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Abstract

In this work, the study focuses on an optomechanical system composed of two Fabry—Pérot cavities each pumped by a coher-
ent laser source, and coupled by photon hopping process, phonon tunneling and by a squeezed light source. We theoretically
investigate the impact of increasing the squeezing parameter of squeezed light on the sharing of quantum correlations between
two mechanical modes and an optical mode, then between two optical modes and a mechanical mode using logarithmic
negativity. Then, we study the effect of different couplings on the emergence and degree of tripartite entanglement by tri-
partite negativity. As a result, the entanglement shared in each considered three-mode block is monogamous and during the
evolution the one-mode versus one-mode entanglement always remains less than one-mode versus two-mode entanglement.
Moreover, the combined effect of different couplings can enhance tripartite entanglement in certain conditions as it can
degrade it in other ones. Our results indicate that the proposal systems could provide an important platform for the study

of macroscopic quantum phenomena.

1 Introduction

In recent years, thanks to its important properties and
numerous advantages, quantum entanglement has been
widely exploited in quantum systems. It is well-known that
entanglement is a purely quantum property which has no
equivalent in classical physics [1], manifests itself more par-
ticularly in microscopic systems [13-23]. In this respect,
it represents a non-local form of quantum correlations
between spatially separated systems.Besides entanglement,
quantum correlations manifest in many other forms [2],
such as Bell non-locality [3] quantum steering [4, 5] and
quantum discord [6, 7]. In this respect, they are the main
pillar of quantum information processing and computational
tasks [8], quantum cryptography [9], quantum teleportation
[10], telecloning [11] and quantum metrology [12]. Moreo-
ver, entanglement has been widely studied in Fabry—Pérot
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cavity-based optomechanical systems [24—45], which are
useful and efficient to study the interaction between light
and mechanical oscillators [46, 47], and, therefore, allow to
share the entanglement between cavity modes and mechani-
cal resonators.

Cavity quantum optomechanics is a recently developed
field of research that promises many applications in quantum
information; It can be used to perform precision measure-
ments [48, 49] and also generate quantum superpositions
[50]. The optomechanical cavity of Fabry—Pérot type con-
sists of two spatially separated mirrors, one of the two mir-
rors is fixed and semi-transparent, while the other is mobile
and perfectly reflective [51]. The device made it possible
to highlight the quantum effects of the mutual interaction
by radiation pressure, also called optomechanical coupling,
between electromagnetic radiation and the mechanical vibra-
tions of the mobile mirror [52]. The optical modes of the
cavity are controlled by a laser beam, the part of which trans-
mitted inside the cavity will act on the mobile mirror by the
force of the radiation pressure, which causes its movement
(mechanical mode). On the other hand, the movement of
the mirror causes a modification of the length of the cav-
ity and, therefore, involves the modulation of the phase of
the laser light in the cavity. It is the combination of these
two processes (movement of the mirror and modification
of the phase of the cavity field) which can generate various

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00340-023-08090-z&domain=pdf

151 Page2of11

J.Hmouch et al.

optomechanical phenomena (entanglement, cooling, trans-
parency, etc.). Some works have used two Fabry—Pérot
cavities coupled via photon hopping process and by two-
mode squeezed light [53], while others have considered two
Fabry—Pérot cavities coupled by photon hopping process and
phonon tunneling process [54].

Unlike classical correlations, the sharing of correlations
in multipartite quantum systems is governed by monogamy
law [55, 56], i.e., quantum correlations cannot be freely
shared between different parts of the system. Therefore, for
example, in a tripartite quantum system, if two parts are
maximally entangled, there is no shared quantum correla-
tion with the remaining third part [57-62]. Monogamy plays
an important role in quantum information protocols such as
quantum cryptography [63] and entanglement distillation
[64] as well as in the characterization of multipartite quan-
tum systems [65—73]. In particular, tripartite entanglement
has great importance in the area of quantum information, so
it seems reasonable to recall tripartite entanglement quanti-
fiers in multimode Gaussian states like tripartite negativity
[74], Residual contangle and CKW-monogamy inequality
[75].

