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Abstract
We propose a link acquisition time model deeply involving the process from the transmitted power to received signal-to-noise 
ratio (SNR) for LEO-to-ground laser communication for the first time. Compared with the conventional acquisition models 
founded on geometry analysis with divergence angle threshold, utilizing SNR as the decision criterion is more appropriate 
for practical engineering requirements. Specially, under the combined effects of platform vibration and turbulence, we 
decouple the parameters of beam divergence angle, spiral pitch, and coverage factor at a fixed transmitted power for a 
given average received SNR threshold. Then the single-scan acquisition probability is obtained by integrating the field 
of uncertainty (FOU), probability distribution of coverage factor, and receiver field angle. Consequently, the closed-form 
analytical expression of acquisition time expectation adopting multi-scan, which ensures acquisition success, with essential 
reset time between single-scan is derived. The optimizations concerning the beam divergence angle, spiral pitch, and FOU 
are presented. Moreover, the influence of platform vibration is investigated. All the analytical derivations are confirmed by 
Monte Carlo simulations. Notably, we provide a theoretical method for designing the minimum divergence angle modulated 
by the laser, which not only improves the acquisition performance within a certain vibration range, but also achieves a good 
trade-off with the system complexity.

1 Introduction

The demand for larger bandwidth in modern satellite com-
munication to handle vast amounts of data has rendered tra-
ditional radio frequency link with its low bandwidth and 
slow modulation rate impractical [1]. Free-space optics 
communication (FSOC), which offers several benefits such 
as a high bandwidth, use of a license-free spectrum, low 
power, and small form factor requirements, proves to be an 
excellent solution [2]. Over the past few decades, numer-
ous missions have yielded valuable achievements and 
catalyzed technological advancements. Such as low-Earth 
orbit (LEO) to ground laser communication experiment of 
the STRV-2 module in 2000 [3], a repeatable 5.625 Gbps 
bidirectional laser communication at 1064 nm between the 

NFIRE satellite and an optical ground station [4], and a 
high-performance laser communication terminal developed 
by TESAT that fulfills the need of a power efficient system 
with a homodyne detection scheme and a BPSK modulation 
format [5].

The acquisition, pointing, and tracking (APT) system 
plays a crucial role in establishing a stable FSOC link 
between two terminals [6]. Some FSOC systems [7–9] 
employ the beacon strategy, which is commonly composed 
of two steps. First, the coarse APT emitting a beacon light 
with a large divergence angle and sufficient peak power is 
carried out to achieve a rough line-of-sight (LoS) alignment 
between the transmitter and receiver. Next, the transmitter 
employs a separate beam with a narrow divergence angle to 
enhance the alignment for fine APT [10]. The disadvantage 
of this beacon-based strategy is that it requires additional 
beacon laser, resulting in the large scale of FSOC system. 
Beaconless FSOC system has been proposed to simplify 
terminal structure and reduce power while maintaining 
performance compared to classical beacon-based strategy, 
where a narrow single beam is adopted both for APT and 
data transmission [11]. Subsequently, successful beaconless 
satellite-to-ground communication links were established 
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using a compatible ground terminal [5], and operational 
considerations for the beaconless spatial acquisition were 
presented in [12]. However, the acquisition process poses 
significant challenges due to the narrow beam divergence 
angles and random vibration disturbances [10]. To address 
these challenges, analytic expressions and optimizations for 
multi-scan average acquisition time were presented in [13], 
taking into account factors such as the initial pointing error, 
beam divergence angle, and field of uncertainty (FOU). In 
addition, an approximate mathematical model was estab-
lished in [14] to describe the influence of Gaussian random 
vibration on the acquisition probability. Furthermore, Ref. 
[15] derived an approximate analytical expression for the 
scan loss probability, considering the scanning parameters 
and platform vibrations, whose influence on acquisition 
time was analyzed under both single-scan and multi-scan 
patterns.

The mathematical models mentioned above assume that 
a successful acquisition requires the receiver to be within 
the beam divergence angle. They mainly focused on the 
first phase of the acquisition process, specifically on the 
scanning with which the beam enters the receiver antenna, 
lacking in-depth study on whether the optical signal incident 
on the photodetector can be effectively responded. In the 
APT system, photodetectors, such as four-quadrant detector 
of position sensors and charge-coupled device of image 
sensors, are utilized to correct the deviation of output spot 
[16, 17]. However, the sensor still has output even without 
beam incidence, which is caused by noise such as dark 
current [18]. If the response threshold is set too low, the 
noise will be misjudged as an optical signal, resulting in 
a false alarm. Conversely, If the threshold is set too high, 
the signal will be misjudged as noise, resulting in a missed 
detection. However, the absolute thresholds are different for 
types of sensors involving materials and other factors. Hence, 
signal-to-noise ratio (SNR) as a relative value becomes an 
appropriate indicator for criterion. Moreover, the optical 
intensity is also affected by the atmospheric turbulence in 
the satellite-to-ground laser communication [19], where 
SNR is further reduced. Therefore, the derivations only 
based on geometric analysis are not rigorous.

