emission 
σ10 cross sections. Absorption and emission of photons by 
Er ions (transitions between 4I15/2 and metastable 4I13/2 lev-
els) are described by the corresponding absorption σ23 and 
emission σ32 cross sections. The transition probabilities Aij 
describe the spontaneous transitions of active ions from ith 
to jth energy level. Ni is a total concentration of active ions 
on ith level.

The first energy transfer from Yb ions to unexcited Er 
ions is characterized by the coefficient CET. In addition, a 
reverse energy transfer from Er ions to Yb ions is also pos-
sible. It is assumed [6], that the reverse transfer coefficient 
is equal to the direct CET coefficient with high accuracy. We 
should also take into account the processes of upconversion 
(described by CUC coefficient) and the secondary energy-
transfer (described by CSET coefficient). It is indicated in the 
literature, that ESA (absorption of laser radiation by excited 
Er ions) mainly occurs in the case the pump wavelengths are 
near 980 nm or the generated wavelength exceeds 1590 nm 
[7]. Since these conditions were not met in the investigated 
amplifier, ESA effect is not taken into account in our work.

Alike the paper [6], the model includes isolated Yb 
ions that don’t interact with Er ions. Therefore, its effec-
tive lifetime in the excited state is much longer. In addition, 
the clustering of Er ions is also taken into account. It was 
assumed, that all clusters consist of two ions. This is valid 
in the case the concentration of Er ions is below 1026 m−3 
[2], whereas the investigated fiber had Er concentration of 
∼1.3 × 1025 m−3. Er clusters are considered as a single item 
for which only two states are possible: (1) both ions are at 
4I15/2 energy level; (2) one ion is at 4I15/2 energy level and the 
other one is at 4I13/2 energy level. If both Er ions are at 4I13/2 
energy level, the upconversion process occurs almost instan-
taneously, meaning that one of the ions transits to 4I15/2 level.

So that, the following types of ions are included in the 
model:

•	 Isolated Yb ions (concentration NYb(r) ), not interacting 
with Er ions;
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•	 Non-isolated Yb ions (concentration NYb(r) ), interacting 
with non-clustered Er ions (concentration N̂Er(r));

•	 Non-isolated Yb ions (concentration ŇYb(r) ), interacting 
with clustered Er ions (concentration ŇEr(r)).

The clustering degree can be introduced as:

Here, it is assumed that each Er ion interacts approxi-
mately with the same number of Yb ions, because they have 
identical doping profile and constant concentration ratio 
throughout the volume of active core. So, the share of clus-
tered Er ions is the same as the share of non-isolated Yb ions 
interacting with it.

2.2 � Electromagnetic analysis

The model assumes that the optical pump, which is intro-
duced through the fiber cladding from semiconductor laser 
diodes, propagates in the form of a large number of trans-
verse modes, so it almost uniformly fills the waveguide. 
So, the mode distribution function of the pump radiation 
is fpump(r) = 1/(π(rclad)2) in the silica cladding of the active 
step-index fiber (rclad is the cladding radius), and it is equal 
to zero outside. For the amplified spontaneous emission 
(ASE) of Yb ions, that propagates in the active fiber core, 
the mode distribution function is faseYb(r) = 1/(π(rcore)2), 
where rcore is the radius of the optical fiber core. We can use 
this simplification, since for radiation at wavelengths near 
1 µm the investigated fiber can be considered as multimode 

(1)kCl =
ŇEr

/
N̂Er + ŇEr

≈ ŇYb
/
N̂Yb + ŇYb

.

(more details are given in Sect. 3). In this case, the normali-
zation condition is satisfied for pump and ASE of Yb ions 
radiation:

Then the relationship between optical intensity I and 
power P has the following form: I(r, z, λ) = fpump/aseYb(r) × P(z, 
λ), where fpump/aseYb is the radial distribution of intensity. The 
power of spontaneously emitted by Yb ions photons per unit 
length (for multimode case), which start to propagate along 
the fiber in forward or backward direction, has the following 
form [13]:

Here n—refractive index of fused silica, dn—refractive 
index difference between the core and the cladding of the 
fiber.