In the present work, we consider a double-cavity optom-
echanical system where we explore intracavity quantum cor-
relations in terms of phonon tunneling strength and photon
hopping strength to find an appropriate choice of these two
coupling strengths to enhance quantum correlations. The
two cavities are also coupled by squeezed light; therefore,
the generated quantum correlations will also be affected by
the squeezed light.

This paper is organized as follows. In Sect. 2, we pre-
sent the optomechanical model of the system under consid-
eration, we give the effective Hamiltonian for this system,
then, we derive the non linear quantum Langevin equations.
In Sect. 3, we linearize the quantum Langevin equations
describing the dynamics of the quadrature fluctuations, then,
we develop the dynamics in the rotating wave approxima-
tion. In Sect. 4, we derive the explicit formula for the covari-
ance matrix of the two—three-mode states. We present in
Sect. 5 three different quantum measures to explore quantum
correlations. In Sect. 6, we discuss the numerical results of
different quantum measures. Finally, our concluding remarks
are given in Sect. 7.

2 Model

We present in Fig. 1 an illustration of the considered hybrid
optomechanical system consisting of two Fabry—Pérot cavi-
ties k (k = 1,2) coupled to a two mode squeezed light (SL).
Each of both cavities have movable end mirror M, and
pumped by coherent laser source (CLS). Inside each cavity,
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Fig. 1 Schematic of two cavities 1(2). Both cavities are pumped by
coherent light source (CLS) and coupled to a two-mode squeezed
light (SL). The different couplings strength between photons (z) and
phonons (1)

the mechanical mode b, characterized by a frequency w,, is
coupled to the corresponding optical mode a; by the optom-
echanical coupling strength, i.e., radiation pressure, at a rate

— Yu h
8k =T,

[46], where L, and w,, are, respectively, the
My Dy, c

length and the frequency of kth cavity M,; (k = 1,2) and m,
is the mass of the movable mirror. Moreover, we consider
two other coupling strengths between the two cavities,
namely, the coupling between the optical modes a, (k = 1,2)
by a photon hopping process at rate r, and the coupling
strength between the mechanical modes b, (k = 1,2) via a
phonon tunneling process at rate # [76] assuming that pho-
non and photon tunneling can be achieved between two
neighboring Fabry—Pérot cavities due to the finite overlap
between their modes. Thereafter, we denote the operators of
annihilation (creation) of the kth optical and mechanical
modes, respectively, a,(a}) and by (b}) which satisfy the
usual commutation relations: [, a;]=1 and [b,, b]]=1.

The Hamiltonian governing the system at hand, in a rotat-
ing frame at the lasers frequency wp,, reads (h = 1):

H= ZI%:] [a)bk (b:bk + %) - Aka:ak - gka:ak(b: +b,)
+(af B + qiEpe™ )| — t(ata, + ata))
— n(b*b, + bthy)
ey

where E, = \ /% and @;; (k = 1,2) are, respectively, the
Lk

amplitude and the phase of the input coherent laser field, y,
is the damping rate of kth cavity and g, is the drive pump
power of kth input field.

The terms X} _ @, (b:bk + % ) and—X7_ A, afa; represent
the free Hamiltonians describing, respectively, the mechanical
modes and the optical modes, the term —g,a/ a, (b + by)
denotes the optomechanical interaction via radiation pressure,
the optical driving of the system is described by the term
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32 (@] E e + a;Eye™) and the coupling between the two
mechanical modes (two optical modes) through a phonon tun-
neling (photon hopping) reads as n(bjb, +b;b,)
(t(afay + ayay)).

The non-linear quantum Langevin equations of the mechan-
ical and optical modes can be written as

b, . A .

— =—|iw, + = )b +igiajaq

ot ! 2 )
+inby + \/4,b]

ob, . Ay .

= = —<za)b2 + ?>b1 +ig,a5a, 3
+inb, + \/A,bY

da, . Hy .

~ = <1A1 - 7)511 + lglal(b;r +by) @
+ita, —iE( e + \/uja’

da, . Hy .

