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Abstract
We present the design for a double-sided cooling of a thin-disk laser crystal using transparent, convex-shaped heat spread-
ers. The thermal contact between laser crystal and heat spreaders is established without bonding by solely applying an axial 
compressive force. A model of the contact behavior taking into account the deformation of the surfaces of the heat spreaders 
due to bending under mechanical loading is presented. The scope and accuracy of the modeling is verified by numerical 
simulations using the finite-element method. Based on the modeling, an exemplary design of the heat spreader which has 
been used for the first experimental demonstration of this concept is carried out. Based on the model, an almost ideal scal-
ability of the heat transfer coefficient is predicted.

1  Introduction

The fields of application of lasers as tools in research and 
industry have expanded rapidly with the development of 
more powerful and more efficient radiation sources. Most 
of the progress was enabled by the development of modern 
diode-pumped laser concepts, which, starting with the rod 
laser, in particular have resulted in the fiber [1], slab [2] 
and thin-disk laser (TDL) [3]. For the TDL, in contrast to 
the other concepts, the excited volume can be increased in 
two dimensions via an easy-to-implement enlargement of the 
excited cross-section of the laser crystal at a constant pump 
power density without affecting the average temperature in 
the excited volume. This favorable scaling behavior of the 
TDL concept is based on the one-dimensional heat flow in 
the laser crystal, which typically has a thickness between 
100 and 300 µm, leading to a higher thermal resistance than 
for cooling geometries using two- or three-dimensional 
heat flow, which, in turn, exhibit a less advantageous scal-
ability. Despite this limitation to relatively low densities of 
heat generated in the crystal, the TDL can be operated very 
efficiently benefiting from the small fractional heating of 
Yb-doped laser crystals [4]. Using Yb:YAG for an oscilla-
tor an output power of 4 kW from one disk with an optical 

efficiency of 56% has been achieved in near-fundamental 
mode operation [5]. Due to the mentioned thermal limitation 
in combination with its short gain length, the TDL concept 
may be less favorable for laser crystals exhibiting very low 
emission cross-sections and short upper-state lifetimes and 
thus requiring very high absorbed pump power densities 
for efficient operation. In case of a co-occurrence of a large 
fractional heating, like in particular for the laser crystals 
doped with transition metals, laser operation becomes inef-
ficient [6, 7] in comparison to the end-pumped rod concept. 
By all means, an improved TDL design offering a signifi-
cantly decreased thermal resistance while largely retaining 
the scaling behavior is an attractive option for any high-
power laser based on a suitable laser-active material, since 
a further increase in pump power density generally allows 
to extract a higher output power from a pump spot with a 
given diameter.

A straightforward approach to reduce the thermal resist-
ance of the conventional TDL is to additionally cool the 
uncooled face of the laser crystal using a transparent heat 
spreader (THS), as demonstrated in [8]. In some similar 
looking configurations, as for example presented in [9], a cap 
made of sapphire or YAG is used to suppress the amplified 
spontaneous emission (ASE) of a R-TDL, but not primar-
ily for optimizing the cooling. Due to the insufficient ther-
mal conductivity of the materials used, the reduction of the 
thermal resistance is marginal. In other previous work using 
THSs to improve the cooling of lasers [10–13] the contact 
between the laser medium and the THS was established by 
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either optical contacting, capillary or diffusion bonding of 
the uncoated contact surfaces. At cryogenic temperatures, 
the efficient operation of an Yb:YAG laser using THSs made 
of sapphire, exhibiting a high thermal conductivity at low 
temperatures, to cool a relatively thick laser crystal from 
both faces already has been demonstrated [10]. Unfortu-
nately, the thermal conductivity of sapphire is dropping very 
strongly at higher temperatures; therefore, it is not a suitable 
choice for the THSs for cooling at room temperature. In 
contrast to the approach of improving a R-TDL by adding a 
THS, the symmetrical cooling of a thin laser crystal using 
two THSs fully exploits the potential.

2 � Symmetrical thin‑disk cooling

The schematic cross-section of the crystal arrangement 
of the symmetrically cooled TDL, also referred to as the 
transmissive thin-disk laser (T-TDL) is shown in Fig. 1a. 

Assuming the same thickness of the laser crystal, the result-
ing doubling of the cooled surface and the halving of the 
path length that the heat must travel before it is transferred to 
the heat spreaders leads to a reduction of the thermal resist-
ance of the laser crystal by a factor of four compared to the 
conventional reflective thin-disk laser (R-TDL) approach, 
Fig. 1b. Since, in general, a significant difference in the 
refractive indices of the THS and the laser crystal exists, 
typically, anti-reflective (AR) coatings designed for both 
pump and laser wavelengths are required on the contacting 
surfaces for efficient pumping and laser operation without 
Fresnel losses. Otherwise, these losses can only be avoided 
by using the Brewster angle in the case of linearly polarized 
radiation, which limits the design of the resonator. In con-
trast, the R-TDL concept, as schematically shown in Fig. 1b, 
requires a highly-reflective (HR) coating and an adhesive or 
solder layer, ensuring a stable mechanical as well as thermal 
contact, on the cooled side of the disk. Since HR-coatings 
are typically one order of magnitude thicker than AR-coat-
ings and both are generally made of materials having low 
thermal conductivities, avoiding the HR-coatings and con-
tacting layers provides an additional thermal advantage for 
the symmetrical cooling concept.

In both disk laser concepts, the heat is transferred to the 
heat spreader essentially across the area of the pumped spot, 
which is small in comparison to the cooled area of the heat 
spreader. The spreading of the heat for a subsequent heat 
transfer with the largest possible area for the lowest possible 
contribution to the overall thermal resistance takes place 
with heat conduction in both the radial and axial direction. 
The overall thermal resistance is defined as the ratio of the 
temperature difference between the average temperature 
in the pumped volume of the laser crystal and the cooling 
temperature of the heat sink and the heating power gener-
ated within the laser crystal. In the case of R-TDLs, the heat 
transfer is typically achieved via an impingement flow of a 
coolant against the back of the heat spreader and therefore 
the heat flow inside the heat spreader occurs predominantly 
in axial direction, Fig. 1b. In contrast, in the case of the 
T-TDL, the cooled areas of the THSs have to be kept outside 
the clear aperture and therefore the heat flow is predomi-
nantly directed in the radial direction, cf. Fig. 1a. Since the 
proportion of the radially directed heat flow in the latter 
case is significantly larger, the thermal resistance of the heat 
spreader scales significantly worse. In order to achieve the 
best possible scalability of the overall thermal resistance of 
the cooling assembly, contributions scaling less then ideally, 
must be kept as small as possible. To this end, a material 
with an outstanding thermal conductivity must be chosen for 
the THSs. In comparison to the R-TDL, this aspect is much 
more crucial for a best possible scalability of the cooling 
assembly.

Fig. 1   Schematic cross-sectional views of the T-TDL concept (a) 
with cooling from both faces using THSs and of the R-TDL concept 
(b) with cooling of one face of the disk. The density and direction 
of the isotherms (white) indicate the magnitude and the direction, 
respectively, of the heat flow density within the laser crystal and the 
heat spreaders. The subsequent heat removal from the heat spreader, 
which takes place outside the optical path is not shown
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Since for surfaces with AR-coatings an insufficient per-
manent bonding strength was reported [13], the application 
of an axial compressive force is investigated in the following 
as an alternative approach for establishing a reliable contact 
between the AR-coated surfaces. This approach has been 
demonstrated for the first time for a solid-state laser crys-
tal with a superior cooling efficiency compared to a R-TDL 
using Ti:sapphire for the laser crystal and single-crystal dia-
mond for the THSs [14]. The demonstrated reduction of the 
overall thermal resistance significantly exceeds the four-fold 
reduction resulting from the contribution of the laser disk 
alone, as can be seen from the maximum absorbed pump 
power density at maximum output power. The aim of the 
present work is to significantly contribute to the revelation 
and exploitation of the full potential of this concept, that 
goes far beyond the potential which has been demonstrated 
by the first realization.