For the description of the propagation of signal radia-
tion and amplified spontaneous emission of Er ions it is 
necessary to consider separately the evolution of each 
transverse LP mode of the fiber. The number of supported 
modes in the fiber under study is 6, as was calculated 
basing on well known solution of eigenvalue equation 
[14] for an optical fiber with a step refractive index profile. 
Therefore, the signal emission at a given wavelength λ is 
described by the array of intensities I(r,z,λ) = {…, Im(r, z, 
λ), …} and powers P(z,λ) = {…, Pm(z,λ), …}. Here m is 
the serial number of the mode in the range from 1 to M, 

(2)∫
+∞

0

fpump∕aseYb(r) × 2�rdr = 1.

(3)
�P

f∕b

seYb

�z
= 4�hc2�10

��

�5
ndn∫

rCore

0

N1(r) × 2�rdr.

Fig. 1   Energy levels of Yb and 
Er ions and excitation mecha-
nisms of Er ions. 4F9/2 and 4I9/2 
levels of Er ions are shown, 
but have not been taken into 
account in the model
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where M is the number of transverse LP modes supported 
by the fiber. The elementwise ratio between P and I is 
defined by the array fEr(r, λ) = {…, fEr

m(r, λ), …}, which 
elements determine the radial distribution of each trans-
verse mode. This approach allows us to take into account 
the effect of transverse spatial hole burning in the model.

The power per unit length of photons, spontaneously 
emitted by Er ions, which start to propagate along the fiber 
in forward or backward direction, has the following form 
[13]:

Here K—is the array with degrees of degeneracy of 
LP modes, taking into account the polarization. The 
multiplication of two arrays (K and fEr) is performed 
elementwisely.

2.3 � Rate equations in Yb/Er doped active fiber

In this case, the stimulated transitions probabilities Wij 
per unit of time between energy levels i and j are equal to:

Here c is the speed of light in vacuum, h is Planck's 
constant, the sum function designates the summation of 
all elements of the array.

Rate equations have different forms for different types 
of ions, so they can be divided into a number of inde-
pendent subsystems. For the determination of a stationary 
solution the condition that all time derivatives are equal 
to zero is used.

The system of the rate equations for isolated Yb ions is:

This system is linear and can be solved using ordinary 
algebraic transformations.

The system of the rate equations for non-clustered 
Er ions and non-isolated Yb ions interacting with them, 
including ET and SET processes, as well as the upconver-
sion, has the following form [6, 8]:

(4)
�P

f∕b

seEr

�z
= K × hc2�32

��

�3 ∫
rCore

0

N3(r)fEr(r) × 2�rdr.

(5)

⎧⎪⎪⎨⎪⎪⎩

W01 = ∫ �
If
p
+ Ib

p
+ If

aseYb
+ Ib

aseYb

�
�01

�

hc
d�;

W10 = ∫ �
If
p
+ Ib

p
+ If

aseYb
+ Ib

aseYb

�
�10

�

hc
d�;

W23 = ∫ sum
�
If
s
+ Ib

s
+ If

aseEr
+ Ib

aseEr

�
�23

�

hc
d�;

W32 = ∫ sum
�
If
s
+ Ib

s
+ If

aseEr
+ Ib

aseEr

�
�32

�

hc
d�.

(6)

{
�N0

�t
= W10N1 −W01N0 + A10N1 = 0;

NYb − N0 − N1 = 0.

Here, terms WijN̂i are responsible for stimulated transi-
tions between the corresponding energy levels, AijN̂i—for 
spontaneous transitions, CETN̂iN̂j and CSETN̂1N̂3—for first 
and secondary energy transfer between Yb and Er ions, 
CUC

(
N̂3

)2—for upconversion process in Er subsystem.
Using substitution method after simple but cumbersome 

algebraic transformations we can obtain the system of equa-
tions, first of which is a fourth-degree algebraic equation for 
only one variable N̂3:

The values of the coefficients of the fourth degree equa-
tion for N̂3 are given in Table 1. A solution for the fourth-
degree algebraic equation can be written using the Ferrari 
method, which reduces a fourth-degree equation to one 
third-degree equation and two quadratic equations. In turn, 
the third-degree equation can be solved using Vieta's trigo-
nometric formulas. After finding N̂3 it is possible to find 
other concentrations N̂4,N̂2,N̂1,N̂0 sequentially using (8).