= <1A2 - ?>a2 +igyay(by )

+by) +ita; — iE,e + \[u,al;

with bj(” being the kth noise operator representing the cou-
pling between the mechanical mode and its own environ-
ment and aj(" is the kth squeezed vacuum operator. 4, and
Ay = w;, — w, are, respectively, the kth mechanical damp-
ing rate and the kth laser detuning. Assuming that w;, > 4,
and A, > u,, we can apply the rotating wave approximation.
In the Markovian approximation, the operator b;{" is charac-
terized by the following correlation functions [77, 78]:

(BB (1) = G+ D5~ 1) ©

(B ObE)y = st — 1) 7

hay,
KyT,
mal phonons at frequency w,, of the kth mechanical mode,
Kp and T, are, respectively, the Boltzmann constant and the

the kth thermal bath temperature.

-1
where 71, = [exp ( ) - l] is the mean number of ther-

The squeezed vacuum operators a;(” and ai’”r satisfy the fol-
lowing correlation functions [79]:
(@l (al* (@)Y = (N + 1)s(t — 1) 8)
(@ (al(t)) = N6t = 1) )

(@ ali(t")) = Me™ )

S(t—1) k#kK (10

(@ (ay* (') = M+ an
s—-1) k£K

we have assumed that w, = @, = @, N and M depend on
the squeezing parameter characterizing the squeezed light r,
with N = sinh? r and M = sinh r cosh r.

3 Linearization of quantum Langevin
equations

Since the non-linearity of the Langevin quantum equations
(2)—(5) makes their analytical resolution very difficult, we
proceed to the linearization scheme consisting in decompos-
ing each operator as follows [75]:

where 6b, and é6q,, are the fluctuations operators. The steady-
state mean values denoted (b,) and (g, ) can be read as

ig, (iwy,, + /12—2)|(a1)|2 - ng;[{ax)I?
(by) = =2 (12)
(iwy, + )iy, + 3) +1

o P
iga (i, + FH){ax)l? = ng,1{a;)I?

(by) = 13)
iy, + 2)(iw,, + ) + 172
lﬂzE ei(pl + TEzei(pz
(@) = —=— - (14)
Pbr+7
if E,e'? + TE '
(@) = —— T (15)
Py +7
with § = =2 +iA] and A is the effective cavity detuning

{A] = Ay + g ((b)" + (b))} Now, we deal with identical
cavities (my =m, =mg, =g, = giw, = w, = w0,
= 0,0, = oy, = oA = 4 = ALpy = ppy = p),equal tem-
perature (T, =T, =T); for E, =E,=E, §,=p,=P,

Eev
—" . We take
5—1(A’+1)

@ = —arctan[2(A’ + 7)/u] and {(a) = —i|{a)|. In this case,
the many-photon optomechanical coupling inside each cav-
ity is [46]:

@, =@,=¢@, one has (a) = —i
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a)a
A =gl{a)| = T

(16)

2po
mw,@; [(A" + 1) + u? /4]

The linearized QLES describing the dynamics of the quad-
rature fluctuations are given by

5b, = —(iw,,+ %)%1

(17
+ A@Sat — 8a,) + indb, + V Ab"
, 2
5b, = —(zwb + —)5192
2 | (18)
+ ASat — 8a,) + indb, + \ AbT
8a, = péa, + A(BbT + 6b))
. 19
+itéa, + \/ﬁa’l” (1)
(20

+ \/ﬁag”

We introduce the operators: 6b(f) = 6l~)k(t)e_iw”k’,
da () = 8b (D™, a" = e 1", b = n'b"(k = 1,2)
and by assuming that @, > u, and A’ = —w,, we can
neglect the rotating terms at +wm,,. This allows us rewrite

Eqgs. (17)—(20) in a frame rotating wave approximation
(RWA) [46, 80] as

b, (1) = —%5131(0 — A8a, (1)

2D

+indby(1) + V465"

- A 3

8by(t) = =2 6B, (1) — Aoy (1)
2 22)

+indb, (1) + V/A6b

86,(1) = —E 6a,(t) + ASh, (1)
2 . (23)

+iT60,(1) + \/uéa!

