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Abstract
An attosecond water window pulse generated from high harmonics spectrum is chirped, and needs to be compressed to 
transform limited pulse by chirp compensation. In this paper, a Cr/Sc-stacked multilayer with chirped structure is proposed 
for attosecond pulse compression. Three stacked multilayer mirrors are designed to compress chirped attosecond pulses 
covering 300–400 eV water window spectrum. Nearly, transform limited attosecond pulses are all obtained after reflected by 
the stacked multilayer mirrors, which exhibit 0.27%, 0.41%, and 0.58% average reflectivity and − 2086, − 3481 or − 5644 
as2 average group delay dispersion in the 300–400 eV region, respectively. The research proposes a stacked multilayer mirror 
for chirp compensation and pulse compression, which could be used for pulse shaping of an attosecond water window pulse.

1  Introduction

As an efficient tool for observing and controlling electron 
dynamics in atoms, molecules and condensed matter, atto-
second pulses keep the one of most active frontiers in ultra-
fast science, and continue to attract growing attentions in the 
last two decades [1, 2]. Recent advances in the development 
of attosecond sources extends from the extreme ultravio-
let to the water window spectral range [between the atomic 
K-shell excitation of carbon (284 eV) and oxygen (543 eV)] 
[3, 4], which enables the generation of ever shorter attosec-
ond pulses [5, 6], and allows to access deeper electron core 
levels that may facilitate the investigation of biomolecules 
and cells in femtosecond and attosecond time-resolved soft 
X-ray microscopy experiments [7, 8].

At present, high-harmonic generation (HHG) [9, 10] is 
the dominating method for generating attosecond pulses. 
However, it is well known that attosecond pulses emanat-
ing from short trajectory harmonics are positively chirped 
[11, 12], resulting in significant pulse broadening. The value 

of chirp (atto-chirp) at the center of the plateau region of 
the high-harmonic spectrum is inversely proportional to the 
peak intensity and central wavelength of the driving laser, 
which is around thousands as2 for HHG in the water win-
dow region according to the semi-classical three-step model 
[13]. Thin metallic filters with negative group delay disper-
sion are generally used to compensate the positive chirp of 
attosecond pulses in the wavelength below 300 eV [14–16]. 
However, for compensation the atto-chirp beyond 300 eV, 
it is hard to find appropriate materials that have sufficient 
dispersion with high transmission [17].

A chirped multilayer mirror with a spatial variation of 
the layer thickness is a key component for attosecond pulses 
shaping [18], and has been applied for chirped compensation 
and pulse compression of attosecond pulses in the extreme 
ultraviolet (EUV) [19–24], soft X-ray [25, 26] and hard 
X-ray [27] regimes. The basic idea of a chirped multilayer 
mirror is that the Bragg wavelength is not constant but var-
ies within the structure, so that light at different wavelengths 
penetrates to a different extent into the mirror structure and 
thus experiences a different group delay. The chirp compen-
sation of chirped mirrors is not dependent on material dis-
persion, but relies on multilayer mirror reflections to build 
up the phase delay difference for different photons, and can, 
therefore, be applied to a wider range of wavelengths.

In general, the achievement of broadband chirp compen-
sation together with high reflection is required for a chirped 
mirror, which needs to optimize the thickness of each layer 
in the multilayer structure (i.e., aperiodic multilayer) [28]. 
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The structural optimization of a EUV chirped mirror is not 
hard because the number of optimized layers is not too many 
(e.g., dozens of bilayers for a Mo/Si multilayer). However, 
when photon energy increases from the EUV region to the 
water window region, the difference of refractive index of 
paired materials becomes smaller, and the achievement of 
high reflectivity needs more bilayers [29]. Cr/Sc multilayer 
is widely used in the water window region, which can pro-
vide sufficient reflectivity, and achieve a pulse profile which 
is closer to Fourier limit in time and frequency domains 
[18]. In particular, for a Cr/Sc multilayer, several hundreds 
of Cr/Sc bilayers are generally required for achieving high 
reflectivity in the water window region [30]. For designing 
a chirped multilayer mirror, the usage of more layers in the 
multilayer means optimizing more parameters, leading to 
low optimization efficiency.