The system of the rate equations for clustered Er ions and 
non-isolated Yb ions interacting with them:

Here REr = ŇEr∕2—total cluster concentration, R0, 
R1 – concentrations of the clusters in the ground and 
excited states, respectively. In this case, Ň2 = REr + R0 , 
Ň3 = REr − R0 . The system of equations can be reduced to a 
quadratic equation that has an analytical solution in the same 
way as it was made for the system of Eq. (7).

(7)

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝜕N̂0

𝜕t
= W10N̂1 −W01N̂0 + A10N̂1 + CETN̂1N̂2

−CETN̂0N̂4 + CSETN̂1N̂3 = 0;

N̂Yb − N̂0 − N̂1 = 0;
𝜕N̂2

𝜕t
= W32N̂3 −W23N̂2 + A32N̂3 − CETN̂1N̂2

+CUC

�
N̂3

�2
+ CETN̂0N̂4 = 0;

𝜕N̂3

𝜕t
= W23N̂2 −W32N̂3 + A43N̂4

−A32N̂3 − 2CUC

�
N̂3

�2
− CSETN̂1N̂3 = 0;

N̂Er − N̂2 − N̂3 − N̂4 = 0.

(8)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

f4
�
N̂3

�4
+ f3

�
N̂3

�3
+ f2

�
N̂3

�2
+ f1N̂3 + f0 = 0;

N̂4 =
a3(N̂3)

3
+a2(N̂3)

2
+a1N̂3+a0

b1×N̂3+b0
;

N̂2 = N̂Er − N̂3 − N̂4;

N̂1 = N̂Yb ×
W01+CETN̂4

W01+W10+A10+CET(N̂Er−N̂3)+CSETN̂3

;

N̂0 = N̂Yb − N̂1.

(9)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕Ň0

𝜕t
= W10Ň1 −W01Ň0 + A10Ň1

+CETŇ1

�
2R0 + R1

�
= 0;

ŇYb − Ň0 − Ň1 = 0;
𝜕R0

𝜕t
= W32R1 − 2W23R0 + A32R1 − 2CETŇ1R0 = 0;

REr − R0 − R1 = 0.
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As we know, the active ions transitions between dif-
ferent energy levels, specified by the probabilities Wij and 
A10, A32, determine the change in the optical power, pass-
ing through active medium. The system of the equations 
describing the evolution of optical power in each mode has 
the following form:

Here the terms �Pf∕b

seYb
∕dz and �Pf∕b

seEr
∕dz are given by 

the Eqs. (3) and (4), correspondingly. In the case of the 
amplifier, the following boundary conditions were used:

(10)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

±
�P

f∕b
p

�z
= P

f∕b
p

�(rcore)
2

�(rclad)
2

�
�10

∫ rcore
0

N1(r)×2�rdr

(rCore)
2

−�01

∫ rcore
0

N0(r)×2�rdr

(rCore)
2

�
;

±
�P

f∕b

aseYb

�z
= P

f∕b

aseYb

�
�10

∫ rcore
0

N1×2�rdr

(rCore)
2

−�01
∫ rcore
0

N0(r)×2�rdr

(rcore)
2

�
+

�P
f∕b

seYb

�z
;

±
�Pf∕b

s

�z
= Pf∕b

s

�
�32 ∫ rcore

0
N3(r)fEr × 2�rdr

−�23 ∫ rcore
0

N2(r)fEr × 2�rdr
�
;

±
�P

f∕b

aseEr

�z
= P

f∕b

aseEr

�
�32 ∫ rcore

0
N3(r)fEr × 2�rdr

−�23 ∫ rcore
0

N2(r)fEr × 2�rdr
�
+

�P
f∕b

seEr

�z
.

Here z = 0 corresponds to the point of the signal input, 
L—length of active fiber, Jf

p and Jb
p—pump powers 

launched from different sides of the amplifier, Js—array of 
the input signal power, the components of which character-
ize the power in each mode of the fiber.

For solving the presented system of nonlinear differential 
equations, the relaxation method was used, which is based 
on the sequential solution of the Cauchy problems for the 
radiation propagating in one direction and for the radiation 
propagating in the opposite direction. At each new iteration, 
in order to find the solution for the radiation propagating 
in one direction we used the solution found at the previous 
iteration for the radiation propagating in the opposite direc-
tion. About 10–20 iterations made it possible to find the 
stationary solution.

