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Abstract

A discrete model governing a system of cold bosonic atoms in zig-zag optical lattices in quantum optics was proposed in
the literature. In an analog to this model, a continuum model is, here constructed. The resulting equation is a nonlinear
Schrodinger equation NLSE with drift force and linear growth. Exact solutions of this equation are obtained. To this issue,
a new transformation that allows to inspect the optical lattice due to soliton—periodic wave collision is introduced. Here,
the colliding dynamics are inspected. A class of polynomial and rational solutions of the model equation constructed are
obtained by using the unified and generalized unified methods. The solutions found reveal the propagation of local zigzag-
shaped pulses in optical lattices. Mixed smooth—sharp (shock-like) optical pulses are also observed. This leads to the issue
that the collision is locally elastic (or inelastic). Furthermore, self-modulation zigzag-shaped pulses with compression, are
remarked. We mention that the zigzag-shaped pulses, in an optical lattice, was not found in the literature. Thus, the results
found in this work are original. It is found that the polarization of zig-zag optical lattice is self-focusing.

1 Introduction

Nonlinear Schrodinger equations NLSEs were the objec-
tive of numerous research works in the literature. It was
inspected that these equations are integrable when the real
and imaginary parts are taken linearly dependent [1-3]. A
class of an infinite number of the stable bright and dark
soliton, was obtained [3]. Non-local NLSE was introduced in
[4]. In [5], the generalized Darboux transformation was per-
formed to solve NLSE. The solutions of NLSE coupled with
Maxwell equations were considered in [6]. It was shown that
pulses propagation may lead to a varying refractive index
Kerr medium [1], which in turn may produce a phase shift in
the pulse [7]. Mathematically, when an extra nonlinear cor-
rection to the NLSE is considered, indeed, the equation, for
nonlinear short-pulse propagation, has to include the pulse
envelope derivative. In the study of a system of cold bosons
in an optical lattice, the emergence of interesting quantum
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phenomena such as fragmentation and coherence are dem-
onstrated [8].

There are several well-known methods for finding exact
solutions of nonlinear Schrodinger equation, such as expo-
nential rational function method [9, 10], the m + G’ /G [11],
extended sinh-Gordon equation exponentiation method
improved expansion method [12] and generalized logistic
equation method [13].

Optical lattices have are highly recognized tool to study
many-body quantum physics for solid-state-type systems.
A zig-zag optical lattice model of cold bosons was pro-
posed in [14]. The continuum approximation based on
a discrete equation governing a system of cold bosonic
atoms in zig-zag optical lattices was derived. Exact solu-
tions were found via the exp function method and the
hyperbolic function methods [15]. In [16], a theoretical
study on modulation instability and quantum discrete
breather states in a system of cold bosonic atoms in zig-
zag optical lattices was presented. A density-dependent
gauge field may induce density-induced geometric frus-
tration. That is the density-dependent hopping results in
an effective repulsive or attractive interaction, and that
for the latter case the vacuum may be destabilized lead-
ing to a strong compressible [17]. The ultracold bosons in
zig-zag optical lattices present a rich physics due to the
interplay between frustration induced by lattice geometry,
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two-body interactions. These features were demonstrated
in [18]. The zig-zag form of displacements and transverse
shear stresses need to be appropriately modeled by relaxa-
tion of the assumptions. The zig-zag structure model has
many applications and simulations in classical theory was
formulated in [19]. The effects of the speed of matter-
wave propagation as a function of the lattice geometry
was investigated in [20]. Indeed the zig-zag structure with
the first- and second-neighbor interactions which may be
referred to, as valence atoms lattice, sophisticate essen-
tially the theory. A model of chain backbone of coupled
particles, in the secondary structure, was suggested in
[21], which was taken subjected to a 2D on site poten-
tial with a zig-zag relief. The structure of the crystal is
completely determined by the zig-zag angle and stretch-
ing or compression of the zig-zag backbone by one lattice
spacing [22]. The solitons correspond to local topologi-
cal defects in crystalline polyethylene PE crystal tension,
compression of a trans-zigzag chain on one lattice distance
and tension were shown in [23].