Ref. [20] investigated the acquisition performance with 
the determined power incident on the photodetector. It is a 
significant exploration, but the key parameter of transmitted 
power was not studied in depth in the model, which has 
the most direct and complete end-to-end relationship with 
the received SNR, as well as directly affects the complexity 
of the terminal structure. For LEO-to-ground [21] FSOC 
with a narrow acquisition window, the scanning needs to 
maintain the maximum transmitted power to achieve fast 
acquisition. However, there is no theoretical derivation and 
optimization of acquisition time model involving the entire 
process from the transmitted power to received SNR to the 

best of our knowledge. Spurred by the gap, the coverage 
factor, representing the ratio of the range of a beam to the 
spiral pitch wherein the received SNR over the threshold 
at a certain transmitted power, is first defined in Sect. 2. 
Then the power model is developed as a function of the 
beam divergence angle, the spiral pitch, and the coverage 
factor. Subsequently, we derive the probability distribution 
of the coverage factor, further combined with FOU and 
receiver field angle, we calculate the single-scan acquisition 
probability. In Sect. 3, given the essential reset time between 
single-scan, we establish a novel multi-scan acquisition time 
model. By utilizing the decoupled relationship between the 
beam divergence angle and the spiral pitch, the optimizations 
concerning the acquisition parameters, also including FOU, 
are presented. Moreover, the influence of platform vibration 
is investigated. Finally, Monte Carlo (MC) simulations 
are performed in Sect. 4 to verify the above theoretical 
derivations and optimization conclusions.

2  Single‑scan mathematical model

During the establishment of a space laser link with bea-
conless APT, the signal beam divergence angle is markedly 
small, usually measured in microradians. While the discrep-
ancy arising between the transmitter initial pointing and the 
LoS typically ranges in the magnitude of milliradians and 
exhibits a random distribution due to the accuracy errors 
from the satellite attitude, orbit prediction, and terminal con-
trol, resulting in the uncertainty of beam pointing. Conse-
quently, the Archimedes spiral technique [22] is commonly 
adopted for scanning the FOU. While the receiver keeps 
staring at the transmitter. Once the receiver detects a laser 
signal that satisfies the specified SNR requirements, it cal-
culates the spot deviation using the quantized response from 
the photodetector. The receiver then drives the high-preci-
sion servo mechanism to achieve a fine tuning on the point-
ing [23], and responds with an optical signal to stimulate 
the response of the photodetector at the transmitter, thereby 
completing the acquisition process. The acquisition diagram 
is depicted in Fig. 1.

2.1  Power model

Achieving global communication coverage typically requires 
the deployment of thousands of LEO satellites [25]. Some 
modulation and demodulation techniques within the direct 
detection system, such as pulse position modulation [26] 
and subcarrier index modulation [27], have achieved a good 
trade-off between communication rate and engineering cost, 
leading to their widespread adoption. The average SNR of 
4QD within a direct detection system is defined as [24]:
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where is is signal current, in is noise current, which is 
additive Gaussian white noise with zero mean and �2

n
= N0 

variance. There is is = PrRr = PththcRr in the direct 
detection system, Pt and Pr are the transmitter and receiver 
powers, respectively, ht represents the transmission gain 
with vibration, hc represents the turbulence attenuation, the 
two are independent [28], and Rr is photoelectric response 
efficiency. Therefore, Eq. (1) is specifically expressed as:

The scanning details are depicted in Fig. 2a. The optical sig-
nal is a Gaussian beam, whose divergence angle correspond-
ing to 1∕e2 intensity radius is � . The distance between adja-
cent spiral arms is d, denoted as spiral pitch. The receiver 
may fall anywhere between adjacent spiral arms. The ideal 
scenario is on the spiral while the least favorable place 
would be on the midpoint of the adjacent spiral arms. To 
accommodate for this variability, 0 ≤ � ≤ 1∕2 is extracted 
as the coverage factor, representing the ratio of maximum 
acquisition deflection angle to spiral pitch that meets speci-
fied SNR level at the receiver for a certain transmitted power. 
In other words, the transmitted power can cover the circular 
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range of radius �d , wherein the average SNR is greater than 
the threshold Q̄.

Considering that the far-field propagation distance is R, 
the transmitter and receiver loss are st and sr , respectively, 
the diameter of the receiving aperture is Dr , the proportion 
of split beam for acquisition is ss , and the angle deviation 
between the transmitter pointing and LoS is � . It should be 
noted that the distance between the satellite and the ground 
exceeds 1000 kms, so the radius of beam that reaches the 
receiving plane with a divergence angle of 10 micro radians 
is beyond 10 ms. On the other hand, the receiver aperture 
size is typically the order of decimeters. Based on these 
considerations, it can be assumed that the beam incident 
on the receiver aperture is uniform. Then the ht is given 
by [29]:

where � is a random variable influenced by platform 
vibration. The expectation of � is �d , Generally, the variance 
of � is isotropic, i.e., �x = �y = � ≠ 0 , and the probability 
density function (PDF) of � is the Rice distribution [14, 30]:
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Fig. 1  The diagram of beaconless acquisition. The error arises 
between the satellite initial pointing (the center of the spiral) and 
the LoS. The LoS is covered by a blue conical shape, which allows 
the beam propagation towards the receiver antenna through scan-
ning. Similarly, the green conical shape covers the LoS, enabling the 
received photons of the signal beam to fall on the photodetectors. 
The incident beam passes through an AP and is then expanded by 

the telescope system L1-L2 . It subsequently passes through a BS and 
most of it is focused on an APD through L3 for communication. The 
remaining small portion of the beam is detected by a 4QD through 
L4 for spot deviation measurement. L1,L2,L3,L4 , lens; AP, aperture; 
BS, beam splitter; APD, avalanche photo diode; 4QD, four-quadrant 
detector
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where I0(⋅) is the zero-order modified Bessel function of the 
first kind. Then we calculate E