3 � Comparison of T‑TDL and R‑TDL concept

It should be noted that to achieve this improvement, com-
pared to the R-TDL, the effort for the pump optic is higher 
and a second parabolic mirror is required. Furthermore, due 
to additional restrictions for the guidance of the pump beam 
[14], depending on the thickness of the laser crystal, typi-
cally a pump source with a significantly higher brilliance 
is required. When, for example, a crystal having the same 
thickness as employed for the R-TDL is used, the number of 
beam passes through the crystal has to be doubled, which 
requires a total increase of the brilliance of the pump source 
by roughly a factor of 3 to 4. Moreover, to exploit the reduc-
tion of the thermal resistance to allow a corresponding 
increase in the pump power density, the brilliance of the 
pump source must be additionally increased by this reduc-
tion factor.

A comprehensive discussion of the pros and cons of 
the T-TDL concept in comparison to the R-TDL concept 
is complex and therefore clearly beyond the scope of this 
work. Instead, we present a comparison of two Yb:LuAG 
TDLs using laser crystals having the same thickness (e.g. 
100 µm) and being able to generate the same amount of 
near-fundamental mode output power in the kilowatt range.

It should be noted that two prerequisites have to be ful-
filled to realize the proposed T-TDL: firstly, large enough 
high-quality CVD diamond THSs (e.g. 15 mm diameter × 3 
mm thickness) must be available. Secondly, the intracavity 
losses introduced by the THSs have to be low enough to 
allow almost the same extraction efficiency than with the 
R-TDL concept; for Yb:LuAG, due to its higher gain, this is 
much easier to achieve than for Ti:sapphire.

The at least fourfold increase in pump power density 
enabled by the double-sided cooling will allow to reduce 

the pump spot diameter by a factor of two or more (e.g. 
from 8 mm to less than 4 mm), which is a very substantial 
improvement with respect to the length of the dynami-
cally stable resonator required for near-fundamental mode 
operation. In fact, a comparable resonator will be at least a 
factor of four more compact in the case of the T-TDL. This 
also substantially reduces the sensitivity of the laser setup 
to tilts of the resonator mirrors, e.g. induced by thermal 
effects. For the laser crystal, tilting is completely uncriti-
cal, since the laser beam passes it in transmission instead 
of being reflected at one of its surfaces, as in the case of 
the R-TDL; this also avoids the negative thermal lens due 
to the bending of the heat spreader observed in the case 
of the R-TDL.

At the same pump power density, the heat flow density 
per cooled side of the T-TDL is divided by a factor of two. 
Since the wavefront aberrations and the thermal lens caused 
by the heating of the laser crystal are proportional to the heat 
flow density and to the square of the average path length 
of the heat flow, which is divided by a factor of two also, 
they are reduced by a factor of eight per cooled side and by 
a factor of four for the complete crystal. Therefore, when 
quadrupling the pump power density, the wavefront aber-
rations and the thermal lens of the T-TDL laser crystal are 
nearly the same as in the case of the R-TDL operating at a 
four times lower pump power density.

As can be seen from the isotherms in Fig. 1a, the heat 
flow changes its direction from axial within the pump spot to 
almost radial outside the pump spot. The thermal lens in the 
THSs, therefore, roughly resembles that of an end-pumped 
rod laser with the important difference, that the heat conduc-
tivity in CVD diamond is more than 200 times higher than in 
Yb:LuAG. Consequently, this lens is quite weak (in the order 
of 0.03 Diopters for the example presented here) and, there-
fore, does not limit the dynamic stability of the resonator.

The significantly higher pump power density enabled by 
the T-TDL concept compared to a R-TDL using the same 
crystal thickness allows to reduce the pump spot diameter 
at the same output power. This lowers the radial gain for a 
given axial gain and therefore reduces the ASE losses in 
cw operation. However, the energy storage capability of the 
smaller pump spot is lower, since a smaller pumped vol-
ume requires a correspondingly higher inversion density 
to store the same amount of energy. The higher inversion 
causes a higher gain, leading to a stronger radial ASE despite 
the smaller pump spot. In principle, the THSs can be used 
as caps for suppressing the ASE. Unfortunately, to avoid 
reflections at near-normal incidence due to the refractive 
index difference between the laser crystal and the diamond 
THSs, typically, AR-coatings are required on the faces. 
Usually, these coatings are not designed to avoid reflections 
under large angles at the same time. Therefore, the ASE 
suppression is less than optimal when using AR-coatings. 
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In principle, it is possible to optimize the AR-coatings for 
large angles, too, but in this case, they would work correctly 
inside the contact area only, causing losses for laser radiation 
propagating outside the contact area.

Another significant advantage of the T-TDL is the strong 
reduction of the so-called air-wedge effect [15], which, in the 
case of the R-TDL, is caused by the heating of the ambient 
atmosphere in contact with the hot outer face of the laser 
crystal. The influence of this effect has either to be actively 
or passively compensated to achieve a stable output in high-
power near-fundamental mode operation [16, 17]. Whereas 
in the case of the R-TDL, the surface in contact with the 
ambient air is the uncooled face of the disk, exhibiting the 
highest temperature of the laser disk, cf. Fig. 1b, in the trans-
missive concept, the outer faces of the THSs are in contact 
with the ambient air, cf. Fig. 1a, exhibiting a lower tem-
perature than the lowest temperature of the laser disk and 
thus leading to a correspondingly strong reduction of the 
heating of the ambient air. Therefore, the T-TDL concept 
has a high potential to ease the realization of compact and 
robust thin-disk lasers delivering kilowatts of output power 
per crystal especially in high-brilliance and fundamental 
mode operation.

4 � Operating principle

For the heat transfer between very smooth surfaces, as can 
be expected for optical components with dielectric coatings, 
there are several transport mechanisms to be considered 
[18]. The contribution to the heat transfer coefficient due to 
direct atomic contact, which stems from phonon diffusion 
in insulating bodies, requires a sub-nm distance. Even very 
high contact pressures are in practice still orders of mag-
nitude smaller than the combined modulus of elasticity of 
the contacting hard bodies, which limits the direct contact 
area to a fraction of the order of 1% or less of the available 
nominal contact area [19]. Consequently, a constriction of 
the heat flow paths close to the surface is observed, giving 
rise to a so-called spreading resistance. The contributions 
to the heat transfer of the direct contact and the spreading 
resistance are both proportional to the nominal pressure [20]. 
For almost the complete apparent contact area, the surfaces 
are not in direct contact and the interfacial separation is 
typically in the order of magnitude of the combined surface 
roughness. Here, the relevant mechanisms of heat transport 
are due to capillary bridges formed by water, ballistic trans-
port by air molecules, and evanescent electromagnetic waves 
[18]. Under typical ambient conditions, a one to two nm 
thick water film is present on the hydrophilic AR-coated 
surfaces and forms capillary bridges at the interface of the 
contacting surfaces. For roughness values in the range of a 
few nm or below, the contributions from ballistic transport 