In this work, a theoretical study on continuum analog to
the discrete zig-zag optical lattice in a system of cold bos-
onic atoms is proposed. The model equation is dealt with by
using the unified and generalized methods. The exact solu-
tions reveal multi-geometric structures. The novelty of this
work stems from the observation of zigzag-shaped pulses
in zig-zag optical lattices. Furthermore, zig-zag self-phaser
modulation with compression are found, obtained by using
the unified method [24-28].

The comparison between the method used here and the
known methods is done in the following:

1. In this paper, the unified method [24] presented by the
author, was used. After this nomenclature , this method
unifies all known methods such as, the tan/, modified,
and extended versions, the F-expansion, the exponential,
the G’ /G expansion method.

2. On the other hand, the extended unified method [25]
proposed, also by the author may be sufficient to replace
the analysis of inspecting the symmetries of PDEs that
arise by using Lie groups.

3. Using the generalized unified method [26], presented by
the author, is more powerful tool than using the Hirota
method.

2 Basic equations
2.1 The continuum model

Based on the discrete model equation [14], we propose the
continuum version by

@ Springer

ip,(x, 1) = (g — 2(T; — 2T5)) p(x, 1) — 252T2(px(x, 1)
— 8%(T) = 2T,) p(x, 1), (1
+ Uy(N = 1) | o(x, 1) |* @(x,1).

Equation (1) is NLSE , where 26%Tis the coefficient of the
drift force, 62(T; — 2T,) is the dispersion coefficient and
Uy(N — 1) is the refractive index which is assigned to the
polarization, if it self-focusing or self-defocusing accord-
ing to when it positive or negative, respectively. In (1)
T;,i = 1,2 are the two side lengths of the zig-zag optical lat-
tice, (g, — 2(T, — 2T,)) /26T, is the phase speed and § < 1
is a small parameter. Here, it is assumed that 7, < 1,i = 1, 2.

2.2 Mathematical formulation

The zig-zag soliton in Eq. (1) has an impact on the propaga-
tion of pulses in optical fibers. That is, on the characteristic
parameters, affecting its intensity, wave length, frequency,
phase, polarization or spectral content. Thus, we are led to
define the physical parameters that describe the propagation
of optical pulses in such a complex medium [14]. To this
issue, we write

P(x,1) =| @(x,1) | &=, )

where | @(x, 1) | stands for the intensity, k and & are the wave
number and frequency which are defined in

[ Jasge | 00, | dxdr

k= ’
/ /RX[R+ | (x, 1) | dxdt o
_ f foR+ | px, 1), | dxdt
o= )
J Jrse | 0 0) | dxdt
The spectrum is defined by
1 —ikox
Plky.1) = > /R @(x, e * o dx. @

Equations (3) and (4) will be detailed in Sect. 3.2.

Now, we find the analytic solutions of Eq. (1). To this
end, we introduce a transformation that allow to inspect the
waves produced by soliton—periodic wave collision, which is

o, 1) = (ulx, 1) + iv(x, 1) ) ="
| @(x, 1) | = Vulx, 1) + v(x, )%,
Rep(x,t) = u(x, t) cos(kx — wt)

—v(x, 1) sin(kx — wt).

&)

We mention that the types of optical pulses that will be
found when using Eq. (5) allow to distinguish whenever the
collision is elastic or inelastic.