8t,(t) = — L 6a,(t) + ASb, (1)
2 24)

+itéa, (1) + \/uéay
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4 Covariance matrix

To study the quantum entanglement between different tri-
partite subsystems in the suggested scheme, we consider
the following steps to get the steady state of the correlation
matrix of quantum fluctuations.

We define the quadrature operators for the two mechani-
cal and optical modes as

_ &bl +6b,
5qbk _—
V2
. &b, —5bF
5, = ——%;
3 oa; + éay,
5%k =—
V2
. éa,—oa
§Y, = ———i(k=1,2)
iV2
Therefore, we get:
2 _l ~ ~ Y Yy
84y, = -84, — N8G,, —nbY,, + \/;qb'i” (26)
K _A ~ ~ 17 ~
84, = 75%2 - N6G,, —ndY, + \/qu;n 27
2 —}, ~ g ~ Y,
6%, = 2267, - Ao, + noa,, + Vi, (28)
& —i ~ g ~ Y
8, = 75Yb2 — A8Y, +nég, + \/EY,,;,, 29
2 _” ~ ~ v 1
8, = 000, + N6Ty, — T6¥,, + /il (30)
2 _M ~ ~ v 1
844, = 00, + N5Ty, = T6Y,, + \/uily 3D
2 —/l ~ & ~ Y,
6Y,, = 6%, + A6T,, + 764, +\/u¥,y (32)
2 —M ~ = ~ Y,
8Y,, = 56, + A6Y), +76q, + e (33)

We can rewrite Eqgs. (26)—(34) in the following compact
matrix form [81]:
0(t) = 60(t) + V(1) (34)

where 87 (1) = (6, .6Y,, . 63,,.6Y, .64, .6Y, .54, .67, )is
the quadrature vector,
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Vi@ = @", Y gn, vir, g, Y, ", ¥Y™). The matrix 6~ Where A is the stationary noise matrix defined by:

by’ by’ by by tay’ Tay? ay T ap ’ 1 ’ ’ . . .
Apg(t — 1) = 5((vp(t)vq(t )+ v, (t V,(1))), which is written
as

takes the form:

'—50 0 -n —=A 0 0 0 - .
0 -3 0 0 -A0 0 02000 0 0 o
A

0 —n-50 0 0 -A0 00X 00 0 0 0
s=|" 0 0 -0 0 0 -A 35) 0004 0 0 0 0

A O 0 0 -4 0 0 -r A=loo000 4 0 My O €2
0 A 0 0 0 -4 7z 0 0000 0 4 0 —Mu

00 A 0 0 -z -4 0 0000My O 4 O

00 0 A 7z 0 0 -4 0000 0 —Mu 0 4

The steady state covariance matrix can be derived directly where A = A(n + %) and ' = u(N + %). The covari-

by solving the Lyapunov equation [82, 83]: ance matrix describing the two mechanical modes
r and the two optical modes can be written in
on+mo +A=0 (30 (53, .67, .64,.6Y, .64, .57, .54, 57,) basis as
R s A G
|_|2 |_|1 0 - |_|3 |_|5 |_|4 - |_|7 - I_|6
mn, 0 M M N My Mg T
_|0 - =My =M N5 Ny
n= My Ns Mg =My My Mg My 0 (38)
Ms My, M, —=Mg Mg My 0 =g
Mg =My Ny Ns Ny 0 M My
M, —MgMs Mg O =My Mg Ty
where the different elements of this matrix are
o (420> + pQR+OA+ 1+ C)A> + 4@ u — yu)*) + uC(u + A) cosh(2r) (39)
L= 2021+ CO)+2u(1+ OA+ (1 + O)22 + 4T p — yp)?)
o WCAWT + u2+ O)ATu + yp) + yu(A* — ATu(Cp + yp))) sinh(2r) (40)
27 (1 + O + 4(Tu)) — BCAT 1% + 4(A2 + AT (P2 + 2uA + A2+ 4@Cu + yu)?)
= WCAWA +OA+ (1 + OVA% —4AyuQTu + yu) — AT (T u + 2y p)) sinh(2r) 1)
P72+ CR 22 + AT )?) — 8CAT g a3 + 402 + 4T ) + 2pA + 22 + 4T + xp)?)
_ VuCA(u + A)(—1 = 2n + cosh(2r)) 4
M TR+ O 1 2u(1+ Oa+ (L4 OL 4T — 1) 42)
= HA HCHCHT W = Ay p?) = (A2 + 4T u))(Axu + (T + 2))) sinh(2r) (43)
ST (WA + CP A2+ 4T p)) — 8CAT g 13 + 422 + 4T )y ) (U2 + 2ph + A2+ 4Cp + zp)?)
HAHCAUCApA + 22 + AT (U + 1)) + (A + 4Cu)*)(u? + ud — 4> (U + y))) sinh(2r) (44)