In this section, we have introduced a most complete 
model that describes Yb/Er-doped multimode fibers, com-
pared to those presented in literature. This model considers 

(11)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Pf
p

���z=0 = Jf
p
, Pb

p

���z=L = Jb
p
,

Pf
aseYb

���z=0 = 0, Pb
aseYb

���z=L = 0,

Pf
s

���z=0 = Js, Pb
s

���z=L = 0,

Pf
aseEr

���z=0 = 0, Pb
aseEr

���z=L = 0.

Table 1   List of found parameters

Parameter Value

a0 CET ×W01 × N̂Yb × N̂Er

a1 W01 × N̂Yb × (CSET − CET)

a2 CUC × (W01 +W10 + A10 + CET × N
Er

1
)

a3 CUC × (CSET − CET)

b0 A43 × CET × N̂Er +
(
A43 + CET × N̂Yb

)
× (W01 +W10 + A10)

b1 A43 × (CSET − CET)

c0 W23 × N̂Er × (W01 +W10 + A10 + CET × N̂Er)

c1 −CSET ×W01 × N̂Yb −
(
W23 +W32 + A32

)
×
(
W01 +W10 + A10 + CET × N̂Er

)
+W23 × N̂Er × (CSET − CET)

c2 −2 × CUC ×
(
W01 +W10 + A10 + CET × N̂Er

)
−
(
CSET − CET

)
× (W23 +W32 + A32)

c3 −2 × CUC ×
(
CSET − CET

)
d0 (W23 − A43) × (W01 +W10 + A10 + CET × N̂Er)

d1 CET × CSET × N̂Yb + (W23 − A43) ×
(
CSET − CET

)
f0 d0 × a0 − b0 × c0

f1 d1 × a0 + d0 × a1 − b1 × c0 + b0 × c1

f2 d1 × a1 + d0 × a2 − b1 × c1 + b0 × c2

f3 d1 × a2 + d0 × a3 − b1 × c2 + b0 × c3

f4 d1 × a3 − b1 × c3
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not only various interaction mechanisms of active ions with 
each other, but also the presence of clustered and isolated 
active ions.

3 � Experiment

3.1 � Measurements of the luminescence decay 
of active ions

In order to complete the model, we should determine the 
coefficients CET, CSET, CUC. It is known, that these coeffi-
cients determine the dynamics of the population inversion 
change in active medium depending on pump power [6]. The 
luminescence power at the amplifier output is proportional 
to the share of excited active ions, 

(
N1 + N̂1

)
∕
(
NYb + N̂Yb

)
 

for Yb ions and N̂3∕N̂Er for Er ions, averaged over the cross 
section and the length of the active fiber [13]. Therefore, by 
measuring the luminescence decay, the values of these 
parameters can be determined.

The block scheme of the experimental setup is shown in 
Fig. 2a. In all our experiments we used Yb/Er-doped active 
fiber with Yb ion concentration 6.2·1026 m−3 and Er ion 
concentration 1.3·1025 m−3, the diameter of active core was 
15 μm. The calculated number of transverse LP modes in the 
core without taking into account its polarization degeneracy 
was 16 at ~ 1060 nm (multi-mode regime), and 6 (few-mode 
regime) at 1550 nm. Therefore, we can justify the use of 
different forms of Eqs. (3) and (4) for different ASE wave-
lengths. In Table 2 absorption cross sections, measured from 
absorption of low power supercontinuum radiation in fiber 
specimen, and emission cross sections, calculated through 
McCumber theory, are shown. The generator Tektronix 
AFG3052C provided the rectangular electrical pulses with 
20 ms duration and 10 Hz repetition rate. The pulse rise and 

fall times were 7 ns. These pulses powered the semiconduc-
tor laser diode based on GaAs heterostructures (~ 975 nm 
wavelength) with 125 μm multimode fiber output. The dura-
tion of the fronts of the optical pulses from the diode did not 
exceed 1 μs. The backward luminescence signal spectrally 
separated using Wave Division Multiplexor (WDM) was col-
lected by the photodiode connected to the Tektronix DPO 
3054 oscilloscope for further processing. Despite the fact 
that the losses of multimode pump radiation in the SMF-28 
fiber were high, the remaining radiation was sufficient to cre-
ate the required population inversion in the 10 mm segment 
of the active fiber.

