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Abstract
In this paper, anisotropy and inhomogeneity of an indoor convective air turbulence are studied using two-channel moiré 
deflectometry by statistical analyzing of the angle of arrival (AA) fluctuations over about 1300 points on the wave front 
passing through the turbulent area. The beam of a laser source is expanded and collimated with a diameter of 18 cm by a 
telescopic system consisting of an aspheric lens and a telescope. This beam propagates horizontally through a turbulent 
area. A heater is used for generating a convection air turbulence. At the end of the turbulent medium, the distorted wave 
front enters the aperture of another telescope. By the aid of another telescopic system, the diameter of the beam is reduced 
to a value of 2 cm, and the beam enters to a two-channel moiré deflectometer. This device is able to measure AA of the wave 
front being fluctuated due to the turbulence. By statistical analyzing of the AA fluctuations in two perpendicular directions 
on the transverse plane, the homogeneity and isotropy of the turbulent medium are investigated at different distances from 
the heater in the presence of different temperature gradients. Results show that the temperature gradient and the distance 
from the heat source have considerable impacts on the inhomogeneity and anisotropy of the convective air turbulence. With 
increasing the distance from the heat source and decreasing the temperature gradient, the homogeneity increases, while by 
increasing the temperature gradient and in high distances from the heater, it becomes more isotropic. Finally, we report a 
way for estimating the depth of boundary layer.

Mathematics Subject Classification 00-01 · 99-00

1 Introduction

The atmospheric turbulence has garnered great deal of 
attraction in science and engineering, due to its various 
impacts in different fields such as astronomy, free space 
communications, navigation, adaptive optics, and atmos-
pheric optics. The theory of turbulence is presented by 

different models, among which the Kolmogorov’s model 
is the most common one [1]. The other models includ-
ing Tatarskii, Greenwood, Von Karman, and the modified 
Von-Karman model obey Kolmogorov in inertial range 
that based on the isotropy and homogeneity of the tur-
bulence [1–3]. Over recent decades, many studies have 
shown that outdoor turbulence and indoor turbulence are 
not homogeneous and isotropic. Bertolotti et al. [4] cre-
ated an indoor convective air turbulence using a horizon-
tal heated Nichrome grid. They investigated the effects 
of the propagation distance and temperature gradient 
on the phase structure function (PSF) of the light beam 
propagating through a turbulent medium by interferom-
etry method. The results showed that near the thermal 
source due to the anisotropy and inhomogeneity of the 
convective turbulence, PSF does not obey the Kolmogo-
rov model. Consortini et al. [5] reported the anisotropy 
of near-ground turbulence. In their research, they meas-
ured the refractive structure function by a method based 
on measuring the relative dancing of two or more parallel 
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beams, as a function of their mean distance. The beams 
propagate in two directions, parallel and perpendicular to 
the earth surface. Analysis of the structure function indi-
cated that the optical scale of turbulence along the vertical 
direction is smaller than that in the horizontal direction. 
By comparison of AA variances along two directions in 
several experiments, Lukin showed that the atmospheric 
turbulence is anisotropic as light propagates through the 
medium in horizontal and vertical paths [6–9]. They also 
surveyed the effects of various atmospheric parameters 
such as temperature gradient and velocity gradient on the 
PSF [6]. By two probes installed horizontally and ver-
tically to the earth surface, Biferal and Procaccia [10] 
showed that the atmospheric boundary layer turbulence 
exhibits a 3D statistical turbulence intermingled with flow 
patterns whose statistics has a quasi 2D nature. Through 
measuring of the AA fluctuations over an 11.8 km urban 
path, Du et al. [11] observed that the variance of the AA 
in vertical direction is more than horizontal. Rasouli and 
Rajabi [12] in a new setup using moiré deflectometry 
studied the inhomogeneity of ground-layer atmospheric 
turbulence during the day and night times. By compar-
ing the structure function of AA in two directions and in 
two different distances from the earth surface, the authors 
found that the near-ground atmospheric turbulence is an 
inhomogeneous turbulence. In addition, the inhomoge-
neity coefficient is not constant in day and night times. 
Mohammadi Razi and Rasouli [13], using image motion 
monitoring method, investigated the inhomogeneity and 
anisotropy of near-ground turbulence. The light beams 
propagates through the medium at different heights from 
the earth surface. Analyzing the variances of AA fluctua-
tions at end of path, the authors found that variances of 
AA in two directions as in two points at the same height 
are not equal. Wang et al. [14] measured the average inten-
sity, the scintillation index, and the intensity correlation 
function for three beams which propagate at three differ-
ent heights above the ground. Results reveal that along 
short links (210 m), only the intensity correlation function 
captures the anisotropic information of turbulence, corre-
sponding to the refractive index anisotropy ellipse of the 
atmospheric fluctuations. Also many researchers reported 
evidences of anisotropy in the stratosphere [15–18]. Due to 
great difficulty in controlling all conditions in the atmos-
pheric turbulence, the researchers attempted to produce the 
similar controlled condition of convective air turbulence, 
in the lab. The findings indicated that the convective air 
turbulence is an anisotropic and inhomogeneous medium 
[5, 19, 20]. A great deal of theoretical research has been 
made regarding the anisotropy. Researchers, adding the 
anisotropy term(s) to the power spectrum density inves-
tigated its (their) effect(s) to scintillation, beam spread-
ing, and AA fluctuations [21–26]. Moreover, it has been 