6= 21+ P22 + 4T ) — 8CAL g a3 + 4(A2 + 4T ) P2 + 24 + 22 + 40T + xp)?)
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- VUCATu — yu)(1 + 2n — cosh(2r))
T U+ 2ud+ 21+ O) +4(Tu — yu)?

(45)

3 HPC* 22T+ yu) + (A% + 4T ) g pu(p* + 2uA + 22 + 4@ u + yp)?)) sinh(2r)
87 (W21 + 0222 + 4(Tp)2) — 8CAT g 13 + 4(2% + 4T (x )P (U2 + 2uA + 22+ 4Tp + yu)?)

) (46)
B HUCAA*(Cu = yp) = 244> + ATu((C)* + 3Ty p? + 2(x)*))) sinh(2r)
(W2 (1+ O 22 + 4T u)?) = 8CAT y 3 + 4(A2 + 4T ) ) (1)) (U2 + 2ud + 22 + 4T u + yp)?)
20,2 22 2 2 2 2 2 :
L RGA + O R + 4T + (A2 + 4T + )22 + 4T u + 2 p)) cosh(r) sinh(r)
P A1+ O + 4T p)?) — BCAT g3 + 4(A2 + 4T (D)2 + 2ud + A2+ 4Cp + yu)?) (47)
. W2 (U2 + 3C + CHOA — 42T u((=2 + )T + 2C g 1)) cosh(r) sinh(r)
(H((1+ CP A2 +4(Tp)*) — 8CAT ypi® + 442 + 4T )y (> + 2uA + 22 + 4T u + yp)?)
L4 20CAu+ D)+ A1+ O p2+ O)A+ 22+ 4T = g)) cosh(2r) 48)
o 242 +2pA + )1+ C) + 4Tp = g p)?)
The optomechanical cooperativity Cis defined as [46, 53]:  negativity ;. For a two-mode Gaussian state, the logarith-
) mic negativity is given by [84, 85]
oo 8 0
An miw,w L2 Hz[i +(x — w, /)] @9 ¢, = max{0, ~InQ2a;;)] 51)
we have set y = ian dr = %, where y is the photon hopping @ 18 the smallest symplectic eigenvalue of partial trans-

. osed covariance matrix 1
strength and I" the phonon tunneling strength. P (¢:5)
X() Z(0)

AORL0)

5 Bipartite and tripartite entanglement \J A— /A2 — adem
Y )
alTs =

In this paragraph, we examine bipartite and tripartite entan- 2
glement in two—three-mode blocks (b, b,, a;) and (b,, a,, a,)
whose corresponding reduced covariance matrices are, respec-
thely, I'I(blybz’al) and I_I(bz’al

where N, = [

(L#s)

] Ay, = detX(t) + detY(t) — 2detZ(t)

To quantify three-mode bipartite entanglement, we use the
one-mode (/) versus two-mode (sp) logarithmic negativity