The goal of the experiment was to measure the decay of 
the luminescence power immediately after the turning off the 
pump diode. To find the correspondence between measured 
luminescence signal and share of excited active ions the fol-
lowing algorithm was used. We know, that the decay curve 
of the share of excited ions coincides with the decay curve 
of luminescence, so it was necessary to find the initial value 
of the share of excited ions immediately after the end of the 
pump pulse. The pulse duration 20 ms allows to achieve a 
stationary state in the Yb/Er medium after turning on of 
pumping, what is confirmed by the measured oscillograms—
the luminescence signal reached a plateau during 20 ms.

Therefore, it is possible to use the stationary solutions 
of the rate equations to find the initial value of the share of 
excited ions. For the given set of the coefficients CET, CSET, 
CUC, A10, A32 values the stationary analytical solution of 

Fig. 2   a Scheme of the experimental setup for measuring the luminescence decay of Yb and Er ions. b Scheme of the experimental setup for 
measuring the output power and optical spectrum of an ytterbium-erbium fiber amplifier. MMF multimode fiber

Table 2   Emission and absorption cross-sections

Parameter Absorption Emission

Yb3+ ions @962 nm 2.7·10–25 m2 1.8·10–25 m2

Yb3+ ions @975 nm 1.3·10–24 m2 1.4·10–24 m2

Er3+ ions @1550 nm 3.3·10–25 m2 4.4·10–25 m2
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the systems of equations for isolated Yb ions (6) and for 
non-isolated Yb ions interacting with Er ions (7) was 
found. The obtained decays of the share of excited Yb and 
Er ions just after the pump pulse end are shown in Fig. 3.

To analyze the evolution of the share of excited ions 
in the subsystems of Yb and Er ions, the Eqs. (6, 7) were 
solved numerically using the 4th order Runge–Kutta 
method. Since the process is non-stationary, the deriva-
tives in the Eqs. (6, 7) are not equal to zero. The coeffi-
cients W01, W10, W23, W32 are equal to zero, since there is 
no pump and signal. ASE was neglected, since the length 
of the active fiber was only 10 mm. The stationary solu-
tion mentioned above was used as the initial condition for 
solving the Cauchy problem.

The evolution of the share of excited isolated Yb ions 
is described by the equation:

After switching off the pump, for up to 0.5 ms (first stage) 
the share of excited ions in the Yb subsystem is quite large, 
so the SET process prevails. Since almost all Er ions are in 
the excited state, the ET process is negligibly weak. For the 
same reason, the share of excited ions in the erbium subsys-
tem remains stationary. It is clear that the approximation 
of this section gives the value of CSET. Indeed, basing on 
the first two equations of the system (7), we can see that 
the slope of the Yb ion decay curve is 1∕(A10 + CSET × N̂Er) 
under the assumption that the share of excited ions in the Er 
subsystem is 100%.

In the time interval from 1.0 ms to 2.5 ms (second stage), 
the 2F5/2 energy level of non-isolated Yb ions is empty; there-
fore, the share of excited ions decay in Fig. 3a is governed by 
the isolated Yb ions. The decay time of the population inver-
sion (i.e. the slope of the curve) coincides with the lifetime 
of the 2F5/2 energy level due to the spontaneous transitions 
(1/A10 ∼1 ms). The point of the transition between first and 
second stages to the time span, where the luminescence from 
the isolated Yb ions becomes dominant, determines its frac-
tion, which was estimated to be 8%. At this time moment, 
Er ions begin to evolve independently, with the share of 
excited ions decay time being about 1∕(A32 + CUC × N̂Er) . 
The slope approximation in this time span gives the value 
of CUC coefficient.

At the third stage (from 10 to 20 ms) the share of excited 
ions in the Er subsystem is so small that the contribution of 
the upconversion process can be neglected. Then the slope 
of the decay curve in Fig. 3b is determined by the lifetime 
of 4I13/2 level (1/A32 ∼10 ms).

It should be noted, that the clustering of Er ions was not 
taken into account when simulating the luminescence decay. 
Indeed, in such experiment the clustered Er ions behave sim-
ilarly to ordinary ions with the only difference—its share of 
excited ions did not exceed 50%, while the lifetimes and the 
excitation transfer rates where the same. According to our 

(12)N0(t) = NYb −
(
NYb − N0(0)

)
e−A10t.