found that indoor turbulence and outdoor turbulence do 
not obey the Kolmogorov power spectrum density model 
[22, 27–34].

As mentioned above due to great difficulty in controlling 
all conditions in the atmospheric turbulence, recently, the 
authors used an electrical heater with a cross-sectional area 
of 50 × 100 cm2 to produce indoor convective air turbu-
lence similar to the turbulence of the near-ground layers in 
laboratory and studied its homogeneity and isotropy in the 
presence of two-dimensional temperature gradients using 
the image motion monitoring method [20]. In that work, the 
homogeneity and isotropy of the turbulence have been inves-
tigated by comparing the statistical fluctuations of AA on 
four small areas of the wave front of the light beam passing 
through the convective air turbulent medium in two direc-
tions and for two distances from the heat source. In the work, 
only the statistics of the AA fluctuations in four regions of 
the wave front were investigated. Using the image motion 
monitoring with two or four subapertures in front of the 
telescope’s aperture is a common method for characteriz-
ing the atmospheric turbulence features [35–39]. However, 
because of the limited number of the studied regions on the 
wave front, simultaneously investigating of the homogene-
ity and isotropy of the turbulence in the hole area of the 
wave front is not possible by this method. In this paper, the 
two-channel moiré-based deflectometry [40–44] is used to 
study the isotropy and homogeneity of the convective air 
turbulence by statistical analysis of the AA fluctuations in 
more than 1300 points. It is worth mentioning that using 
this setup, the statistical analysis of the AA fluctuations of 
the wave front is performed at a much larger area (the hole 
of the wave front) with much greater spatial resolution with 
respect to the four-image motion monitoring (imaging of 
four circular subapertures with a diameter of 3 cm [20]).

2  Experiment

Experimental works are done in the optics laboratory of the 
Institute for Advanced Studies in Basic Sciences (IASBS). 
The experimental setup used in this work includes a laser, 
an aspheric lens, two telescopes, an electrical heater, a two-
channel moiré based deflectometry, a CCD camera, and a 
computer is shown schematically in Fig. 1. It is similar to 
that used in Ref. [20], but there is no mask with four sub-
apertures in front of the second telescope, and in addition, 
a two-channel moiré based deflectometer for measuring the 
AA fluctuations is mounted behind the second telescope. 
The second harmonic of a continuous wave diode-pumped 
Nd:YAG laser beam is expanded by the aspheric lens and 
enters the first telescope (a 14 inch Celestron Schmidt–Cas-
segrain telescope). The telescope recollimates the beam with 
a diameter of 18 cm. The beam passes horizontally through 
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an indoor air turbulence area. A flat plane heater with an 
upper surface area of 50 × 100 cm2 is installed under the 
light beam path to produce a vertical temperature gradient 
in the medium. Due to the limited width of heater’s surface, 
a horizontal temperature gradient, TG, also arises. The mag-
nitude of horizontal component of TG is directly affected 
by its vertical value and both are controlled by the heater’s 
temperature. Using a set of temperature sensors, the values 
of two components of TG are approximately determined, 
and inequality of these two components can be revealed. 
The heater’s altitude can be easily controlled using a jack 
being installed under it. At a specific height from the heater, 
temperature of the heater is adjusted from the room tem-
perature to 100 ◦ C with equal steps of 10 ◦ C. After pass-
ing through the turbulent area, the beam enters the second 
aperture (a 8 inch Meade LX200 GPS Schmidt–Cassegrain 
telescope). Two telescopes are installed at a distance of 150 
cm. To investigate the isotropy and homogeneity of the tur-
bulence in different distances from the heater, the two tel-
escopes are installed at heights of 13, 30, 80, and 200 cm 
from the electrical heater’s surface. The laser beam being 
collimated behind the second telescope’s focal point by 
means of a collimator passes through a beam splitter, and 
then through a pair of moiré deflectometers being parallel 
and close together. The moiré patterns are formed on a plane 
where the second gratings of the moiré deflectometers are 
installed. The moiré patterns are projected on a CCD cam-
era by a suitable lens and then transferred to a computer to 
be analyzed. The gratings’ period and the Talbot distance 