[
h2
t

]
:

The atmospheric turbulence is modeled by the Gamma-
Gamma distribution in order to cover a wide range of 
turbulence conditions [31]. Subsequently, the E

[
h2
c

]
 is 

obtained as [32]:

where � is the scale parameter. � and � are large-scale and 
small-scale effective numbers, respectively, which can 
directly be linked to the physical parameter Rytov variance 
[33]. Atmospheric turbulence can induce fluctuations in the 
received intensity, which are commonly characterized by the 
scintillation index (SI). In the Gamma-Gamma model, the 
SI �2

l
 is defined as follows [24]:

(4)f�(�) =
�

�2
exp

(
−
�2 + �2d2

2�2

)
I0

(
��d

�2

)

(5)

E
[
h2
t

]
=

(
stsrssD

2
r

2R2�2

)2

E�

[
exp

(
−
4�2

�2

)]

=

(
stsrssD

2
r

2R2

)2

1

�2
(
�2 + 8�2

)

exp

(
−

4�2d2

�2 + 8�2

)

(6)E
[
h2
c

]
=

(� + 1)(� + 1)�2

��

Combining Eqs.  (2), (5), and (6) yields the specific 
expression of Pt:

For the LEO-to-ground FSOC with a limited narrow 
window, the transmitter needs to scan at the maximum 
power to achieve acquisition in the shortest time, namely 
Pt is a constant. Then we solve the relationship between � , 
d, and �:

where B =
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2
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constraint on � from Eq.  (9):
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Fig. 2  Scanning diagram. a Details for scanning. d is spiral pitch, 
and � is beam divergence angle. �d is the minimum distance between 
the receiver (�r , �r) and the spirals. The platform vibration from 
transmitter is equivalent to the deviation on the receiver, so that 
�n(n = 1, 2,…) are random variables representing the angle devia-
tion between the transmitter pointing and LoS. At a certain trans-
mitted power, the corresponding instantaneous SNR are Qn , and the 
received average SNR is equal to the threshold Q̄ , which is the lowest 
value in a circular region with transmitter (�, �) as the center and �d 
as the radius. For the target (��

r
, ��

r
) with an angle deviation from the 

transmitter satisfying 𝜏d < 𝜏′d < 𝜔 , its average SNR is less than the 
threshold although it is within the beam divergence angle, and the tar-
get will not feedback the optical signal, resulting in the acquisition 
failure. b Archimedean spiral scanning. U is field of uncertainty. The 
potential locations �1 and �2 of the receiver are within the central ring 
filled with red, they are acquired at the origin and on the red spiral, 
respectively. The blue section represents the k = 1 ring. Whereas �3 
and �4 are located within the gray-filled k = 2 ring, they are acquired 
on the blue and the black spirals, respectively
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2.2  Acquisition time model

The polar coordinate (�, �) in Fig. 2a represents the scanning 
trajectory on the spiral arm, where � increments by 2� with 
each spiral turn. The Archimedean spiral is parameterized as 
� = d�∕(2�) [22].

The position of the receiver, also known as the initial 
pointing error, follows a Gaussian distribution with zero 
mean, and the variances (�x, �y) are equal in both the 
horizontal and vertical directions, i.e. �x = �y = � . The 
corresponding polar coordinate is (�r, �r) , where the polar 
angle �r adheres to a uniform distribution U(0, 2�) , and the 
radial �r obeys the Rayleigh distribution:

In addition, we introduce the definition of a ring, which is 
the area enclosed by spirals with an increment of � by 2� , as 
depicted in Fig. 2b. Notably, the ring having � ∈ [0, 2�) is 
considered special because its inner degenerates to the origin 
and the distance between the outer spiral and the inner spiral 
(origin) is d

2𝜋
𝜃 < d , thus named the central ring. The others 

in the range of � ∈ [2k�, 2k� + 2�) , k = 1, 2,… , are speci-
fied as k rings, where the distance between the outer and the 
inner spirals is d. For each k ring, the inner spiral refers to 
the outer spiral of the previous ring, and correspondingly, 
the outer spiral denotes the inner spiral of the next ring. 
Consequently, by combining Eq.  (11) and �r ∼ U(0, 2�) , 
we obtain the PDF with respect to the coverage factor � as:

where the acquisition point of �1 is the central ring origin, 
the position for �2 is on the outer spiral of the central ring, 
whereas �3 and �4 are acquired on the inner and the outer 
spirals of the k ring, as illustrated in Fig. 2b For k rings, the 
distance from the receiver to the spiral where the acquisi-
tion point is located is �d , while the distance to the other 
spiral is (1 − �)d . Since 0 ≤ � ≤ 1

2
 , it always holds true 

that �d ≤ (1 − �)d for any [0, 2�] . As for the central ring, 
the distance from the receiver to the acquisition spiral is 
also �d , but the distance to the other spiral is d

2�
�r − �d , 
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which means that �r needs to satisfy the additional con-
straint �d ≤ d

2�
�r − �d for a given � , i.e., 4�� ≤ �r ≤ 2� . 