) €llp> defined as [74, 87]
m M, Ny 0 ng 1 € = max{0, —InQa;, )] (52)
|_|2 |_|1 O - |_|3 |_|5 |_|4
0 P .
Moy = |‘(|)3 m M Mg My |, where, @, = min eigli€s (X5, My py Zyysp) s With,

My M5 Mg =My My Tl
MNs My T =T Tg Ty

M Iy Mg My, My s
M M =My =T M5 Ty
Mg =My My Mg My O
My —MNg Mg My 0 -y
Mg MNs Mo 0 M Mg
My Ty 0 —My Mg Ty |

1
= 3
|_|(b2,al @) = €Ls.p) (ellspeslpleplls)

Two-mode bipartite entanglement can be quantified by
means of one-mode () versus one-mode (s) logarithmic

@ Springer

Q; = @zzl io, (0, is the y-Pauli matrix), ¥, is the matrix
that inverts the sign of momentum of mode [ (I # s # p).

- (50) To study the genuine tripartite entanglement, we introduce
the tripartite negativity defined as [74, 87]

(33)
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Fig.2 Plots of logarithmic negativity (¢;,.€;,,) as a function of squeezing parameter r, with y = 0.05; I' = 0.05; T = 0.Imk; C = 32.35 in the
three-mode block (b, b,, a;)
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Fig.3 Plots of logarithmic negativity (¢, ,€,,) as a function of squeezing parameter r, with y = 0.05; I' = 0.05; T = 0.lmk; C = 32.35 in the
three-mode block (b,, a,, a,)
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6 Analyse and discussion

By exploiting experimental values reported in Ref [86]
{52 =947x 10°Hz, the mechanical damping rate

i = 140Hz and the mass of the movable mirror m = 145ng,
the cavity length and frequency are, respectively, L = 25mm
and 7*=526x10"Hz, the laser frequency
;’—; = 2.82 x 10'*Hz and the drive laser power ¢ = 11 mW },
we plot one-mode versus one-mode logarithmic negativity
€s> (I #s) and one-mode versus two-mode logarithmic
negativity €;.,; (I # s # p) as a function of the squeezing
parameter r for fixed values of the photon hopping strength
(y = i) and the phonon tunneling strength (' = %). The

numerical results are shown in Figs. 2 and 3. In Fig. 2a
which presents the behavior of the entanglement in the block
with three modes (b, b,, a,), 1.e., the entanglement shared
by the mode b, is either individually with mode b, and mode
ay (€p,1p,> €p,ja,)» OF jointly with the two-mode (b, —a)
(€p,|p,a,)- Note that for small values of , ¢, |, rapidly van-
ishes, while ¢, |, and ¢, |, , remain non-zero. This means
that mode b, can simultaneously share entanglement with
the two-mode (b, — a,;) and also individually with mode b,
but it cannot share entanglement with single mode a,. €, |,
remains robust against the rise of r, but eventually vanishes
for r > 1.96. For 1.96 < r < 2.2, there is no entanglement
sharing individually between the mode b, and each single
remaining modes (b,, a,), while, there is entanglement shar-
ing by mode b, to the two-mode (b, —a;), i.e.,
{ep1, = 0.€p10, =0, €, 14, # 0}. Now, we investigate the
behavior of entanglement in the configurations €, |, , €15,
ande¢,, \, ;, (Fig. 2b). We remark that all terms ¢, |, , €, |, and
€},]a, b, A€ NON-Zer0, meaning that the mode b, is correlated
with single modes b, and a, and with the two-mode (b, — a,)
in a small range of very lower values of r (0.00 < r £ 0.11).
Obviously, we observe that with an increase of the squeezing
parameter, €, |, becomes zero, while the quantities €, |, and
€p,1a, b, A€ NON-zero. This means that the mode b, is not able
to share entanglement individually with mode a, but it can
remarkably share it individually with mode b, as well as with
two modes (a, — b,). Unlike ¢, |, and ¢, |, , when r becomes
larger (1.96 <r <2.2), ¢, |, remains non-zero. Thus,
although b, is unable to share the entanglement with the
individual modes a, and b, it can nevertheless share it
simultaneously with the two-mode (a, — b,). In the configu-
rations €, |, , €, 15, and €, 1, 5, (Fig. 2¢), the entanglement
shared by a, conjointly with b, and b, is the most dominated
especially for a higher values of 7 (0.16 < r £ 0.62), where
€,,1p, and €, |, are totally vanished. In this case a, can share
entanglement with modes b, and b, only in a collective way.
We notice also that for the smallest values of r (r < 0.11), ,
can share entanglement individually and collectively with b,
and by, i.e., {€, 1, #0,€, 5, # 0, €, 5, # 0}. In addition