By substituting Eq. (5) into Eq. (1), we get the equations
for the real and imaginary parts:
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(=1 + N)Uil® + u(—w + (=2 + k*6H)T,
—2(1 +K*67)T, + ¢,
+ (=1 + N)Ugv») + v, + 62T, (kv — u,)
+ 2k(T, = 2T,)v,

- (Tl - 2T2)uxx) =0 ’ (6)
— (@ +2T))v + v(gg + (=1 + N)Uy(u? + %))
- u, - 2T2

O+ 8%k(u+ kv —2u) + v, —v,)

+ 1,8k — 2ku, —v,) = 0.
We find the traveling waves solutions, and we introduce the
transformations u(x, ) = U(2), v(x,t) = V(z), z = ux+ ot.
When inserting these transformations into Eq. (6), we have
(=1 +NUU? + U(-o + (=2 + 69T,

—2(1 + K*6H)T, + ¢,

+ (=1 +N)U,VH) + V' + 8*(u(2kV'’

— uU") + 2T, (kV

+pu(=U"=2kV' + uU"))) = 0, (N

+ V(gg(=1 + N)Uy(U* + V) — U’

+ 82ST,(K*V — u2kU’ + uV'"))

— (@ +2T,)V = 2T,(V + 8*(kU + K>V

+ u(=2kU" +V' — uV'"))) = 0.
Here, the exact solutions of Eq. (7) (or(6)) are found by
using the unified method [24-28]. This method asserts that
solutions of a NLPDE are expressed in a polynomial or a

rational functions in auxiliary functions that satisfy appro-
priate auxiliary equations.

3 Polynomial solutions of Eq. (7)

The solutions are represented in polynomial forms with an
auxiliary function that satisfies an auxiliary equation, The
solutions are represented in polynomial forms with an aux-
iliary function that satisfies an auxiliary equation:

U@ =) k@, V@ =) pgQ,
i=0 i=0
or ®)
gy =) @, p=12

i=0

We mention that, in Eq. (8), g(z) is the auxiliary function
and the second equation is the auxiliary equation. The val-
ues of m,m, and r are determined from the balance and

the consistency conditions, respectively. By balancing the
highest order derivative with highest nonlinearity terms in
Eq. (7), when p = 1, the balance condition reads m; = r — 1,
i = 1,2. The values of r are determined from the consistency
condition. It is based on: (i) The number of equations that
arise by substituting from (15) into (11)—(14), by setting the
coefficients of g(z),, i =0, 1, ... equal to zero, say . (ii) The
numbers of the arbitrary parameters, {, hi,, Di» cj} in Eq. (15),
say d. This condition reads ry, — d < m, where m is highest
order derivative in Eq. (11) (or (12) (here, m = 2). We find
that1 < r < 3. The case when p = 2 can be analyzed by the
same way, where m; and r are found by using the balance and
the consistency conditions.

It is worthy to mention that, when p = 1 the solutions in
Eq. (8) are elementary (or implicit ) functions, while they
are elliptic (periodic) functions when p = 2.

3.1 Thefirst casewhenp = 2andr =2

In this case, Eq. (8) becomes
UR) = hig@@) +hy, V(@) =p8@) +po,

g'(2) = \/ 482" + ¢,8(2)* + ¢y

©))

By substituting Eq. (9) into Eq. (7), and for the real
and imaginary parts to be linearly dependent, we take
Po = hop, /h,. By setting the coefficients of g(z),j =0, 1, ...,
equal to zero, we get

1
o= —p—zszu(kpm — (hy +2kp))Ty),  hy =0,
1

\/ —HA(=1 + N)Uy + 26,6242, — 4,8 42T,
- VLN,
o =gy + (=2 + k6% — c,6°u*)T,+
2Ty (=1 — K262 + ¢,6° u?)

Pi

[l

k6? \/ —RA(=1 + N)Uy + 26,6242, — 4c,8242T,
+ 9
h 1+ MU,

(10)
where ¢;, i = 0,2, 4 are arbitrary. Here we take

ey =—m’, ¢y =2m* =1, ¢y = —m?, g(z) = cn(z.m). (11)
The solutions are

u(x, 1) = hyen(z, m),

\/ —I(=1 + N)Uy + 20,82 p2T, — 4, 6242T,
v(x, t) =

cn(z, m),
hi\/(-1+N)U,

7= ux+ ot.
(12)
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The numerical results of the solutions in Eq. (12) are dis-
played in Fig. 1(i)—(iv) for Reg(x, ) and | ¢(x,?) | . (cf. Eq.
(5)).