and capillary bridges dominate the contribution from direct 
contact at low pressures of tens of MPa [18]. For an accurate 
estimation of the heat transfer coefficient, the topography of 
the surfaces in contact must be isotropic and the roughness 
power spectrum has to be known [19]. Regardless of this, the 
pressure dependency of each contribution to the heat transfer 
is, at least basically, known. The contributions of the direct 
contact and of the spreading conductance increase propor-
tionally with increasing pressure. Due to their dependency 
on the interfacial separation, which—at least for self-affine 
fractal surfaces—decreases logarithmically with increasing 
pressure [21], the contributions of the capillary bridges and 
from evanescent electromagnetic waves increase as well. 
Beside the effort to reduce surface irregularities and the 
roughness of the THSs, which is also important to reduce 
scattering losses of the laser radiation, maximizing the con-
tact pressure is, therefore, the key for improving the heat 
transfer. Another aspect to be considered for the contact 
resulting from the formation of capillary bridges is adhe-
sion. The adhesion work begins to rise from zero if there 
is just enough water to fill the interfacial gap [22]. This is 
certainly not the case for the contacting surfaces of the THSs 
used in [14] under ambient conditions with rms roughness 
values larger than one nm. However, a further reduction in 
roughness might require adhesion to be taken into account, 
which would lead to a beneficial increase in contact force 
and contact radius.

To apply the contact in the case of the T-TDL concept, the 
necessary contact force has to be introduced in the THSs at 
a distance from the optical axis in order to leave the neces-
sary clear aperture unobstructed as shown in Fig. 2a. In case 
of a plane THS and without thermal load, the mechanically 
applied pressure in this arrangement causes a deformation 
of the THS, which creates a contact area at the edge only, 
as can be seen in Fig. 2b. The contact at the center is estab-
lished under thermal load only, whereby the temperature 
increase in the pumped volume of the laser crystal leads to 
a thermal expansion in axial direction, which is observed as 
a bulging of the laser crystal, as depicted in Fig. 2c. Since 
the thermal resistance of a thin disk typically is at least one 
order of magnitude higher for heat flow in the radial direc-
tion than in the axial direction, the contact area at the edge 
is irrelevant for the cooling of the laser crystal. To ensure 
the contact at the center of the disk, a convex shape of the 
THS is, therefore, considered as shown in Fig. 3a, so that 
the curvature due to deflection is counteracted by the shape 
of the THS [23]. When compared to the plane THS shown 
in Fig. 2, two main advantages are achieved by employ-
ing a convex-shaped THS. On one hand the contact area is 
ensured at the center of the laser crystal independent of the 
thermal load condition as can be seen in Fig. 3b, c. On the 
other hand, the contact pressure as well as the diameter of 
the contact area can be adjusted via the contact force, thus 
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allowing to achieve an optimum contact pressure within the 
area of the pump spot.

Compared to the full-face contact established between 
laser crystal and THS by bonding methods, the advantage of 
restricting the contact area to the area required for the heat 
transfer is that shear stresses between the contact bodies due 
to the different thermal expansion in the radial direction are 
limited to a minimum. Regarding the cooling of the THSs, 
in principle, heat sinks can be directly mounted to their 
peripheral surface or to their flat outer surface. In this case, 
to ensure a sufficiently large area for the heat transfer, the 
diameter of the THSs has to be much larger than required for 
the clear aperture only. Therefore, due to the limited avail-
ability of large single-crystal diamond THSs, secondary heat 
spreaders (SHSs) made of polycrystalline diamond are used 
to transfer the heat from the THSs to the heat sinks.

5 � Contact model

To describe the contact between the convex-shaped surfaces 
of the THSs with equal radii of curvature RS and the plane 
thin laser crystal, a model using the method of dimension-
ality reduction (MDR) [24] is developed in the following, 
which enables a deeper insight into the working principle of 
the symmetrical cooling of the laser disk and also provides 
a useful tool for designing the THSs. In the following, the 
term "clamping" is used for two different types of fixture: in 
the first case, the laser crystal is clamped between two THSs 
by an axial clamping force; assuming negligible friction, the 
radial movement of the laser crystal is not suppressed. In 
the second case, the THS is fixed rigidly at its rim by SHSs; 
here, the movement and the bending of the edge of the THSs 
are suppressed strongly in all directions. As can be seen in 
Fig. 4, the THSs are clamped to SHSs, e.g. by soldering or 
by gluing. In the FEM simulations, a constant pressure act-
ing on the outer face of the SHS was assumed and the clamp-
ing was realized as in the experiment, i.e. by implementing 
a radial overlap between the flat surfaces of the THS and the 
SHS. The use of the flat surface with a much higher possible 
surface quality than that of the peripheral surface leads to a 
better heat transfer and in addition allows to achieve a much 
larger contact surface, since the overlap between the two 
surfaces can be adjusted, which further improves the heat 
transfer. Moreover, the radial overlap increases the effective 
stiffness of the composite of the heat spreaders. Both the 
THSs and SHSs are deflected due to the finite stiffness of 
the composite of the heat spreaders in combination with the 
mechanical load condition shown in Fig. 4a.

For the contact model, the deflection of the THS is 
analytically described using plate theories [25, 26] for an 
equivalent mechanical load condition compared to Fig. 4a 
and a clamping to the SHS with a finite stiffness as shown 
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in Fig. 4b. The equivalent mechanical load condition act-
ing on the THS at the position of the clamping consists of 
the force corresponding to the constant pressure acting on 
the SHS and a bending moment resulting from its radial 

displacement from the center of gravity of the pressure to 
the position of the clamping as shown in Fig. 4b. The bend-
ing moment leads to a rotation of the THS at the position of 
the clamping, which is proportional to the bending moment 

Fig. 4   a Experimentally real-
ized geometry which was also 
used for the numerical calcula-
tions using FEM. The THS 
(blue) is clamped on the laser 
crystal (red) by the SHS (gray) 
with a radial overlap of rh − ra 
and a constant pressure on 
the SHS. The thickness of the 
secondary heat spreader made 
of polycrystalline diamond was 
2.0 mm and its outer radius ro = 
17.5 mm. b Simplified geometry 
used for the contact model with 
an equivalent mechanical load 
condition acting on the THS. 
rh is the radius of the THS, RS 
is the radius of curvature of the 
THS, ra is the clamping radius 
of the THS, dh is thickness 
of the THS, dl is thickness of 
the laser crystal, pconst is the 
pressure on the SHS, F is the 
external clamping force, M is 
the bending moment, p(r) is the 
pressure distribution between 
laser disk and THS and rc is the 
contact radius
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and reciprocally proportional to the effective stiffness of 
the composite of both heat spreaders. The effective stiff-
ness can either be calculated also within the framework of 
plate theory or, more precisely, evaluated from FEM calcula-
tions. The calculations using plate theory related to the com-
posite of both heat spreaders must, however, be performed 
numerically, since the analytical solutions are no longer 
manageable. The approach of using an effective stiffness in 
the contact model is far superior compared to including the 
complete deflection of the composite, since the deflection 
of the THS can still be described analytically. Moreover, 
this approach allows much faster numerical calculations 
and it also is more adequate to the problem, since only the 
deflections of the THSs are of interest for the contact model. 
For an adequate description of the contact behavior, beside 
taking into account the deflection of the THS, also the spa-
tial extent of the contacting bodies has to be considered. 
According to [24], the shape of the contact bodies plays a 
negligible role as long as their spatial extent in all direc-
tions is at least as large as the size of the contact area, since 
this volume makes the largest contribution to the force rela-
tion of the contact. This requirement is certainly not ful-
filled for the thickness of the laser crystal. Very recently, a 
semi-analytical method was presented that allows contact 
problems between a rigid, arbitrarily shaped axisymmetric 
convex body and a thin elastic layer to be treated rigorously 
within the framework of the MDR, but not in the case that 
both bodies are elastic [27]. We, therefore, adopt the result 
of a reduced influence of the modulus of elasticity of a thin 
plate for a contact of a thin elastic plate pressed between two 
elastic spheres compared to a contact between a plane half-
space against a sphere presented by Tu and Gazis [28, 29].