A stacked multilayer mirror is a type of aperiodic mul-
tilayer composed of several periodic multilayer stacking in 
sequence, which also realizes broadband reflection. The 
freedom degree (designable structural parameter) of a 
stacked multilayer mirror is obviously less than an aperi-
odic multilayer with distinct thickness for each layer, mak-
ing it advantageous in both theoretical design and practical 
preparation. Barysheva et al. used Mo/Si [31] or Mo/Be [32] 
stacked multilayer mirrors to achieve 16% or 13% uniform 
reflectivity in the EUV region of 17–21 nm or 11.1–13.8 nm, 
respectively. Yao et al. used stacked (also called block) mul-
tilayer mirrors to achieve mean reflectivity over 15% in the 
super broad hard X-ray region of 45–60 keV [33]. Recently, 
we used a Cr/Sc-stacked multilayer mirror to design a broad-
band reflector in the water window region, and it exhibited 
better optimization efficiency, design robustness, and thick-
ness error tolerance than an aperiodic multilayer mirror [34]. 
Until now, a stacked structure-based chirped mirror has not 
been proposed for an attosecond pulse compression.

In this paper, a stacked Cr/Sc multilayer mirror is pro-
posed, and used for attosecond pulses’ compression in 
the water window region. The design method of proposed 
stacked multilayer mirror with linearly chirped structure 
[35] is presented. Using this method, the stacked multilayer 
mirrors for compressing attosecond water window pulses 
with different chirps are designed. Theoretical analysis in 
time domain and frequency domain are carried out, and the 
performances of designed stacked multilayer mirrors are 
investigated.

2 � Theory

2.1 � Stacked structure

The proposed stacked multilayer is composed of several 
periodic Cr/Sc multilayers in sequence as shown in Fig. 1. 

Structural parameters such as the number of periodic multi-
layers (m) in the stacked multilayer and the bilayer number 
(Nj), bilayer thickness (dj) and thickness ratio (γj) for each 
periodic multilayer are designed (j = 1−m). To simplify the 
design process, Nj and γj are assumed to be the same value 
(N, γ) for each periodic multilayer. In addition, m = 10 are 
γ = 0.5 are used for the proposed stacked multilayer. In this 
case, N and dj are considered to be the main design objects.

2.2 � Design method

The phase relation between harmonics is not linear, but there 
exists a time delay of harmonics (positive chirp) that broad-
ens the duration of the attosecond pulse [36]. A negative time 
delay between low- and high-energy photons can be introduced 
by Bragg reflection of a multilayer with chirped structure to 
compensate such positive chirp for obtaining a transform lim-
ited pulse in time domain. Such chirped multilayer mirrors 
generally exhibit negative group dispersion delay (GDD) in 
the frequency domain of incidence pulse. In our design, the 
highest energy photon is reflected by the top periodic multi-
layer in the stacked structure, while the lowest energy pho-
ton is reflected by the bottom one to achieve negative GDD. 
Therefore, the bilayer thickness of the first (d1) or the last (dm) 
periodic multilayer can be set to be the half wavelength of 
the starting (λ1) or ending wavelength (λ2), respectively, in 

Fig. 1   Stacked Cr/Sc multilayer with chirped structure
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the high-harmonic spectrum to fulfill Bragg condition. {dj} 
(j = 1−m) is set to be an arithmetic sequence as follows:

In Eq. (1), the bilayer thickness of periodic multilayer in 
the proposed stacked structure linearly increases from top to 
bottom to form a linearly chirped structure. By this way, the 
light with short wavelength (high-energy photon) is reflected 
frontally, while the light with long wavelength (low-energy 
photon) is reflected later, inducing a negative GDD that can 
compensate the intrinsic positive GDD due to the incident 
pulse entering the reflection bandwidth in the frequency 
domain. However, to completely compensate the GDD of 
incident spectrum, the values of negative GDD and the 
positive GDD should be the same, to obtain the transform 
limited pulse. Therefore, it is feasible to compensate for the 
intrinsic spectral chirp of the incident pulse over the entire 
reflection bandwidth using the GDD of the chirped mirror 
[37], which can be realized by choosing suitable number of 
periodic multilayer (N) in the proposed stacked structure:

where chirp denotes the intrinsic positive chirp with unit of 
as/eV (1 as/eV = 658.2 as2). ΔE represents the bandwidth of 
incident spectrum with unit of eV, and c is the light speed. 
For a chirped attosecond pulse, the main desirable param-
eters of proposed stacked multilayer such as N and {dj} can 
be determined directly by Eqs. (1) and (2).

2.3 � Performance parameters

To analyze reflection performance of the proposed stacked 
multilayer mirror, the spectral complex reflection coefficient 
r(ω) needs to be determined first, using a standard matrix 
method based on the Fresnel equations [38]. The optical con-
stants of Cr and Sc used in the simulations are derived from 
the handbook edited by Henke et al. [39]. Basing on r(ω), 
the spectral reflectivity R(ω), phase φ(ω), and GDD(ω) of 
the proposed stacked multilayer can be calculated as follows:

Using the complex reflection coefficient r(ω) calculated 
in frequency-energy domain, we can obtain the Fourier 

(1)dj = d1 +
j − 1

m − 1

(
dm − d1

)
. (j = 1 − m)

(2)2 × N ×

m∑

j=1

dj = chirp × ΔE × c,

(3)R(�) = |r(�)|2,

(4)�(�) = arctan

(
Im(r(�))

Re(r(�))

)
,

(5)GDD(�) =
�2�(�)

��2
.

components of reflected attosecond pulse E1(ω) by multi-
plying r(ω) with each Fourier component E0(ω) of incident 
pulse (E1(ω) = E0(ω)r(ω)), in which E0(ω) can be obtained 
from the incident pulse field E0(t) by Fourier transform. 
Then, the inverse Fourier transform is performed on E1(ω) 
to obtain the reflected pulse field E1(t) and intensity I1(t) 
(I1(t) = E1(t)E1

*(t)). FWHM (full width at half maximum) of 
temporal pulse is used to evaluate pulse width for incident 
and reflected pulses (FWHM = δ0.5). To evaluate the reflec-
tion coefficient of the stacked multilayer for an attosecond 
pulse, a temporal parameter called power reflection coef-
ficient RP defined as the peak intensity ratio of reflected-to-
incident pulse (I1max/I0max) is used [40]:

in which τ0 (or τ) is the duration of the incident (or reflected) 
pulses, and R is the reflected-to-incident pulse energy ratio, 
having the same value as the average reflectivity in the fre-
quency domain:

3 � Results and discussion

3.1 � Design results

In the simulations, we use a smoothed flat-top shape spectral 
compositions covering 300–400 eV water window region to 
simulate the high-harmonic spectrum near the cutoff. Atto-
chirps of 2000, 4000 and 6000 as2 are considered in the 
spectrum, which are estimated according to the practical 
intensity and wavelength of the driving laser. Three stacked 
Cr/Sc multilayer mirrors with linearly chirped structure are 
designed for pulse compression of the chirped attosecond 
water window pulses.