Then Eq. (12) is integrated as:

When the closest distance between the spirals and the 
receiver is less than �d , the received average SNR is greater 
than the threshold, namely the transmitted power can cover 
the receiver given the SNR threshold, yielding a successful 
detection. Hence, the probability PSNR that the received 
average SNR over the threshold is the CDF of coverage 
factor:

Actually, � is milliradian magnitude, and d is microradian 
magnitude, i.e., 𝜅 ≫ d . Hence, � approximately obeys 
uniform distribution U(0, 1/2), and Eq. (14) is reduced as 
PSNR ≈ 2�.

Moreover, the signal is likely to be detected when LoS is 
within the field angle range of the receiver. The corresponding 
field detection probability PV is obtained as:

where V represents the half-width of the field angle 
of the photoelectric sensor at the receiver. Hence 
0 < PV < 1 is independent of the scanning parameters of 
the transmitter and can be regarded as a constant. Then 
we define the feedback probability of the receiver as 
PR = PV ⋅ PSNR = 2PV�.

Furthermore, the acquisition is likely to be successful 
when the receiver (�r, �r) within the range of FOU, defined 
as U and shown in Fig. 2b. The corresponding probability 
PU is expressed as [13]:
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Consequently, the probability of single-scan acquisition is:

As shown in Fig.  2b, the scanning usually adopts the 
Archimedean spiral to achieve an efficient search from high 
probability to low probability regions. We define a = d∕(2�) , 
and the length of the Archimedean spiral is given by [22]:

In general 𝜌r ≫ a so that Eq.  (18) is approximated by 
L ≈ �2

r
∕(2a) . Then the single-scan acquisition time is 

calculated with constant scanning speed v as tS = ��2
r
∕(vd) . 

Combining with Eq. (11) yields the PDF of tS:

Subsequently, the time expectation TS for the single-scan 
acquisition is:

where TU = �U2∕(vd) is the time for scanning the complete 
FOU.

3  Multi‑scan mathematical model

Acquisition success cannot be guaranteed with only once 
single-scan due to PS < 1 . Therefore, the multi-scan, which 
is a series of repetitive scans over the same FOU, is often 
employed instead. In particular, when a single-scan proves 
failure, it is necessary to reinitialize the transmitter pointing 
based on ephemeris table and repeat the single-scan until a 
successful acquisition is achieved [13]. In this process, reset 
time Ta for the APT to reinitialize the pointing to prepare 
for the next single-scan is strongly essential but ignored by 
previous analytical models. Therefore, when the acquisition 
is achieved in n + 1 single-scan, the total scanning time tM is:

The PDF of tM is:

Then we calculate the CDF of tM as:
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There is n → ∞ and tS → TU  for tM → ∞ . Then the 
acquisition probability of Eq. (23) becomes:

which proves that the multi-scan can ensure acquisition 
success. The acquisition time expectation TM with multi-
scan is calculated as:

where 𝜂 = U2∕(2𝜅2) > 0 . Given that � , d, and � are coupled 
according to Eq.  (9), where any two known terms can solve 
the remaining one theoretically. However, � cannot be 
uniquely determined by � and d. Since d only appears once in 
Eq. (25), we replace d to facilitate subsequent optimization 
analysis for the goal of minimizing TM.

3.1  Spiral pitch optimization

When gB,𝜎(𝜔)∕d > 1∕2 , there is � ≡ 1∕2 with PR = PV in Eq.  
(25), where TM is not related to � and it decreases with d. The 
minimum is taken at d = 2gB,�(�).

While gB,�(�)∕d ≤ 1∕2 , the derivative of TM with respect 
to � by replacing d = gB,�(�)∕� in Eq.  (25) is:
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where TM  decreases monotonically with �  due to 
(e� − e�� − 1) constantly less than zero. The minimum TM 
is taken at �opt = 1∕2 . Consequently, the optimum spiral 
pitch dopt is:

3.2  Beam divergence angle optimization

By the same token, TM  is independent of � when 
gB,𝜎(𝜔)∕d > 1∕2 , thus TM does not change with � in this 
case.

While gB,�(�)∕d ≤ 1∕2 , the derivative of TM with respect 
to � by replacing d = gB,�(�)∕� is:

Let �TM∕�� = 0 , i.e., �gB,�∕�� = 0 , and obtain:

The derivative of B�(�) concerning � is:

where B� decreases for 𝜔 < 25∕4𝜎 and increases for 
𝜔 > 25∕4𝜎 . The minimum B� is reached at � = 25∕4� , 
namely Bmin

�
= B�

(
25∕4�

)
.

Thereby, when B ≤ Bmin
�

 , there is 𝜕gB,𝜎∕𝜕𝜔 < 0 and 
𝜕TM∕𝜕𝜔 > 0 , TM increases monotonically with � in this 
case, and the minimum value is taken at �limit , which is 
the minimum divergence angle that the laser device can 
modulate.

When B > Bmin
𝜎

 ,  TM  has two extreme points 
B�

(
�top

)
= B�

(
�btm

)
= B , where �top is the maximum point 

in 
(
0, 25∕4�

]
 , and �btm is the minimum in 

(
25∕4�,+∞

)
 , both 

are within the range of Eq. (10). Obviously, there must be a 
point �eq ∈

(
0, 25∕4�

]
 that satisfies TM

(
�eq

)
= TM

(
�btm

)
 . 