Fig. 3   Dependence of the share of excited ions on time after switch-
ing off the pump pulse (pump power 3.7 mW) for a Yb ions (iso-
lated and not isolated), b Er ions. Dash-dotted lines show simulation 
results, dots—experimental results

Table 3   List of found parameters

Parameter Found value Literature

CET (1.6–2.0)·10–21 m3/s (2–3)·10–20 m3/s [11]
(2–4)·10–22 m3/s [6]
(0.7–1.4)·10–22 m3/s [15]
4.4·10–22 m3/s [9]
2.4·10–22 m3/s [16]

CSET (1.0–3.0)·10–22 m3/s (1.5–4)·10–22 m3/s [6]
7.3·10–23 m3/s [9]

CUP (5.2–5.6)·10–24 m3/s (3–15)·10–24 m3/s [6]
(0.8–1.7)·10–24 m3/s [15]
3·10–24 m3/s [16]
9.1·10–23 m3/s [9]
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calculations, for kCl = 5% the error is about 2.5%; this value 
hardly exceeds the accuracy of the conducted experiments.

Thus, the presented analysis made it possible to determine 
all the necessary coefficients (see Table 3) with the excep-
tion of CET and kCl.

3.2 � Non‑saturable signal absorption 
in the amplifier

In the paper [4] the method for the determination of the 
degree of Er ions clustering was proposed. It is known, that, 
in the absence of the clustered ions, with the increase of the 
input signal passing through the unpumped active medium 
the population inversion eventually achieves the level at 
which the stimulated absorption rate is compensated by 
spontaneous and stimulated emission. As a result, the signal 
passes through the medium without power loss. However, 
this is not observed in active media with the considerable 
degree of ion clustering. The absorption does not saturate, 
because clusters, in which two ions are excited, relax very 
quickly into the state in which only one ion is excited. So 
that, this effect makes it possible to determine accurately the 
degree of clustering kCl.

By measuring the ratio of the absorption coefficients of 
the powerful and weak signals at the amplifier input, it is 
possible to calculate kCl [4]:

Here Absss [dB/m]—weak signal absorption (when the 
inversion is zero), Absns [dB/m]—non-saturable absorption 
of the powerful signal, when only the subsystem of clus-
tered Er ions, in which the inversion cannot be greater than 
0.5, can absorb radiation. This method suggested in [4] for 
Er-doped medium also suits for the case of Yb/Er-doped 
medium. Firstly, since signal wavelength is about 1550 nm, 
Yb ions do not have corresponding transitions between 
energy levels. Secondly, Er ions cannot transfer energy to 
Yb ions from 4I13/2 energy level. And 4I11/2 level is empty 
without pumping. Therefore, Yb ions do not play significant 
role in such measurements.

We estimated the clustering degree in the studied active 
fiber by measuring the signal transmission in the fiber sec-
tion with a length of 1 m in the absence of the pump. The 
signal wavelength was 1567 nm, σa = 0.14 pm2, σe = 0.26 
pm2. It turned out, that the absorption of the weak signal 
(− 20 dBm to − 10 dBm) was Absss = (− 8.72 ± 0.05) dB, and 
the absorption of the powerful signal (+ 25 dBm to + 33 
dBm) was Absns = (− 0.11 ± 0.03) dB. Hence, we obtained 
that kCl in the fiber under study was 4–6%.

(13)
Absns

Absss
= kCl ×

�a

2�a + �e

.

3.3 � Power and spectral characteristics of YEDFA

The final goal was the selection of one set of the param-
eters CET, CSET, CUC, kCl that provides the maximum pos-
sible agreement between the experimental and modeling 
results in the entire set of experiments at once. A good 
way to verify the correctness of the model is to check the 
agreement between the experimental data and the calcu-
lated parameters, such as the output power and the emis-
sion spectrum of the YEDFA. The scheme of the experi-
mental setup is shown in Fig. 2b. YEDFA was assembled 
employing a GT-wave fiber, consisting of the few-mode 
Yb/Er-doped waveguide, that was used in the previous 
experiments, and the multimode waveguide, where pump 
radiation propagated. These two waveguides were in opti-
cal contact with each other covered with a common poly-
mer coating.The maximum power of the pump radiation 
from the laser diode at ~ 962 nm wavelength was 2 W. The 
length of the active fiber was 1 m. To measure the output 
power and to control the spectral characteristics of the 
output radiation of the signal the Coherent PM-USB PM3 
thermal power meter and the Yokogawa AQ6370D spec-
trum analyzer were used, respectively.