For the contact model, we use the description of a fric-
tionless normal contact without adhesion. As a preliminary 
condition for applying the MDR, we state that the half-space 
approximation holds, since the contact radii are very small 
compared to the radius of curvature RS of the curved sur-
face of the THS, i.e. the contact radius rc ≪ RS . Thus, the 
parabolic approximation, i.e. r ≪ Rs , also holds, since r ≤ rc 
[24] and the axisymmetric difference between the surface 
profiles reads

where w(r) ≥ 0 is the normalized deflection curve given by

F is the external force, as shown in Fig. 4b, and D is the 
stiffness of the THS. Since w(0) is the maximum normalized 
deflection at the center of the disk, an increasing force reduces 

(1)f (r) =
r2

2Rs

+
F

D

(
w(r) − w(0)

)
,

(2)w(r) =
D

F
w(r).

the difference between the surface profiles in Eq. (1). The stiff-
ness of the THS is given by Eq. (2.14) in [25], which reads

where dh is the thickness and E∗
h
 is the modulus of elasticity 

with suppressed lateral contraction of the THS.
When applying Eq. (3), it has to be considered that the 

approximation of a virtually constant thickness of the THS is 
used. Provided that the radius of curvature RS is in the range 
of meters (considering e.g. RS = 2.5 m as the minimum 
value relevant for this work), the thickness of the THS is in 
the range of millimeters ( dh ≥ 0.5 mm), and the clamping 
diameter 2ra is in the range of one centimeter (assuming e.g. 
ra ≤ 7 mm), the variation of the thickness is less than 2% in 
the worst case to be considered here. Hence, the assumption 
of a constant thickness is justified in reasonable approxima-
tion for the cases discussed in this work.

Treating the THS as a thin, stiff plate within the frame-
work of the classical plate theory (CPT) [25, 30] is a 
good approximation when the ratio A = 2ra∕dh between 
the clamping diameter and the thickness of the THS lies 
between 8 and 100 [25]. The deflection curve w(r) caused 
by the bending and found by using the CPT describes the 
shape of the neutral axis of a thin plate and can be used as an 
approximation for the surface deformation of the THS. The 
validity of this approximation in the examined parameter 
range will be verified later below in Sect.  7. The deflection 
curve for any rotationally symmetric pressure distribution is 
calculated by applying the principle of superposition [25] to 
the deflection curve of a clamped plate under a concentrical 
line load. This results in

where p is the pressure distribution, q0 is the magnitude of 
the line load at r = r0 , and wo and wi are the deflection curves 
for the outer and inner portion of the thin plate as solutions 
of the ordinary differential equation for the line load and the 
boundary condition of a clamping to the SHS with a finite 
stiffness. This implies an effective stiffness of the composite 
Deff of the THS and SHS. Using the boundary conditions 
of a derivative of the deflection curve equalling −Mq∕Deff 
with the moment Mq = q0r0

(
rs − ra

)
 at the position of the 

clamping and a vanishing deflection at the clamping, since 
any offset is irrelevant for the difference between the surface 
profiles according to Eq. (1), we found as solutions

(3)D =
dh

3Eh
∗

12
,

(4)

w(r) =
D

F

[

∫
r

0

p
(
r0
)

q0
wo

(
r, r0

)
dr0 + ∫

rc

r

p
(
r0
)

q0
wi(r, r0)dr0

]

,



	 J.-H. Wolter et al.22  Page 8 of 17

where rs is the center of gravity of the pressure distribu-
tion acting on the SHS. In the case of an infinite stiffness of 
the clamping, also the effective stiffness becomes infinite 
and Eqs. (5) and (6) then equal the results for a clamping 
to a rigid body given by Eqs. (4.37b) and (4.37a) in [25], 
respectively. As can be seen from Eq. (4), the difference 
between the profiles in Eq. (1), which is used in the MDR 
calculation procedure to determine the pressure distribution, 
depends on the pressure distribution in a non-trivial manner 
and thus the contact problem in general cannot be solved in 
a closed form.

To further investigate the problem but also to get suit-
able starting values for an iterative solution, we develop the 
deflection curve in a Taylor series around the center of the 
contact and then receive

for Eq. (1), where w(n) with even n are the non-zero Taylor 
coefficients. The transformed one-dimensional difference 
between the profiles is calculated according to Eq. (3.27) 
in [24], and reads

where x is the transformed coordinate. The relation between 
the contact force and the contact radius is calculated from 
Eq. (8) according to Eq. (3.33) in [24], and reads

where the same notation for the contact force on the LHS 
and for the external force on the RHS is used, since both 
forces have to be equal when the bodies are in static contact 
without adhesion. E∗ is the combined modulus of elasticity

with suppressed lateral contraction of the laser disk, denoted 
by the index l , and the THSs, and � is a correction factor, 
which must be added by multiplication to the RHS of Eq. (9) 
as introduced in the force relation of Eq. (42) in [28] in case 
of a finite thickness of the laser disk. This factor means a 

(5)
wo =

q0r0

8Dra
2

[(
ra

2 + r0
2
)(
ra

2 − r2
)

−2ra
2
(
r0

2 + r2
)
ln

ra

r
+

4Dra(rs−ra)
Deff

(
ra

2 − r2
)]
,

(6)
wi =

q0r0

8Dra
2

[(
ra

2 − r0
2
)(
ra

2 + r2
)

−2ra
2
(
r0

2 + r2
)
ln

ra

r0
+

4Dra(rs−ra)
Deff

(
ra

2 − r2
)]
,

(7)f (r) =
r2

2Rs

+
F

D

(
w
(2)

2
r2 +

w
(4)

24
r4 +…

)

(8)g(x) =
x2

Rs

+
F

D

(

w
(2)
x2 +

w
(4)

9
x4 +…

)

,

(9)F =
4E∗�

3Rs

rc
3

(

1 +
FRs

D

[

w
(2)

+
2w

(4)

15
rc

2 +…

])

,

(10)
1

E∗
=

1

Eh
∗ +

1

El
∗ ,

reduction in the influence of the modulus of elasticity of 
the thin plate compared to that of a half-space (Eq. (5.23) 
in [31]) and depends on the relative contact radius � defined 
by the ratio of the contact radius rc and half of the thickness 
of the plate dl∕2 [28]. From [29], it can be concluded that � 
can be calculated by

where �(Eh
∗ = El

∗, �) is the correction factor in case of 
equal moduli of elasticity for the THSs and the thin laser 
disk, which can only be calculated numerically [28, 29]. 
From the course of curve A in the regime of a thin plate, i.e. 
for 1 < 𝜆 < ∞ , in Fig. 1 of [29], which shows �−1∕3 versus 
�−1∕3�−1 , it is found that �(Eh

∗ = El
∗, �) is well approximated 

by the function 2(1 + (C1� + C2)
−1)

−1 with C1 = 0.396 and 
C2 = 0.801.