Consequently, the minimum TM is obtained at �btm for 
�eq ≤ �limit ≤ �btm or at �limit for 𝜔limit < 𝜔eq or 𝜔limit > 𝜔btm , 
but the analytical expression of �eq is unsolvable. Fortunately, 

(27)

dopt = 2gB,�(�) =

����2
�
�2 + 8�2

�
ln

�
B

�
√
�2 + 8�2

�

(28)

�TM

��
=

�TM

�gB,�

�gB,�

��

= −
��2

�
e��

�
1 − PR

�
+ PR(e

� − 1)
�

v(e� − 1)PV ⋅ g2
B,�

(�)

×

�2 ln
�

B

�
√
�2+8�2

�
− �2 − 4�2

2� ⋅ gB,�(�)

(29)B = B�(�) = �
√
�2 + 8�2 exp

�
1 +

4�2

�2

�

(30)
�B�

��
=

2
�
�4 − 32�4

�

�2
√
�2 + 8�2

exp

�
1 +

4�2

�2

�

we can take advantage of the known quantities B and �limit to 
determine the optimum beam divergence angle �opt by indirect 
derivation and comparison.

As deduced before, B�

(
�limit

)
 monotonically increases 

when �limit ≥ 25∕4� . If B𝜎

(
𝜔btm

)
= B < B𝜎

(
𝜔limit

)
 , there is 

𝜔btm < 𝜔limit and the minimum TM is obtained at �limit , oth-
erwise at �btm.

It can be found from Eq. (28) that the trends of TM and 
gB,� with � are opposite. Thereby the minimum of gB,� 
for � ∈

(
0, 25∕4�

]
 is taken at �top , and the corresponding 

minimum is calculated by substituting B = B�

(
�top

)
 into 

gB,�
(
�top

)
 as:

If �eq is known, �btm can be solved by gB,�
(
�eq

)
= gB,�

(
�btm

)
 

as:

where A = gB,�
(
�eq

)
 with constraint A ≥ �

2 +
√
2
�
� , which 

is exactly consistent with Eq. (31), thus �btm certainly exist 
and increases monotonically with A. Additionally, we obtain 
�′
btm

 by substituting A� = gB,�
(
�limit

)
 into Eq.  (32) for 

𝜔limit < 25∕4𝜎  .  If B = B𝜎

(
𝜔btm

)
< B𝜎

(
𝜔�
btm

)
 ,  there is 

𝜔btm < 𝜔′
btm

 , further gB,𝜎
(
𝜔eq

)
= A < A� = gB,𝜎

(
𝜔limit

)
 , thus 

TM
(
𝜔limit

)
< TM

(
𝜔eq

)
= TM

(
𝜔btm

)
 , the minimum TM is 

obtained at �limit . Otherwise at �btm . Consequently, the opti-
mum beam divergence angle �opt is:

When 𝜔2
btm

≫ 4𝜎2 , Eq. (29) is approximated as:

(31)

gB,�
�
��� ≤ 25∕4�

� ≥ gB,�
�
�top

�

=

����
�
�2
top + 8�2

��
�2
top + 4�2

�

2�2
top

≥ �
2 +

√
2
�
�

(32)
𝜔btm = W(A) =

�
A2 − 6𝜎2 +

√
A4 − 12A2 + 4𝜎4 > 25∕4𝜎

(33)

𝜔opt =

⎧⎪⎨⎪⎩

𝜔limit,
B < B𝜎

�
W
�
gB,𝜎(𝜔limit)

��
with 𝜔limit < 25∕4𝜎

B < B𝜎

�
𝜔limit

�
with 𝜔limit ≥ 25∕4𝜎

or

𝜔btm, else

(34)

B

e
= �

√
�2 + 8�2

⋅ exp

�
4�2

�2

�

≈ �
√
�2 + 8�2

�
1 +

4�2

�2

�

=
�
�2 + 4�2

��
1 +

8�2

�2

≈
�
�2 + 4�2

��
1 +

4�2

�2

�
=

�
� +

4�2

�

�2



 S. Yang, X. Li 77 Page 8 of 13

Therefore, the approximate analytical �btm can be solved, 
whose the difference from the numerical solutions is within 
0.1% in the case of B ≥ 2Bmin

�
.

However, the value of �btm decreases as B get smaller than 
2Bmin

�
 so that the approximate error becomes larger. We adopt 

polynomials to fit the numerical solutions of Eq. (29), where 
the goodness of fit (GoF) is utilized as an index to evaluate the 
fitting accuracy. The variable is x = B∕Bmin

�
 and fit in [1, 2) with 

GoF = 0.999 . The piecewise �btm is expressed as:

(35)

𝜔btm =

⎧⎪⎨⎪⎩

�
1.5087x3 − 7.9617x2 + 15.913x − 6.8278

�
𝜎, 1 ≤ x < 2√

B +
√
B − 16e𝜎2

2
√
e

, 2 ≤ x

3.3  FOU optimization

The derivative of TM with respect to � is:

where T̂a =
vd⋅Ta

2𝜋𝜅2(1−PR)
 , the minimum TM  is taken at 

�TM∕�� = 0 , i.e., e𝜂 − 𝜂 − 1 − T̂a = 0 . However, this equa-
tion has no analytical solution. When � is large, there is 
approximate 𝜂 ≈ ln(T̂a) , which can be employed as the 
variable to perform polynomial fitting with numerical 
solutions and effectively reduce the order. In general, v and 
� are of the same order of magnitude, which is three orders 
larger than d. Ta and (1 − PR) are the level of 101 and 10−2 , 
respectively. Therefore, T̂a is about 10−1 ∼ 100 magnitude 
order. Without loss of generality, we perform piecewise 