Figure 1(i) and (iii) shows zig-zag pulses with self-phase
modulation. Figure 1(ii) shows zig-zag optical lattice,in the
dark regions.

We remark that in Fig. 1(iii) and (v) the optical pulses
are sharp (shock-like) pulse, thus the collision is inelastic.

3.2 The second case whenp = 2andr = 2

In this case, we use the solutions in Eq. (9), while the aux-
iliary equation
a? — b2g(z)2.

g @ =23 13)

By substituting from Eq. (9) and Eq. (12) into Eq. (7), we
have

-1

o =——Q8ulkp,T) — (hy + 2kp))T5)), hy =0,

1
\/_h?(_l + N)U, — 20262 p*T| + 4b*5°p*T,
) NErys
w=¢g+(-2+ K6 — 0252/42)T1+
2T, (=1 — K*6% + ¢, 6% 1>

P1

b

ks> \/ —IA(=1 4+ N)Uy — 2282 2T, + 4b26%4°T,
+

(14)
Finally, we get

)]
10 '
; il
T
0.4 r
nz2F
Regx.oo k-
L T
-02F
704 -1 L i L L " 1 L A L " L a I | 11 | |
-20 -10 o 10 20 -20 10 0 10 20
x X
(iv)
(i) v)
04 04
02
= — =0 04 = —t=0
> e
S oo M ML IS SR I S, UL B, B L, t=5 |p(x,0-3 o2 LU - t=5
& —t=10 %2¢ s =10
-0.2 i - 0.0 | —_t=15
t=15 % 01
-04 00
-60 -40 -20 0 20 40 -60 -40 -20 0 20 40
X 20 X

Fig. 1 Ini and iv the 3D plot to Reg(x, f) and | ¢(x, ?) |. In iii the contour plot of Re@(x, ) is displayed, while in iii it is displayed against x for dif-
ferent values of . When N =0.9,h;, = 0.2, U, = —-0.1,T, = 0.08,7, =0.1,m = 0.999,k = 5,4 = 09,6 =0.1,¢; =3
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8(0) =  sech(a(z+By).

2h1

u(x, 1) = a sech(a(z+ By),

VIR Ny = 2626242T, + 4626242T,

v(x, 1) =
bh\/(-1+N)U,

(asech(a(z+ By)), N # 1.

15)
3.3 Whenp = 1andr =2
In this case, we take the auxiliary equation
g'(2) = ¢ +¢,8() + c28(2)". (16)
By using Egs. (9) and (16) into Eq. (7), we have
ué*
o= p—((—2kp1 +3¢hyu — 6, )T, + 2(hy + 2kp,
1
hy
=3¢ hyp + 6c,hy)T,), ¢y = ﬁ(clh1 — cyhy),
1
8¢ cohg 82  8Chius?
o=g+(2+ K262 + 20%/4252 b U 20
hy hT,
1
- ﬁ2(8c§h3/4252 — h, 8% (kpy + 8c1c2hopu®)
1
+h1(1 + k8% + 2T P 8T,
17

Finally, we have

2cohpz
ce%hy —Aoe M hy — ce17h
g(z) = 2cphpz
(Age ' — crea1%)hy
e“1*(—chy + 2¢cyhy) P
ux, 1) = 232,10{ El , v(x, 1) = h—lu(x, 1),
—Aoe "+ ¢ e’ !

2
z= u(x+ %((—kal + 3¢, hy p — 6¢,ho )T, + 2(h,
1

+2kp, — 3¢ hy 1 + 6c,ho)T5)),

VIR Uy +2636%2T, — 436240T,

= VETL+ N,
(13)

The results in Eq. (18) are used to display the 3D plot and
contour plots of Re@(x, f) in Fig. 2(i) and (ii), respectively

Figure 2i shows optical pulses with gaps and mixed
smooth and sharp tops (bottoms), while Fig. 2(ii) shows
local zigzag-shaped optical lattices.