In case of sufficiently small contact radii, the Taylor coef-
ficients with n ≥ 4 can be omitted in Eq. (7), since r ≤ rc , 
and a parabolic difference between the profiles is found with 
an effective radius of curvature given by

It is worth mentioning, that if we further specify this case 
to that of two solid spheres and an infinite small thickness of 
the laser disk, Reff becomes Rs due to the absence of bending, 
1∕� approaches zero and thus � becomes 1 + Eh

∗∕El
∗ accord-

ing to Eq. (11). Then, Eq. (9) turns into the relation for the 
Hertzian contact of two equal spheres [31] as required. Con-
versily, in the limit of an infinite thickness of the laser disk, 
which corresponds to � approaching zero, � becomes one 
and Eq. (9) turns into the relation for the Hertzian contact 
between a sphere and a plane half-space [31].

After resolving Eq. (9) for the force, we receive the force 
relation of the contact problem, which reads

Finally, the pressure distribution is calculated from 
Eq. (8) according to Eq. (3.37) in [24], which results in

In the parabolic approximation, the pressure distribution 
of the Hertzian contact problem results as expected. With 
increasing contact radii, higher order Taylor coefficients 
must be taken into account to maintain a certain accuracy. 
Then, the maximum of the pressure distribution shifts away 

(11)
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)
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1

�(Eh
∗=El
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) ,
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+
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.
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3
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+
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) .
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⋅
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)

+…
]

)

.
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from the center of the contact. As mentioned before, the 
only efficient direction for extracting the heat from the disk 
is the axial direction; due to this, the heat transfer must occur 
through the faces of the disk within the pumped area. Thus, 
taking into account the mentioned dependence of the contact 
resistance from the contact pressure, the contact pressure 
within the pumped area is the key parameter for an efficient 
heat transfer. It can, therefore, be concluded that there must 
be an optimum force for achieving an optimum cooling of 
the laser disk and consequently an optimum output power 
of the laser.

Using Eq. (4), we find

for the first non-zero Taylor coefficient. Using the force F
w
(2) 

and pressure distribution p
w
(2) found in the parabolic approxi-

mation of the difference between the profiles, the Taylor 
coefficient w(2) is calculated to be

and thus the contact problem is solved in closed form in 
this case. For an iterative solving approach of the equations 
used in the MDR calculation procedure taking into account 
the complete deflection curve of the THS, the force F

w
(2) and 

pressure distribution p
w
(2) found with the parabolic approxi-

mation of Eq. (7) are reasonable starting values.
Since the contacting concept causes a significant amount 

of stress inside the THS, the design of the THS has to take 
into account this aspect. In particular, it has to be ensured 
that the maximum stresses to be expected are well below the 
fracture strength of the material. For brittle crystalline mate-
rials, tensile stress is known to be most critical. Its maximum 
�r(r = 0) is found at the center of the outer face of the THS, 
where the maximum bending moment occurs. With Eq. (44) 
and Eq. (52) in [30] this maximum tensile stress yields

According to the maximum normal stress (MNS) theory, 
brittle materials fail when the largest magnitude of the prin-
cipal tensile stress exceeds the tensile strength of the mate-
rial [32], i.e., 𝜎tensile,max > 𝜎ts . From Eqs. (13) and (17), it can 
be concluded that the radius of curvature given by the shape 
must fulfil the condition

(15)w
(2)

=
D

F ∫
rc

0

p
(
r0
)

p0
wi

(2)||
|r=0

dr0

(16)

w
(2)

=
1

20𝜋

[

5

(

ln
rc

ra
+ ln2 −

5

6
−

(
rs − ra

)

ra

2D

Deff

)

−
rc

2

ra
2

]

< 0,

(17)�tensile,max = −
6F(1 + �h)w

(2)

dh
2

.

to avoid damage due to fracture. In practice, the nominal 
maximum stress should be significantly lower to take into 
account e.g. intrinsic stress or imperfections such as micro-
cracks, etc.

Furthermore, tangential tensile stress in the unpumped vol-
ume of the laser disk, caused by the unequal thermal expansion 
in the pumped and in the unpumped volume in combination 
with the forces induced by the clamping, may also lead to frac-
ture damage; this aspect has to be addressed in future work.

It is worth mentioning that the mechanical stress inside the 
THS, predominantly induced by the applied clamping force, 
may lead to significant induced birefringence, which in turn 
causes significant depolarization losses when using polarized 
radiation. Especially for laser-active materials allowing to 
achieve low small-signal gain coefficients only, these losses 
can reduce the efficiency of laser operation to a similar extent 
as for rod-type lasers, where the birefringence results from 
thermally induced stresses [33]. In order to significantly reduce 
these losses, a method was found that enables the mutual com-
pensation of the depolarization of the radiation in the THSs 
if the thickness of the laser disk can be designed as a zero or 
multiple order half-wave plate for the laser radiation [34].

6 � Validation of the contact model

To examine the scope of validity and accuracy of the contact 
model, the results of the model are compared with numerical 
calculations using FEM. For this purpose, it is convenient to 
normalize the contact force and the pressure distribution to the 
results of a solid sphere, which reads

Then, it also becomes convenient to normalize the maxi-
mum tensile stress, contact radius and radial position accord-
ing to
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(19)Fn =
3FRs

4�E∗rc
3
, and
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⋅
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F
.
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,
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, and
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After normalization, the force relation of Eq. (13) reads

and the pressure distribution of Eq. (14)

Both normalized quantities are independent of the radius 
of curvature of the THSs, but still dependent on the thick-
ness of the THSs even in the parabolic approximation via the 
Taylor coefficient w(2) , however, the strongest dependency is 
on the normalized contact radius.

For the exemplary calculations presented in the following 
sapphire is considered as the material of the laser crystal 
and single-crystal diamond for the THSs. Due to its unique 
properties, especially the highest thermal conductivity of all 
materials at room temperature, a high transparency, and an 
exceptional elastic modulus, single-crystal diamond can be 
regarded as the most suitable material for THSs [35]. THSs 
with a reasonable range of aspect ratios with A = 3.5 , 7.0 
and 14.0 for a clamping radius of ra = 3.5 mm and radii of 
curvature RS equal to 2.5 , 5.0 and 10.0 m have been inves-
tigated in the numerical calculations. In the FEM calcula-
tions, in contrast to the contact model, the contact force is 
an independent variable and the range of the contact force 
was, therefore, specified in such a way that resulting contact 
radii ranged between 10 and 50% of the clamping radius. 
In Fig. 5, the normalized contact force calculated with the 
model using both the complete difference between the pro-
files or with only its parabolic approximation are compared 
with the results from FEM. For the iterative numerical 
approach to solve the contact model, the optimal imple-
mentation of the MDR was used according to [36]. The 
force F

w
(2) and pressure distribution p

w
(2) evaluated using the 

parabolic approximation were chosen as starting values in 
Eq. (1), and a relative change of the force between iterations 
of less than 10–3 was used as a termination criterion. As 
shown in Fig. 5, due to the normalization, the contact force 
of the model is independent of the radius of curvature. The 
normalization also works for the FEM results, as can be seen 
from the fact that the results for different radii of curvature 
become equal in this representation.