@ Springer

we remark that for a small range of 7 (0.11 <r < 0.16), ¢, |5,
is zero, while ¢, |, and ¢, |, ;,, are non-zero, which means
that a, is correlated individually only to mode b, and that
entanglement sharing occurs with the two-mode (b, — b,).
From this part of our study, we can conclude that sharing
entanglement between modes b;, b, and a; is
monogamous.

Subsequently, we will inspect the property of monog-
amy in a three-mode block (b,, a,, a,). Figure 3a shows
that entanglement cannot be shared freely between modes.
Indeed, in the configurations €, |, . €, |, and €, |, ., the
simultaneous emergence of individual and collective shar-
ing of entanglement between mode b, and modes a,; and
a (€p1a, F 0, €p,1a, F 0,€5,14,4, # 0) OCcurs just in a very
restricted range of small values of r (0.00 < r < 0.11). By
increasing the values of r, we find thate,, |, = 0, whilee,, |,
and ¢, |, ., are non-zero, which means that the mode b, can
share the entanglement with the mode a, and with the two-
mode (a; — a,), but cannot be individually entangled with
mode a,. If we further increase the values of r, then €, |,
vanishes, while €, |, ,, is non-zero. In this range of large val-
ues of r (0.16 < r £ 0.64), the mode b, can share entangle-
ment with the two-mode (a, — a,), but it is unable to share
entanglement individually with each of them.

In the following, we will examine the sharing of entan-
glement in the three-mode block (a;, a,, b,), discussing in
more detail the bipartite and tripartite logarithmic negativi-
ties €, 15,1 €4, 1a, A0 €, 14,5, (Fig. 3b). For a wide range of
values of r (0.11 < r £ 1.9), we remark thate, , =0,¢, |,
ande, |, , are non-zero, meaning that the mode a, cannot be
entangled individually with b, but it is able to share entan-
glement individually with mode a, in addition to sharing
it with the two-mode (a, — b,). For very small values of r
(0.00 £ r £0.11), the mode a, can share entanglement indi-
vidually with b, and a, in addition to sharing it with the two-
mode (a, — by), i.e., €, ,, #0, €, ), #0 and ¢, |, ,, # 0.
When 1.89 < r <2.0, we find thate, |, =0, ¢€,,,, =0and
€4,1a,b, # 0, meaning that mode g, cannot be entangled indi-
vidually neither with b, nor with a,, but it is able to share
entanglement with the two-mode (a, — b,).

Finally, we investigate entanglement behavior in
the three-mode block (ay,a,,b,), i.e., €,5,.€,, and
€4,1b,a, (Fig. 3¢). We notice as Fig. 3 shows that dur-
ing the evolution of quantities €, , ,€,,, and €, ;.
versus r, three intervals of r can be distinguished.
In the first one (0.00<r<0.16) we remark that
{1, 0, €010, F 0, €4 1,4, # 0}, which shows that mode
a, is able to share entanglement individually with mode
b, and mode a, and also collectively with the two-mode
(by —a;). In the second range (0.16 < r < 1.88) which is
the largest one, the mode a, is individually entangled only
with mode a, and with the two-mode (b, — a;). Regarding
the third range (1.88 < r < 2.03), there is no individual
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Fig.4 Effect of phonon tunneling strength " and photon hopping strength y on tripartite entanglement with » = 0.1and 7 = 0.1mK

entanglement shared between mode a, and the other
remaining modes , i.e., {euzl,72 =0, €arla, = 0}, whereas
there exist collective entanglement sharing between mode
a, and the two-mode (b, — a,), i.e., €, 5,4 F 0.