(36)
𝜕TM

𝜕𝜂
=

2𝜋𝜅2e𝜂
(
1 − PR

)(
e𝜂 − 𝜂 − 1 − T̂a

)

vd(e𝜂 − 1)2PR

0Mt

M St t

   average SNR

Randomly generate turbulence 
a�enua�on        from 

Gamma-Gamma distribu�on 

Randomly generate turbulence 
a�enua�on        from 

Gamma-Gamma distribu�on 

   Randomly generate LoS devia�on
   angle       from Rice distribu�on

Repeat

ch

Power Model

 Calculate the transmission gain th

Q

Ini�alize the parameters
Randomly generate the ini�al 
poin�ng error                 from 

Rayleigh distribu�on
( , )r r

Within the FOU?

 Find the point              on the
  spiral closest to the receiver

( , )

Received average SNR

Sa�sfy the 
threshold?

LoS in the field
angle of receiver ?

  Single-scan acquisi�on time 

Scan en�re 
FOU with

  Reset 
 �me

Yes

No

No

No

Yes

Yes

UT

M Ut T

M at T
aT

St Mul�-scan acquisi�on completed

Mul�-scan Model

Fig. 3  Simulation process of Monto Carlo
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fitting in the interval [0.01, 10] with GoF = 0.999 . 
Consequently, the fitting polynomials for x = ln(T̂a) is:

Then the optimum FOU is Uopt = �
√
2�opt.

3.4  Platform vibration influence

It can be found in Eq. (33) that the optimum beam divergence 
angle changes with the vibration standard deviation. Hence, the 
analysis of the vibration influence on the multi-scan acquisition 
time is significant. Through the principle of composite 
derivation, we get:

When �opt = �limit , the divergence angle is constant thus 
��∕�� = 0 . TM  increases monotonically with � for 
𝜔limit > B1∕2e−1∕4 . While for �limit ≤ B1∕2e−1∕4 , the optimum 
is taken at �TM∕�� = 0 , i.e., �opt =

√
B2 − e�4∕

�
2
√
2e�

�
 . 

Therefore, the corresponding ��,limit is solved with the 
known standard deviation � of platform vibration as:

which is in the range of Eq.  (10). We design �limit by 
referring to Eq. (39), whose rationality is reflected in that 
the change of vibration intensity leads to an increase in 
acquisition time.

When �opt = �btm  ,  there  is  �gB,�∕�� = 0  and 

4 ln
�

B

𝜔
√
𝜔2+8𝜎2

�
− 2 = 2 +

16𝜎2

𝜔2
> 0 according to Eq. (28), 

further TM decreases with �.

4  Discussion of the results

The numerical results are presented as an illustration of 
the above derivations. The MC simulations with respect to 
the downlink acquisition are also performed to verify the 
obtained analytical expressions. The simulation process is 

(37)

𝜂opt =

⎧
⎪⎨⎪⎩

0.02824x2 + 0.3137x + 0.9873, 0.01 ≤ T̂a < 0.1

0.06114x2 + 0.4549x + 1.1445, 0.1 ≤ T̂a ≤ 1

0.07171x2 + 0.4725x + 1.1441, 1 < T̂a ≤ 10

(38)

�TM

��
=

�TM

�gB,�

�
�gB,�

��
+

�gB,�

��

��

��

�

= −
��2

�
e��

�
1 − PR

�
+ PR(e

� − 1)
�

v(e� − 1)PV ⋅ g2
B,�

(�)

×

⎡
⎢⎢⎢⎣

4 ln
�

B

�
√
�2+8�2

�
− 2

gB,�(�)
+

�gB,�

��

��

��

⎤⎥⎥⎥⎦

(39)��,limit =

�√
B2∕e + 16�4 − 4�2

illustrated in Fig. 3, and the corresponding parameters are 
listed in Table  1. Note that the time for LEO-to-ground link 
acquisition is relatively short, and during this period, the 
atmospheric environment remains relatively stable. There-
fore, we assume that the turbulence channel parameters 
remain constant for each acquisition simulation.

Figure 4 depicts the variation of the multi-scan acquisi-
tion time with the spiral pitch under different turbulences, 
where � = 20�rad and U = 1.3mrad . The simulation pro-
cess is illustrated as the multi-scan model in Fig. 3. The 
theoretical acquisition time and the optimum spiral pitch 
can be calculated according to Eqs. (25) and (27), respec-
tively. It should be noted that gB,�(�)∕d exceeds the upper 
limit of � ∈