As can be seen in Fig. 5, by taking into account the 
complete difference between the profiles, the model 
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.

overestimates the forces by less than 10%, while in the 
parabolic approximation of the difference between the pro-
files the forces are underestimated by 10% at maximum. 
The effective stiffness was calculated from the deflection 
of the THS at the position of the clamping from the FEM 
results, which linearly depends on the moment as predicted 
by Eqs. (5) and (6). The calculation of the effective stiffness 
using the CPT gives significantly worse results and thus can 
only give a rough estimation. In the worst case of the thick-
est THS, the effective stiffness calculated from the CPT is 
only 60% of the value determined from FEM. Although the 
stepwise radially varying thickness of the composite can be 
taken into account in the plate theories, the variation of the 
axial position of the neutral axis—within as well as between 
the radial segments—is completely ignored. In particular, 
the change in the position of the neutral axis due to the radial 
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Fig. 5   Normalized contact force versus the normalized contact radius 
for the contact model taking into account the complete difference 
between the profiles (solid lines) or only its parabolic approxima-
tion (dashed lines) compared to numerical calculations (data points) 
using FEM in double logarithmic representation. The aspect ratios 
were realized with thicknesses of 2.0, 1.0 and 0.5 mm and a clamping 
radius of 3.5 mm. Each curve of the contact model is drawn for the 
contact radius ranging between 0.3 mm and 1.8 mm. The thickness 
of the laser disk was 0.15 mm, as used in [14]. The horizontal line 
represents the case of a thin plate pressed between two solid spheres, 
where deflection does not occur. The FEM calculations (COMSOL 
Multiphysics 5.2) were performed using the geometry shown in 
Fig.  4a. Single-crystal diamond was assumed for the THS and sap-
phire for the laser crystal with E

h
= 1050 GPa , �h = 0.1 [35] and 

E
l
= 435 GPa , �l = 0.3 [37], respectively. The effective stiffness of 

the composite of THS and SHS Deff including their radial overlap was 
determined from the moment-dependent derivative of the difference 
between the profiles at the position of the clamping from the FEM 
calculations for which 7.13 kNm , 1.79 kNm and 0.48 kNm was found 
for the three composites
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overlap of both heat spreaders as shown in Fig. 4a cannot 
be captured by plate theories. As seen in Eqs. (5) and (6), 
due to its solely parabolic contribution, the effective stiff-
ness only influences the force relation of the contact and not 
the pressure distribution. Moreover, the influence depends 
on the ratio D∕Deff . In the case of the THS with the largest 
aspect ratio, the ratio D∕Deff is about 0.02. The clamping can 
therefore be assumed as ideally stiff in good approximation; 
accordingly, the results are hardly influenced when Deff is 
set to infinity. In contrast, for the smallest aspect ratio of the 
THS, the value of D∕Deff is about 0.10. In this case, using 
the accurate value of Deff from the FEM results is found to 
be crucial to attain the same accuracy of the force relation 
compared to the largest aspect ratio.

It is known that for aspect ratios below about 10, 
deflections are underestimated in the CPT and addi-
tional shear deformations have a significant contribu-
tion to the overall deformation [26]. Therefore, we 
also investigated the plate deformation in the first-
order shear deformation theory (FSDT) [26], for 
which we found q0r0dh

2∕(6(1 − �h)KS)ln(ra∕r0) and 
q0r0dh

2∕(6(1 − �h)KS)ln(ra∕r) as additional terms for the 
case of the concentrical line load, which are added to wi and 
wo in Eqs. (5) and (6), respectively, and where KS is the shear 
correction factor. This result was verified by carring out 
the superposition of Eq. (4) for examples given in [26] for 
which we found equal results (Eq. (9.2.37) and Eq. (9.2.39) 
in [26]). However, using this FSDT solution for the plate 
deflection in the contact model only leads to improvements 
of the normalized force for relatively large normalized con-
tact radii exceeding two. In contrast to the CPT results, the 
FSDT results exhibit an asymptotic behavior toward smaller 
normalized contact radii deviating significantly from the 
FEM results. Therefore, for the description of the deflection 
of the THSs, we adhere to the results based on the CPT, 
which are accurate enough for typical design requirements.

Another aspect found in Fig. 5 is that for sufficiently small 
normalized contact radii smaller than approximately 0.6, the 
bending of the THS can be neglected and the contact force 
reaches about 95% of the value obtained for solid spheres. 
For the studied range of the contact radii, this regime is only 
reached in the case of the smallest aspect ratio of 3.5. The 
normalized pressure distributions calculated with the model 
using both the complete difference between the profiles and 
its parabolic approximation are compared with numeri-
cal results from FEM for normalized contact radii ranging 
between one and four in Fig. 6a–d. The normalized contact 
radius is the dominant parameter influencing the normal-
ized pressure distributions; the dependence on the aspect 
ratio is minor. As seen in Fig. 6a and b, even for small nor-
malized contact radii, where the parabolic approximation 
holds well, there are differences between the FEM results 
and the model, which remain comparable even for higher 

normalized contact radii for the model using the complete 
difference between the profiles, as seen in Fig. 6c and d. 
These deviations can be understood by taking into consid-
eration the basic assumptions made for the used formulas: 
firstly, the formulas assume that the externally applied forces 
are evenly distributed within the volume of the bodies; this is 
inconsistent with the boundary conditions of the investigated 
setup, where the external forces are locally applied at the rim 
of the THSs. Secondly, the FEM results take into account 
the slight modifications of the pressure distributions due to 
the finite thickness and stiffness of the laser disk, as can be 
seen in Fig. 2 in [29], which are ignored in the model. On 
the other hand, for the parameter ranges investigated here, 
the deflection of the surface of the THS is reasonably well 
approximated by the deflection of the neutral axis, since the 
relative displacement in the radial direction of the surface of 
the THS is in the range of 10–4 at maximum and thus can be 
neglected; the same holds for the change of the thickness of 
the THS due to lateral contraction. Therefore, this approxi-
mation does not contribute significantly to the remaining 
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Fig. 6   Normalized pressure distributions versus  the normalized 
radius for normalized contact radii of 1, 2, 3 and 4 shown in a, b, c 
and d, respectively, resulting from FEM (dotted), from the model tak-
ing into account the complete difference between the profiles (solid) 
and the model with only its parabolic approximation (dashed). To 
facilitate the comparison of the differences, the normalized pressure 
distributions have additionally been normalized to correspond to the 
same contact force for each normalized contact radius. The radius of 
curvature for these calculations was 5.0 m. All other parameters and 
the color code are the same as used for the calculations for Fig.  5. 
Please note, that the curves for the largest and smallest aspect ratio 
are not shown for the smallest and largest normalized contact radius, 
respectively, since the corresponding contact radii were not within the 
investigated range
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differences between the FEM results and the model. Never-
theless, the results obtained using the contact model are suf-
ficiently accurate for typical design requirements. For larger 
normalized contact radii shown in Fig. 6c and d, the pressure 
distributions resulting from the model using the parabolic 
approximation increasingly deviate from the FEM results. 
The contact model using the complete difference between 
the profiles is, however, capable of reproducing the main 
features of the pressure distributions also for higher normal-
ized contact radii, which is characterized by an increasing 
pressure drop in the center as expected from Eq. (25). For 
the very large normalized contact radius of 5.2, which is 
only reached for the highest aspect ratio of 14.0 in this study 
and corresponds to a contact radius of only 1 mm, a lift-off 
of the contact at the center is observed in the FEM calcu-
lations. This regime cannot be explored with the contact 
model, since the MDR requires a simply connected contact 
area [24]. We observed that the convergence of the calcula-
tions becomes increasingly slow for normalized contact radii 
exceeding four.

The normalized maximum tensile stress is shown in Fig. 7 
as a function the normalized contact radius. The largest devi-
ation between the FEM and the contact model of up to of 
50% is found for the smallest aspect ratio. Since the THSs 
have to be designed such that the maximum tensile stress 

is well below the tensile strength, typically by one order of 
magnitude, this accuracy can be regarded as sufficient.

In conclusion, it can be summarized that up to a normal-
ized contact radius of about two, it is sufficient to use the 
contact model with the parabolic approximation of the dif-
ference between the profiles, as seen in Figs. 5 and 6. Only 
for larger normalized contact radii, the pressure distribution 
is described more precisely by using the complete difference 
between the profiles.