3.4 Characteristics of the pulses propagation

Here, we investigate the content of the spectrum, the wave
length, the frequency and intensity.

The spectrum content is shown in Fig. 3(i) and (ii),
while the wave length, frequency, and the intensity of the
pulses in optical lattices are shown in Fig. 3(iii)—(v).

Figure 3(i) shows pulses with cusps, while ii shows ran-
dom pulses in an optical lattice.

The optical lattice is self-focusing polarized.

(if),Re@(x,t)

10 7
6.

N

-30 -20 -10 0 10 20

Fig.2 iandii When N =0.7,h, =0.3,U, = 1.1,T; =0.08,7, =0.1,c2=0.07,k =5, 4 =0.9,6 =0.1,¢) = 3,¢; = 03,4, =0.5,p; =2.5,hy = 1.3
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200

Red(f.t) 100
0

-1005~ —~ 0 5 10
K
(iii) PlotPoints - 100 (iv) V)
0.0030
0.0020
0.0025
0.0020 0.0015
1S 13
0.0015 0.0010
0.0010
0.0005
0.0005
1T—1
0.0000 0.0000
1 2 3 4 5 1 2 3 4 5
Uo Uo

Fig.3 i-iii In i and ii the 3D and contour plots are done, respectivelyy, when N =17,h=0.03,7=0.3
,I,=01,¢,=-17,k=54=09,6=0.1,¢g =3,¢=0.03,A=05,p, =2.5,hy =13,U, = 1.5

(i)Re@(xt)
(i) : (i)

=0

- t=5
=10
—_—t=15

0 Regix.t)

1

40 20 0 20

Fig.4 iiii In i and ii the 3D and contour plots for Reg(x, f) are done, so=-23,d=05,5=-1.1,k=5,6¢ =75, 4=09,6 =0.1,¢, =03 ,
respectively. In iii it is displayed against x for different values of z. When Ay=05,B,=15h,=13
N=07,h =03,U,=11, T,=02,T,=0.08,5,=0.7,5, =15,
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Fig.5 iand ii The 3D and (1)
contour plots of Rep(x, t) are (i), Reg(x,t)

displayed against x and £ in (i) 0 y V

=

N=3,h =03,Uy=1.1,T, =02, T,
=0.08,c, =07,5, = 1.5,5) = —2.3,
k=560=75u=096=01l,c =
0.3,Ay=05,B,=1.5,p, = 2.5,
hy=—13

@

=)

EN

N

and (ii), respectively. When
-2

4 Rational solutions of Eq. (7) Figure 4(i) and (iii) shows zig-zag optical lattice with
self-phase modulations and compression, while (ii) shows
4.1 Coupled auxiliary equations local zig-zag optical lattice.

hyth81(2)+hy8,(2) Potp181(2D)+P28,(2)
U = 0 151 252 s V — 0 181 2582 s
@ = e 0rmee’ DT S @rns

4.2 Casewhenr=2andp =1
(19)

81(@) = ¢18(2) + 028,(2),  85(2) = ¢18(2) + €28,(2). We write
For linearly dependent solutions, we take U(z) = w, V(z) = ‘Lm
Dy = Myp,/hy, py = hop,/h;- When inserting Eq. (19) into So +518(2) 8o+ 5,8

k)