[
0, 1∕2

]
 for d < dopt , thus the corresponding 

coverage factor is identified as 1/2. In Ref. [14], the acqui-
sition probability is related to the ratio of the beam diver-
gence angle to the spiral pitch, and the greater the ratio, the 
greater the acquisition probability. When the pitch is less 
than 22�rad , the acquisition probability is approximate to 
one, thus it is close to the simulation results. Due to the 
lack of consideration on transmitted power and turbulence 
in [14], the acquisition probability yields a large devia-
tion for the pitch greater than 22�rad , and the acquisition 
time is significantly different from the simulation results. 
While our theoretical results are in good agreement with 
the corresponding MC results, which demonstrate the 
multi-scan model. Moreover, the acquisition time increases 
with the spiral pitch when d ≥ dopt , which is because the 
decrease of the corresponding coverage factor results in 
the decrease of single-scan acquisition probability. While 
d < dopt , there is PR = PV , and the TM is positively corre-
lated with 2��2∕(vd) , hence TM decreases with d. Actually, 
this part has redundancy in the case of PSNR = 1 so that the 
acquisition time is equal under different turbulences. In 
addition, the smaller the spiral pitch, the more redundancy 
and the longer the time. Furthermore, as the turbulence 
increases, gB,�(�) decreases, thus the dopt decreases gradu-
ally. Meanwhile, the � decreases as gB,�(�) decreases under 
the same d, resulting in the corresponding acquisition time 
increases. Consequently, the optimization conclusion of the 
spiral pitch is verified.

Figure 5 presents the variation of the multi-scan acqui-
sition time with the beam divergence angle under dif-
ferent turbulences, where d = 40�rad and U = 1.3mrad . 
The theoretical optimum divergence angle is calculated 
from Eq.  (33). Analogously, the numerical results are 
an excellent match with the corresponding MC results. 
For level Turb.5, we get B = 45.7𝜎2 < 48.5𝜎2 = Bmin

𝜎
 

so that the acquisition time increases monotonically 
with the divergence angle, and the optimum is obtained 
at �limit . When turbulence level is Turb.4, although 
B > Bmin

𝜎
 , there still �opt = �limit  due to 𝜔limit < 𝜔eq 

w i t h  B = 58.3𝜎2 < B𝜎

(
W
(
g58.3𝜎2,𝜎(0.7𝜎)

))
= 64𝜎2  . 
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As the turbulence weakens, B  increases and �eq 
decreases gradually. Then we obtain 𝜔eq < 𝜔limit with 
B = 75.1𝜎2 > B𝜎

(
W
(
g75.1𝜎2,𝜎(0.7𝜎)

))
= 70𝜎2 at Turb.3, 

where the optimum divergence angle is taken at �btm . 
While Turb.2 with B = 95.5𝜎2 < B𝜎(5.7𝜎) = 111.5𝜎2 , 
𝜔btm < 𝜔limit is not within the feasible range thereby 
�opt = �limit . As the turbulence continues to weaken, B 
and �btm gradually increase. We get 𝜔limit < 𝜔btm with 

B = 137.3𝜎2 > 111.5𝜎2 at Turb.1, where the optimum 
divergence angle is taken at �btm . Moreover, the acquisi-
tion time does not change with � between 18.8�rad and 
32�rad , which is because gB,𝜎(𝜔)∕d > 1∕2 and single-scan 
acquisition probability remains constant. Consequently, 

Table 1  Simulation Parameters Parameters Value Unit / Remark

Laser Communication 
Terminal onboard 
Satellite

Transmitter loss st 0.92 –
Band-limited platform vibration 100 Hz
Std. of platform vibration � 4 �rad

Std. of initial LoS error � 1 mrad
Scanning speed v 0.4 mrad/s
Reset time Ta 10 Sec.
Transmitter power Pt 80 mW

Optical Ground Station Receiver loss sr 0.92 –
Receiver aperture diameter Dr 20 cm
Proportion of split beam ss 0.1 –
Photoelectric response efficiency Rr 0.77 –
Std. of noise current �n 10 nA
Receiver average SNR threshold Q̄ 10 dB
Field detection probability PV 0.95 –
Link distance R 1200 km

Channel Turbulence parameters (� , �, �, �2

l
) (0.90, 21.6, 19.8, 0.10) Turb.1

very weak level
(0.58, 8.43, 6.92, 0.28) Turb.2

weak level
(0.36, 4.03, 1.54, 1.06) Turb.3

medium level
(0.27, 4.58, 1.24, 1.20) Turb.4

strong level
(0.21, 6.07, 1.08, 1.24) Turb.5

very strong level

Fig. 4  The variation of the multi-scan acquisition time with the spiral 
pitch under different turbulences

2.8 22.8

Fig. 5  The variation of the multi-scan acquisition time with the beam 
divergence angle under different turbulences. The dashed lines repre-
sent the part where 𝜔 < 𝜔limit
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the optimization conclusion of the beam divergence angle 
is verified.

Figure 6 shows the variation of the multi-scan acquisition 
time with the FOU under different combinations of reset 
time and field detection probability, where � = 20�rad , 
d = 48�rad , and turbulence level is Turb.3. The theoreti-
cal optimum FOU is fitted by Eq. (37). It can be observed 
that the change of reset time has a significant effect on the 
acquisition time when U is small. The acquisition time with 
Ta = 30 is larger than that with Ta = 10 by 38% at U∕� = 0.5 . 
The influence gradually weakens as FOU increases until 
U∕� = 2 where the acquisition time with Ta = 30 is only 
2% larger than that with Ta = 10 . This is because the num-
ber of resets decreases as U increases, and the total reset 
time decreases. On the other hand, the TU is proportional 
to the square of U, which is a higher-order term relative to 
Ta . Moreover, the increase of the field detection probability 
PV means a larger single-scan acquisition probability, thus 
significantly reducing the acquisition time. Furthermore, 
the FOU was optimized with multi-scan as well in [13] 
and [15], obtaining the optimum FOU at U∕� = 1.3 , but 
the difference from ground-truth Uopt is 1% in the case of 
Ta = 30 and PV = 0.99 , while the difference reaches 38.3% 
for Ta = 10 and PV = 0.9 . This is because that decreasing Ta 
or PV , which were not considered in [13] and [15], reduces 
T̂a and further lower Uopt . Additionally, the error of the fit 
Uopt from Eq.  (37) and the corresponding TM is within 0.2% 
and 10−4% , respectively, which demonstrates that our opti-
mization conclusion of FOU is more accurate.