Using the design method described above, the bilayer 
thickness of the first or the last periodic multilayer for each 
designed chirped mirror is the same, which is 1.549 or 
2.066 nm. The bilayer thickness of middle eight periodic 

(6)Rp =
I1max

I0max

= R

(�0
�

)
,

(7)R =

∞

∫
−∞

I1(t)dt

/ ∞

∫
−∞

I0(t)dt,

(8)�0 =

∞

∫
−∞

I0(t)dt∕I0max,

(9)� =

∞

∫
−∞

I1(t)dt∕I1max.
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multilayers can be obtained by Eq. (1). However, the bilayer 
number of periodic multilayer (N) of the designed stacked 
multilayer is different for attosecond pulse with distinct 
chirp. According to Eq. (2), N is calculated to be 3, 5 or 8 for 
atto-chirp of 2000, 4000 or 6000 as2. The bilayer thickness 
distributions of three designed stacked multilayer mirrors 
are shown in Fig. 2. Although the bilayer thicknesses of the 
top and the bottom periodic multilayers are all the same for 
three stacked multilayers, the bilayer number of periodic 
multilayer increases with the chirp of incident pulse, indicat-
ing that larger chirp needs more layers to compensate.

3.2 � Temporal analysis

To verify the pulse compression of designed stacked multi-
layers for incident chirped attosecond pulses, temporal pro-
files of incident, reflected and transform limited pulses for 
attosecond pulses with chirps of 2000, 4000 and 6000 as2 are 
exhibited in Fig. 3. The simulated chirped attosecond pulse 
has a smooth flat-topped shape spectrum in the 300–400 eV 
range, and its Fourier transform limited pulse exhibits 36.65 
as temporal width (FWHMTL = 36.65 as). However, the atto-
chirp would broaden the pulses, and the temporal widths 
(FWHM0) of incident attosecond pulses with 2000, 4000 and 
6000 as2 chirps are 210.06, 465.48 and 766 as, respectively, 
as listed in Table 1.

After reflected by stacked multilayer mirrors, it is seen 
that all chirped attosecond pulses are well compressed, and 
the temporal widths (FWHM1) of reflected attosecond pulses 
are 37.61, 37.47 and 37.14 as, very close to the one of the 
transform limited pulse (36.65 as). It is demonstrated good 
performance of designed stacked multilayer mirrors for 
compressing chirped attosecond pulses, as shown in Fig. 3. 
High-order dispersions (such as third order dispersion) 

that cause pulse ripples are also introduced by multilayer 
reflection, but they are small and have little effect on tem-
poral width and energy of attosecond pulse. In addition, the 
temporal pulse reflection efficiency is also investigated for 
the designed stacked multilayer mirrors. 1.22%, 3.34% and 
6.80% power reflection coefficients are obtained for the inci-
dent pulse with 2000, 4000 and 6000 as2 chirps, respectively. 
Increasing Rp with the atto-chirp is caused by more layers 
used in the respective stacked multilayer, which enhances 
Bragg reflection for the spectral compositions of incident 
pulses.

3.3 � Spectral performance

To further investigate the physical mechanism of pulse 
compression of stacked multilayer mirrors, the spectral 
reflectivity and phase of three designed mirrors are plotted 
in Fig. 4. At first, all designed stacked multilayer mirrors 
exhibit broadband reflection in the spectral region from 300 
to 400 eV, covering the compositions of incident pulses, 
as shown in Fig. 4a. Broadband reflection originates from 
the Bragg reflection of periodic multilayers in the stacked 
structure. Average reflectivity in the frequency domain in the 
300–400 eV is 0.27%, 0.41% or 0.58% for the stacked mirror 
designed for the attosecond pulse with 2000, 4000 and 6000 

Fig. 2   Bilayer thickness distributions of three designed stacked Cr/Sc 
multilayer mirrors for attosecond pulse with chirps of 2000, 4000 and 
6000 as2

Fig. 3   Temporal profiles of incident, reflected and transform limited 
pulses for attosecond pulses with chirps of a 2000, b 4000 and c 6000 
as2

Table 1   Temporal parameters of incident and reflected attosecond 
pulses

Atto-chirp/as2 FWHM0/as FWHM1/as Rp (%)

2000 210.06 37.61 1.22
4000 465.48 37.47 3.34
6000 766.00 37.14 6.80
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as2 chirps. The value of average reflectivity in frequency 
domain for each mirror is consistent with the ratio of the 
reflected-to-incident pulse energy in time domain.