(22)
Eq. (7), we get ) hop,
q (7) g g/(z) =co+ clg(z) + ng(z) , Po= T
28? —cy83+c s 5,+d, 52
o =—=ukp,T, — (hy +2kp)T»), d, = ———2"12, _ _ .
pr LT IR o Inserting Eq. (22) into Eq. (7) results in:
— (252 L 1(_ 2 e, 20ds,u*8? | disaus? 5
o= (k 5 +2( 4+ s + it A T, o= =25 e T, = (hy + 2p)T,),
A n7282 4 28 o oer  20di5p78% d1s§u262> P
+( 222087 + B -y - AR S T, _ ealhosy 1 59) = 2eshgs,
0= ,
2h;s,
_ \/(clsl+d1s2)2y262T1—2(h%(—1+N)U0+(cls1+d1s2)2;4252T2) 1 e
P VNS o T + s 2 (2 + K257
Finally, we h e +(e1hy = 203h0)(e 51 = 26,50 4°5%)
inally, we have
’ T, = 2T,) — 2(2s,(hy + k(h,k — p;)8),
o= 251, 51z, d1srz
¢(2) = LT }(d155A0+02s1(—SZBo+e 2T (s, Ag+5,By)) \/—th(—l + N)Uy + (¢85 — 2¢,50)*u28%(Ty — 2T,)
1 czsf+d1s§ ’ Py = '
V2(=1+N)U,
€25 512, dysrz
TR B (lre B (st By) (23)
8@ = 57+d,;s3 ’ The solutions of Eq. (7) are:
e+ 2Ly c ﬂ )z
G, 1y = o2 ol T2 )y gy = ),
(e +22L); (c1+2L ), h
s1(Age "7y s1+Boe L) $2+50) 1

2
7= p(x — 2kt8°T, + w)'

1
2D
The results in Eq. (21) are used to display Re@(x,?) in
Fig. 4(i) and (ii) for the 3D and contour plots, respectively.
In (iii) it is displayed against x for different values of 7.
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u(x, 1) = ﬂ,
%)
v = \/h_1(01h1 - 202”0)@
+h1\/clh] - 2c2h0)\/c1s1 —2¢,8¢)
cihy —2¢c,hgr\/ci8; — 2¢,80(z + A
canh Vel 2hoy/crs) 250( 0)

2/
v, = \/H(Cm = 2¢550)

+ /by = 2c,h051\/ €151 — 2¢550)
Verhy = 2c,hg\/c1s) = 2¢,50(z + Ag))

24/h;s;

tan h

v(x, 1) = &v(x, 1.
hy
(24
The results in Eq. (24) are used to display Re@(x,?) in
Fig. 5(i) and (ii).
Figure 5i and ii shows the same geometric structures as
in Fig. 2(i) and (ii).

5 Casewhenr =2andp =2

In this case we use Eq. (22), but the auxiliary equation is

§@ = /o +c180) + e:802. (25)

By the same way we have

262
o= —p—ﬂ(kP1T1 = (hy + 2kpT5),
1

2
st hesy _ 4

sy = ——, ¢ =
07 ¢, hy " YT 4c,”

1
®=¢gy+ h—(—l +N)(h? + pH)Uo)/s:
1

+ (=2 + K*69)T,
— (hy + h,k*8% — kp169)T,,

\/ (=1 + N)Uy — ¢y W38T, + 20,524262T,

P1
V2Uy(-1+N)
(26)
The solutions are
wn hy((cihy = AgeVr O, = 2¢,hy)
ux, =- 5
((c1hy + AgeVerDhy —2¢,hy)s, 27

VX 1) =%u(x, .
1
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6 Conclusions

A continuum model analog to the zig-zag optical lattice
is established. Exact solutions of the model equations are
found by using the unified method. Graphical representa-
tions of the results obtained are carried. They exhibit local
zig-zag optical lattice. Further pulses with different geomet-
ric structures are observed. Mixed sharp and smooth pulses
with local gaps occur. Also, zig-zag optical lattice with self-
phase modulations is observed. We think that these results
consolidate the pretension of zigzag-shaped optical lattice.
Further, the collision of pulses is shown to be inelastic,
which may be argued for the formation of sharp optical lat-
tice with self-phase modulation and compression. We think
that the results found, here, for the propagation of zigzag-
shaped pulses in optical lattice are completely novel. It is
inspected that the collision is locally elastic (or inelastic),
which may be due to the occurrence of mixed smooth and
sharp optical pulses. Further, it is found that the zig-zag
optical lattice is self-focusing.
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