7 � Example for the design of the heat 
spreaders

In the following, we describe the design for the first imple-
mentation of this concept as reported in [14], where single-
crystal diamond was chosen for the THSs and Ti:sapphire 
for the laser crystal. For this setup, two pump spot diameters 
of 2.3 mm and 1.2 mm were considered. The required clear 
aperture of at least three times the pump spot diameter led 
to a clamping diameter of 7 mm. To ensure a sufficiently 
wide radial overlap between the THS and the heat sink, in 
this case at least 2.5 mm, an outer diameter of 12 mm was 
chosen for the THSs. To further distribute the heat before 
the subsequent removal by microchannel coolers but also to 
provide the necessary stiffness for the clamping of the THSs, 
ring-shaped secondary heat spreaders made from polycrys-
talline diamond were used. These rings had a thickness of 
2 mm and an outer diameter of 35 mm and were glued to the 
THSs with a very thin bond line, similar to the gluing used 
for R-TDLs. The microchannel coolers were simply pressed 
by the clamping force against the secondary heat spreaders. 
As seen from Eqs. (13) and (14), in order to maximize the 
pressure for an optimum heat transfer between laser disk and 
THS, the stiffness of the THS, which strongly depends on 
the thickness, must be maximized. The maximum available 
thickness of 1.0 mm was therefore chosen, which was limited 
due to current production technology, leading to an aspect 
ratio of 7.0. Since no information on the roughness power 
spectra of the convex-shaped surfaces of the single-crystal 
diamond THSs used in [14] is available, it is unfortunately 
not possible to make accurate estimations of the heat trans-
fer coefficient as well as of its pressure dependency for this 
special case. The range for the total heat transfer coefficient 
from the laser crystal to the THS including the thermal layer 
resistance of the AR-coatings can, however, be estimated. 
With a thickness of the coatings of 370 nm and a thermal 
conductivity of the dense sputtered coatings of about 1 W/
(mK) [38], the heat transfer coefficient for two coatings in 
series is 1.4⋅106 W/(m2K), which determines the upper limit 
for the total heat transfer coefficient. By taking into account 
a minimum heat transfer coefficient at the interface given by 
ballistic transport of air of 3 ⋅ 105 W/(m2K) [18], the lower 
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Fig. 7   Normalized maximum tensile stress at the center of the THS 
versus the normalized contact radius resulting from FEM (data 
points) and from the model in double logarithmic representation. The 
curves taking into account the complete difference between the pro-
files (solid lines) and only its parabolic approximation (dashed lines) 
coincide due to the normalization of the maximum tensile stress. The 
same parameters as for the calculations for Fig. 5 were used
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limit of the total heat transfer coefficient yields 2.5 ⋅ 105 W/
(m2K). Due to the not exactly known, but certainly signifi-
cant contribution of capillary bridges, the actual value is 
assumed to be substantially higher.

To estimate the optimum contact force for a maximized 
heat transfer between the laser disk and the THS, it is nec-
essary to consider a quantity which is representative for the 
pressure in the entire pumped cross-section of the laser disk. 
As a reasonable and easy to calculate quantity, we use the 
mean pressure within the pumped cross-section

We are interested in the maximum of the mean pressure, 
however, neither the optimum force nor the corresponding 
optimum contact radius can be stated explicitly. Also, the 
optimum force will deviate to a certain extent from the force 
for an optimum laser operation since effects as for instance 
diffraction losses are not taken into account. Determining the 
force for maximum output power theoretically is a demand-
ing task and beyond the scope of this work, but it is com-
paratively easy to determine experimentally.

For studying the mean pressure, the interdependence of 
the product of the mean pressure and the radius of curvature 
pmRS and the product of the contact force and the radius of 
curvature FRS may be considered, since the RHS of Eq. (13) 
then becomes independent of RS and the RHS of Eq. (14) 
then depends on FRS but not on RS alone. For the two pump 
spot diameters, these quantities were calculated using the 
contact model and compared with FEM calculations as 
shown in Fig. 8a and b, respectively. The maxima of the 
mean pressure are fairly broad for both sizes of the pump 
spot in the unpumped case. The values of FRS at the maxi-
mum of pmRS for the smaller pump spot diameter predicted 
by the model and the FEM calculation are 375 Nm and 
400 Nm, respectively. For the larger pump spot diameter, 
the model and the FEM calculation predict a maximum for 
contact forces of 700 and 800 Nm, respectively. As a com-
promise for the first realization of this concept [14], a value 
of FRS = 600 Nm was chosen as a working point in order to 
operate the laser with both pump spot diameters without the 
need for any mechanical readjustment in the first experiment.

In the last following step, we now determine the radius 
of curvature RS . As seen in Eq. (13), RS must be minimized 
to maximize the force and thus the peak pressure, but the 
tensile strength of the material sets a lower limit accord-
ing to Eq. (18). Using a quite conservative value for the 
tensile strength of single-crystal diamond of �ts ≈ 1.5 GPa 
[35], the minimum radius of curvature according to Eq. (18) 
is calculated to be RS,min = 0.25 m. Here, a quite conserva-
tive choice of RS = 5.0 m was made, which corresponds to 
a safety factor of 20 against failure due to fracture. With this 
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1

�rp
2∫

rp

0

2�p(r)rdr.

choice for the radius of curvature, the contact force yields 
F = 120 N . Under pumping, the temperature rise in the laser 
crystal leads to a modification of the difference between the 
profiles of the contacting surfaces of both the laser disk and 
the THSs due to thermal expansion, hereinafter referred to 
as thermal bulging bth(r) . In contrast to established laser 
cooling concepts, thermal bulging thus does not only affect 
the operation of the laser by thermal lensing and diffraction 
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losses but also via an influence on the pressure-dependent 
heat transfer between the laser crystal and the THSs, since a 
modification of the difference between the profiles is related 
to a modification of the pressure distribution as stated by the 
MDR [24].

Following the calculation procedure of the MDR, the 
thermally induced force Fth and pressure distribution 
pth are calculated from the thermally induced difference 
between the profiles fth(r) = bth(0) − bth(r) and can simply 
be added to the force and pressure distribution found for 
the unpumped case for any contact radius due to the linear 
elasticity of the materials [24]. Under the assumption that 
partially suppressed lateral contraction can be neglected, 
the thermal bulging can be calculated by

where �l and �h are the coefficients of linear thermal expan-
sion of the laser disk and the THSs, respectively. The calcu-
lation of the temperature field required for Eq. (27) neces-
sitates the knowledge of the pressure dependence of all heat 
transfer mechanisms involved and thus is a complex thermo-
mechanically coupled task, which can only be carried out if 
the surface is isotropic and the roughness power spectrum 
is known [19]. Therefore, due to the lack of these surface 
data, a reasonable estimation of the thermal bulging will be 
employed in order to investigate its impact on the contact 
between laser disk and the THSs. For the estimation of the 
height of the thermal bulge using Eq. (27), we consider that 
the thermal conductivity of diamond is about two orders 
of magnitudes higher than the one of sapphire. Then, the 
second term in Eq. (27) can be neglected, since, firstly, the 
temperature variation in the THS within the volume limited 
in the radial direction by the radius of the pump spot is small 
compared to the temperature variation in the laser crystal, 
and secondly, the coefficient of linear thermal expansion of 
diamond is more than five times smaller than the one of sap-
phire despite the fact that the thickness of the THS is about 
one order of magnitude larger than the thickness of the laser 
crystal. Moreover, for the remaining first term in Eq. (27), 
the temperature distribution in the laser disk is replaced by 
the average temperature. Then, the height of the thermal 
bulge is estimated by

Using a maximum temperature of 80 °C as estimated for 
Ti:sapphire from [6], a heat sink temperature of −13 °C as 
used in [14], and a coefficient of linear thermal expansion 
of sapphire of 5.2 ⋅ 10−6K−1 [37], the height of the thermal 
bulge is found to be about 36 nm.
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To estimate the radial dependence of the bulging, we 
consider a supergaussian function of 3rd and 4th order 
for the small and the large pump spot radius, respectively, 
which are reasonable approximations to describe the bulg-
ing of the laser crystal of a R-TDL with the same thickness 
of the laser crystal and supergaussian pump distributions 
of 6th order as calculated using the calculation procedure 
presented in [39]. Therefore, the thermal bulge is esti-
mated by

where n is the order of the supergaussian distribution. The 
estimated thermal bulges are shown in Fig. 9.