Second, with the increase of photon energy, reflective 
phase presents a quadratic function curve with negative 
quadratic coefficient for each stacked mirror, indicating a 
negative group velocity delay which is designed for posi-
tive atto-chirp compensation, as shown in Fig. 4b. Average 
GDD in the 300–400 eV is − 2086, − 3481 or − 5644 as2 
for the stacked mirror designed for the attosecond pulse with 
2000, 4000 or 6000 as2 chirps. Tolerable deviation between 
GDD and atto-chirp comes from simplified process in the 
design method, such as estimated value of the number of 
periodic multilayer in the stacked multilayer, which does 

not affect the pulse compression effect. The origin of GDD 
ripples in chirped mirrors can be traced back to impedance 
mismatches of multilayer to ambient medium [41]. The una-
voidable GDD oscillations may distort or broaden the time 
profile of the pulse [42].

Furthermore, we analyze the light intensity distribu-
tions inside the designed stacked Cr/Sc multilayer mirrors, 
as shown in Fig. 5. Spectral components with lower pho-
ton energy go deeper and reflected later than the ones with 
higher photon energy in each stacked structure, which is 
used to compensate the time delay of chirped pulse. With 
atto-chirp increases, the optical path between spectral com-
ponents becomes large, which is used for compensating long 
delay formed by large chirp.

Fig. 4   a Reflective and b group delay dispersion of designed stacked Cr/Sc multilayer mirrors

Fig. 5   Light intensity distribu-
tions inside the stacked Cr/Sc 
multilayer mirrors designed for 
attosecond pulses with chirps of 
a 2000, b 4000 and c 6000 as2
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In order to investigate the effect of layer thickness error 
on the performance of designed stacked multilayer mirrors, 
two temporal parameters (FWHM1 and Rp) of three stacked 
multilayer mirrors are calculated for different layer thick-
ness errors. Random tests are conducted 100 times for each 
thickness error, and the results are shown in Fig. 6. The 
average value of FWHM1 increases from 37.14 as to 37.23 
as, and Rp decreases from 6.80 to 6.76% when the error of 
layer thickness varies from 0 to 1.6%. The small variation 
of FWHM1 and Rp indicate good robustness of designed 
stacked multilayer mirror for layer thickness error, which 
makes it feasible in actual manufacturing.

4 � Conclusion

In this paper, a design method of stacked multilayer mir-
ror for attosecond pulse compression is present. Using this 
method, three stacked Cr/Sc multilayer mirrors with chirped 
structure are designed for pulse compression of attosecond 
water window pulses with 2000, 4000 and 6000 as2 chirps. 
The temporal width of the chirped attosecond pulse is com-
pressed from 210.06, 465.48 or 766 as to 37.61, 37.47 or 
37.14 as, very close to the one of the transform limited pulse 
(36.65 as). Increasing power reflection coefficient with the 
atto-chirp is found, which is caused by more layers used in 
the stacked multilayer. Spectral reflectivity and group delay 
dispersion are also investigated for the stacked multilayer 
mirrors, and 0.27%, 0.41%, or 0.58% average reflectivity 
and − 2086, − 3481 or − 5644 as2 average group delay 
dispersion in the 300–400 eV region is exhibited for the 
stacked mirror designed for the attosecond pulse with 2000, 

4000 or 6000 as2 chirp. By analyzing the light intensity dis-
tributions inside the designed stacked multilayer mirrors, 
spectral components with lower photon energy go deeper 
and reflected later than the ones with higher photon energy 
in each stacked structure. The optical path between spectral 
components becomes large with chirp increases, indicating 
the physical mechanism of stacked multilayer mirrors for 
chirp compensation and pulse compression. The research 
paves a way for attosecond water window pulse shaping, 
especially for the ones whose spectrum is beyond 300 eV, 
which is hard to achieve chirp compensation using material 
dispersion.
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