Finally, Fig.  7 illustrates the variation of the multi-
scan acquisition time with the platform vibration standard 
deviation under different beam divergence angles, where 
d = 80�rad , U = 1.3mrad , and turbulence level is Turb.3. 
When 𝜎 < 6.3𝜇rad , there is B > Bmin

𝜎
 so that �btm exists, 

the corresponding acquisition time TM decreases with 

the increase of vibration level � , which indicates that 
the vibration noise can be transformed into a favorable 
factor to improve the acquisition performance according 
to the optimization conclusion of divergence angle. For 
𝜔limit = 36𝜇rad > B1∕2e−1∕4 = 34.3𝜇rad , the stronger the 
platform vibration, the longer the acquisition time. When � 
is close to 14.1�rad , the coverage factor is approximately 
zero, resulting in the acquisition time approaching infinity. 
For �limit = {15, 24, 33}�rad , the minimum TM exists at 
�opt , which increases with the decrease of �limit . This shows 
that reducing �limit can improve the acquisition performance 
in an increasing range of platform vibration levels. When 
� ≥ 6.3�rad , there is B ≤ Bmin

�
 so that TM increases with �limit 

at the same vibration level � . Moreover, for �limit = 24�rad , 
we obtain �opt = 15.1�rad , where the corresponding 
acquisition time is increased by 134 seconds and reduced 
by 640 seconds compared with that for �limit = 15�rad and 
�limit = 33�rad , respectively. However, reducing �limit means 
a larger resonator and a more complex system. Although both 
reduce �limit by 9�rad , the cost from 24�rad to 15�rad is 
geometrically increased compared with that from 33�rad to 
24�rad . In other words, the improvement of the acquisition 
performance by reducing the beam divergence angle after 
�limit = 24�rad is very limited at the same cost. This 
quantitatively demonstrates that designing �limit according 
to Eq. (39) achieves a good trade-off between the acquisition 
performance and complexity of the APT system.

5  Conclusion

In this paper, a multi-scan link acquisition time model 
based on the received average SNR is proposed for LEO-
to-ground laser communication, where the parameters 

Ref. [13, 15]

1.3

Fig. 6  The variation of the multi-scan acquisition time with the FOU 
under different combinations of reset time and field detection prob-
ability at turbulence level Turb.3

6.35 15.1

Fig. 7  The variation of the multi-scan acquisition time with the plat-
form vibration level under different beam divergence angles at turbu-
lence level Turb.3
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of beam divergence angle, spiral pitch, and FOU are 
optimized to obtain the minimum acquisition time. Such 
derivations had not been presented yet. Compared with 
the existing models that assumed a successful acquisition 
when the receiver is within the divergence angle of the 
Gaussian beam, the proposed model takes the received 
average SNR as the criterion, which is suitable for 
various photoelectric sensors. Specifically, we present the 
concept of "coverage factor", denoting the maximum ratio 
of acquisition angle to spiral pitch wherein the receiver 
meets SNR level for a certain transmitted power. Under 
the combined effects of the platform vibration with Rice 
distribution and the Gamma-Gamma turbulence channel, 
we derive the required transmitted power as a function 
of beam divergence angle, spiral pitch, and coverage 
factor for SNR threshold. For LEO-to-ground FSOC 
with a limited narrow window, the scanning needs to 
maintain the maximum transmitted power to achieve fast 
acquisition, thereby these parameters are decoupled at a 
fixed power. Subsequently, the probability distribution of 
coverage factor is derived based on the initial pointing 
error obeying Rayleigh distribution, which allows us to 
calculate the probability that the received SNR exceeds 
the threshold. Combined with FOU and receiver field 
angle, we obtain the single-scan acquisition probability, 
which is less than one, so that the multi-scan is adopted to 
ensure acquisition success. Considering the essential reset 
time between single-scan, we establish a novel multi-scan 
acquisition time model and present optimizations. The 
numerical results calculated by the proposed analytical 
expressions are consistent with the MC simulations. Due 
to the combination of turbulence, the proposed model 
is also applicable to the inter-satellite FSOC scenario. 
Moreover, the quantitative analysis of the influence of 
platform vibration indicates that the vibration noise 
will be transformed into a favorable factor to improve 
the acquisition performance in an increasing range of 
vibration levels as the decrease of the minimum divergence 
angle modulated by the laser. Furthermore, we present a 
theoretical method for designing the minimum divergence 
angle, which achieves a good trade-off between the link 
acquisition performance and complexity of the APT 
system. Overall, this work provides important theoretical 
support for the design of beaconless LEO-to-ground FSOC 
system.
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