As a consequence of the thermal bulging, a quite substan-
tial enhancement of the mean pressure is observed, as shown 
in Fig. 8a, b. Despite the significant increase of the mean 
pressures, a rather moderate shift of the optimum contact 
forces is found. The values of FRS at the maximum of pmRS 
for the pumped case for the smaller pump spot diameter pre-
dicted by the model are 450 and 480 Nm corresponding to 
contact radii of 0.91 and 0.93 mm for the small and the large 
radius of curvature, respectively. For the large pump spot 
diameter, the model predicts a maximum of pmRS for contact 
forces of 950 and 1200 Nm corresponding to contact radii of 
1.30 and 1.33 mm for the small and the large radius of cur-
vature, respectively. For the nominal contact force of 120 N, 
the pressure distributions are depicted for the unpumped and 
for the pumped case for both pump spot sizes in Fig. 10a 
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Fig. 9   Estimated thermal bulging bth of the laser disk for pump spot 
diameters of 1.2 mm and 2.3 mm assuming an average temperature of 
80 °C in the pumped volume of the laser disk and a heat sink temper-
ature of −13 °C calculated from Eqs. (28) and (29). All other param-
eters are the same as stated under Fig. 8
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and b. Since the resulting level of contact pressure in the 
pumped case is uncritical for both contact partners, a further 
increase can in principle be considered. When e.g. reduc-
ing the radius of curvature to RS = 2.5 m , the maximum 
pressure increases by a factor of two, which is still well 
within the safe region in case of single-crystal diamond. An 
additional increase of the thickness to dh = 2.0 mm , which 
reduces the normalized contact radius for the unpumped 
case to rc,n = 1.4, would increase the contact force about two 
times, as can be read from Fig. 5, and therefore, leads to an 
additional twofold increase of the mean pressure. Also, the 
contribution of the THSs to the overall thermal resistance 
is significantly reduced. However, the potential for further 
increasing the mean contact pressure is very limited, since 

the bending of the THS is already largely suppressed and the 
reduction in the radius of curvature is limited by the tensile 
stresses that occur.

8 � Discussion

We have presented the basic design principles for cooling of 
a thin disk-shaped laser crystal by pressing it between two 
convex-shaped, transparent heat spreaders (THSs). A contact 
model was developed, which provides a good qualitative 
understanding of the contact behavior and a sufficient accu-
racy for estimating the optimum parameters for the design of 
the THSs. The validity of the model has been checked for a 
reasonable range of aspect ratios as well as radii of curvature 
of the THSs numerically by FEM.

Under thermal load, a significant increase of the mean 
pressure is found due to the bulging of the laser crystal. 
However, as demonstrated for the exemplary design, the 
differences between the optimum contact forces predicted 
by the model for the unpumped and the pumped case are 
small enough to make the model for the unpumped case 
sufficiently accurate for estimating the optimum design 
parameters.

For several reasons, the cooling concept becomes par-
ticularly advantageous when the thickness of the THS is 
sufficiently large compared to the pump spot diameter. Most 
obviously, a sufficiently thick THS minimizes its contribu-
tion to the overall thermal resistance. Since the optimum 
contact radius is larger than the pump spot radius, the nor-
malized contact radius also becomes small. This ensures that 
the contact force and thus the peak pressure is close to the 
theoretical limit of a solid sphere, as can be seen in Fig. 5, 
and also that a pressure drop at the center of the contact is 
prevented, as can be seen from Fig. 6. Simultaneously, the 
variation of the pressure distribution within the pump spot 
is minimized. This can be concluded from the exemplary 
designs, for which the ratios between thickness and pump 
spot diameter are 0.83 and 0.43 and the normalized contact 
radii are 2.0 and 2.9 for the smaller and the larger pump spot 
diameter, respectively. As can be deduced from Fig. 8a and 
b, at the maximum of the mean pressure, the contact radii 
extend beyond the pump spot radii by a factor of 1.5 and 1.2, 
respectively. Thus, the pressure drop at the edge of the pump 
spot with respect to the pressure in the center is smaller for 
the smaller pump spot, for which the ratio between the thick-
ness of the THS and the pump spot diameter is larger. As 
already mentioned above, the SHSs play an essential role 
both for the mechanical as well as for the thermal perfor-
mance of the setup. In particular, to fully exploit the pressure 
level which can be achieved with the THSs, the SHSs have 
to be significantly thicker than the THSs.
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While studying the factors determining the performance 
of the T-TDL concept in detail, it became obvious that the 
surface roughness of the contacting surfaces plays a cru-
cial role not only for efficient laser operation, but for opti-
mum heat extraction as well. For example, a reduction of 
the roughness of the convex surfaces of the THSs by a fac-
tor of three compared to the first experimental realization 
[14] would not only reduce the scattering losses—which are 
especially critical in case of a low small-signal gain—by an 
order of magnitude, but simultaneously would also reduce 
the width of the gap by a factor of three, which would allow 
the water film on the surfaces under normal conditions to fill 
the entire gap in the apparent contact area [18], thus improv-
ing the heat transfer at the interface significantly.

Finally, the model shall be used to assess the scalability of 
the thermal resistance of the heat transfer between the laser 
disk and the THS, since this is an important prerequisite for 
the scalability of the overall thermal resistance of the T-TDL 
concept. In the following, doubling the size of the pump spot 
is considered as a simple, yet representative case of power 
scaling. To maintain the required minimum clear aperture, 
the clamping radius must also be doubled. When applying 
this magnification to all other geometrical parameters of 
the design as well, i.e. thickness and radius of curvature of 
the THSs and the contact radius, the contact force increases 
depending on the dominating term in the denominator of 
Eq. (13) by a factor between four and 4γ(2λ)/γ(λ), which is 
at maximum 4.8 in the case of diamond for the heat spreader 
and sapphire for the laser disk. Since the thickness of the 
laser disk is conserved, the normalized contact radius is 
increased by (�(2�)∕�(�))1∕3 according to Eq. (22), which 
is found to be less than 1.07, and therefore is almost con-
served. Thus, the same holds for the shape of the pressure 
distribution, as can be seen in Fig. 6. Consequently, the mean 
pressure increases by a factor between one and �(2�)∕�(�) 
according to Eq. (26) and also the maximum tensile stress 
according to Eq. (17). When the resulting minor increase of 
the tensile stress is tolerable, by adapting the specified geo-
metrical parameters and the contact force as described an 
ideal scalability of the heat transfer at the contact interfaces 
is achieved. Therefore, provided that the contribution of the 
thermal interface between the THSs and the heat sinks to 
the overall thermal resistance can be kept sufficiently small, 
ultimately only the radial heat conduction within the heat 
spreaders will limit the scalability of this cooling concept.
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