In general, we notice that all the quantities (¢;;(/ # s)
and (¢,; (I#s#p) in the two three-mode blocks
(by,b,,a,) and (b,,a,,a,) have the same evolution with
r: the entanglement begins by increasing, reaches a maxi-
mum then it decreases and ends up canceling out. As
shown in Fig. 2(3), the degree of entanglement shared by
a,(b,) jointly or individually with modes b, and b, (a, and
a,) remains very low compared to that of modes b,(a,) and
that of mode b,(a,). In addition, we find that one-mode
versus two-mode entanglement is robust against increas-
ing of r values than one-mode versus one-mode entan-
glement. Moreover, the former has a very large degree
compared to the degree of the latter one, as expected by
CKW-monogamy [75].

In Fig. 4, we plot the tripartite negativity as a function
of the phonon tunneling strength I" and the photon jumping
strength y in the two three-mode blocks (b, b,, a))Fig. 4a
and (b,,a,,a,) (Fig. 4b). Based on the results shown in
Fig. 4a, it is clearly indicated that for a fixed value of T,
the tripartite entanglement degrades with increasing y and
eventually vanishes for: 0.9 < y <2.0and 0.0 <T <£0.2,
signifying the disappearance of tripartite entanglement
when y has reached 0.9. The emergence of tripartite
entanglement requires a minimum value of I'(I" = 0.01),
then it increases with the increasing of I" values. Remark-
ably, the area for which the entanglement exists widens
with the rise of both I and y. For instance, for I' = 0.05,
tripartite entanglement is observed when 0.0 < y < 0.3,
while for I = 0.20 it is observed when 0.0 < y < 0.9. As

an example of the optimal situation for strong entangle-
ment, the area selected is one in which the value of I" can
be chosen between 0.18 and 0.20, while y can be taken
between 0.0 and 0.1. In Fig. 4b, we examine the effects of
the parameters y and I" on tripartite entanglement strength
in the three-mode block (b,, a;, a,). Note that, in the range
of values of I" between 0.0 and 0.8, the maximum of shared
entanglement is obtained for I' = 0.3 whatever the value
of y. For a fixed value of y, the tripartite entanglement
increases with I', then it decreases when I' = 0.3. For a
fixed value of I', varying the values of y has a negligible
effect on the amount of entanglement. Besides, Fig. 4b
shows a strong decrease in the range of entanglement
with increasing values of y. For example, for y = 0.00,
tripartite entanglement is strong when 0.2 <T' <04,
whereas for y = 0.03, tripartite entanglement is strong
when 0.25 < T < 0.35. Contrary to the first region, the tri-
partite entanglement degrades and remains low for higher
values of I compared to values of y,i.e., 0.00 < y <0.2
and 0.9 <T" <2.0.

7 Conclusion

This work focused on the study of entanglement monog-
amy as well as the behavior of tripartite entanglement, in
two blocks with three modes (b;, b,,a;) and (b,,a,,a,),
depending on the phonon tunneling force I and photon
jump force y. It follows that, in the case of the two blocks,
the sharing of the entanglement obeys the law of monog-
amy, this means that each mode cannot freely share the
entanglement with the other modes. We also analyzed the
effects of the combined actions of squeezing light, photon

@ Springer
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hopping process and phonon tunneling process on entan-
glement sharing.

For our purpose, we have fixed the value of r and we have
varied both the values of y and the values of I'. Combining
the effects of y and I can produce strong tripartite entangle-
ment. Moreover, the tripartite entanglement degrades and
sometimes vanishes due to a very large difference between
the values of y and the values of I'. Finally, the main result
of this article is that quantum entanglement cannot be freely
shared between the three modes constituting each of the two
blocks studied (b, b,, a,) and (b,, a,, a,). The analysis of the
combined action of the parameters governing the system on
the emergence and the degree of entanglement are of great
importance to use the considered system with a greater pre-
cision to bring a great performance.
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