Simulations were carried out on the basis of the 
Eqs. (3–11) considering 8% of the isolated Yb ions and 5% 
of the clustered Er ions. Amplifier has been divided into 
100 parts (Δz = 1 cm) along longitudual direction and into 
40 parts along radial direction. The step of spectral divi-
sion was 0.02 nm for signal (1549.4–1550.6 nm) and pump 
(958–966 nm) radiation and 0.7 nm for ASE (1000–1110 nm 
and 1530 – 1555 nm).

The dependence of the output power of the amplifier on 
pump is shown in Fig. 4a. The input signal power was varied 
from 0.1 to 6.8 mW. Due to the large difference in output 
power values (two orders of magnitude), we used a loga-
rithmic scale for the y-axis. The measured optical spectra 
of the output radiation confirm the absence of the parasitic 
generation at wavelengths near 1.0 μm. The best agree-
ment between the experimental and calculated results was 
achieved by varying two parameters—CET, CSET. The final 
set of the values of these parameters is presented in Table 3.

Equally important is how accurately the proposed model 
describes the spectral characteristics of the output radiation. 
For this purpose, the optical spectrum was also measured. 
The experimental and calculated spectra of the output radia-
tion are shown in Fig. 4b. The measurements were carried 
out at the output of the single-mode passive SMF-28 fiber, 
which was used to connect investigated active fiber with the 
measuring equipment. Since the mode field diameters of the 
fundamental modes of the active fiber and SMF-28 fiber 
were matched, it is necessary to analyze the characteristics 
of only the fundamental mode radiation. It can be seen, that 
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the calculated and experimentally measured spectra of the 
amplifier are in very good agreement.

4 � 4. Conclusions

In this work, the most complete model of a few-mode 
YEDFA was introduced. It takes into account effects of the 
secondary energy transfer and the upconversion, ASE from 
Yb and Er ions, the presence of several transverse radiation 
modes, the existence of the isolated Yb ions and the clus-
tered Er ions. The fact that the part of the rate equations was 
solved analytically, which was not previously implemented 
in literature, made it possible to significantly simplify and 
accelerate the numerical calculations.

Since it was difficult to determine so many variables from 
single measurement all at once, we defined them one by one, 
selecting the optimal sequence of experiments. To achieve 

this, it was important to ensure that parameters that were 
not calculated in a particular experiment did not have a sig-
nificant impact on its result. Finally, the complete series of 
the conducted experiments made it possible to determine 
the full set of the characteristics of the active medium 
(Table 3). Thus, this approach made it possible to define a 
set of parameters that satisfied not only single experiments, 
but their entire set as a whole, providing an additional check 
of self-consistency and universality. The determination accu-
racy of the parameters of the medium is limited both by the 
errors of the characteristics of the optical fiber (the refractive 
index profile, the doping profile) and by the errors of the 
experimental data.

Obtained parameters are consistent with the values given 
in the scientific literature [6, 9, 11, 15, 16]. At the same 
time, it should be taken into account, that these parameters 
strongly depend on the concentrations of active ions, the 
doping profile of the core, fiber drawing technology, the 
uniformity of the fiber and other parameters. So, the direct 
comparison of the results is improper.

Introduced model allows one to calculate both the 
power and the spectral characteristics of YEDFA ampli-
fiers, as well as the nonstationary dynamics of the popula-
tion inversion and the luminescence of active ions. Using 
this model, it is possible to calculate the main charac-
teristics of both single-mode and few-mode YEDFA’s 
depending on various parameters of the active fiber. It 
also makes it easier to select the required concentrations 
of active ions, the geometry and the length of active fibers 
for each specific task. By changing the boundary condi-
tions (11) for the rate equations, it is possible to apply 
presented model for the calculation of the characteristics 
of ytterbium-erbium high-power lasers as well.
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