used in two-channel deflectometer are 0.1 mm and 37.5 mm, 
respectively. Data were recorded with a rate of 30 frames per 
second with an exposure time of 1 ms. In each experiment, 
2000 images of moiré patterns were recorded.

It is worth mentioning that, in other experimental meth-
ods used for investigating anisotropy and inhomogeneity of 
the turbulence, the study area is small or at least the spatial 
resolution of the measurement is low, say about 1 cm. The 
use of two telescopes facing each other in conjunction with 
the use of a pair of moiré deflectometers provides high-res-
olution and high-precision measurements over a consider-
able large area. In the current work, we used two telescopes 
face-to-face and produced a plane wave with diameter of 18 
cm. The AA fluctuation calculated with 0.2 arc sec precision 
over more than 1300 measurement points, simultaneously. 
To the best of our knowledge, the study of anisotropy and 
inhomogeneity of turbulence with such accuracy in measur-
ing AA fluctuation and spatial resolution has been not per-
formed so far. Also, the use of two telescopes face-to-face 
decreases the intrinsic divergence of the beam that is most 
important in a longer propagation path [12].

3  Theoretical consideration

Theoretical consideration of the AA calculation from two-
channel moiré deflectometer is comprehensively discussed 
in Ref. [44]. Briefly, in the recorded moiré patterns, the 
trace of bright, dark, and the first virtual fringes from each 

Fig. 1  Schematic diagram of the experimental setup: a a view from a far distance, and b a closed up view of the two-channel moiré deflectom-
etry. FL, CL, BS, M, PL, and Gs stand for the focusing lens, collimating lens, beam splitter, mirror, the projecting lens, and gratings, respectively
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channel are determined. Points on horizontal traces match 
one by one to those of the vertical traces. Superimposing the 
horizontal traces onto the vertical one, the intersection of the 
traces is revealed to be an array of points. The intersection 
points are fluctuating due to the turbulence. Fig. 2a, b shows 
two arrays of the intersection points when the heater is off 
and when it is adjusted to 80 ◦ C, respectively. The turbu-
lence causes various displacements at different intersection 
points. For improving visualization, displacement vectors of 
the intersection points are plotted in Fig. 2c. As is apparent, 
the displacement vectors of the intersection points are bigger 
at lower altitudes, and vice versa.

One can calculate the AA fluctuations in two directions 
from the displacement values of the intersection points of a 
given sample frame with respect to the mean location of the 
intersection points as follows:

where �x(y), f �, f , d , and zk are the AA fluctuation in x(y) 
direction, focal length of the second telescope, focal length 

(1)[�x, �y] =
f �

f

d

zk

[

Δym

dm
,
Δxm

d�
m

]

,

of the collimating lens, and kth Talbot distance, respectively. 
Δym,Δxm are moiré fringes shifts in the first and second 
channels (corresponding to the intersection point displace-
ments in x- and y-directions), respectively, and dm and d′

m
 are 

the moiré fringe spacings’ in the first and second channels, 
respectively. By the aid of subpixel algorithm, the minimum 
measurable AA is determined by [44]

where N is an integer number. If a minimum moiré 
fringe’s shift with a value of (Δxm)min = (Δym)min =

1pixel

N
 

can be determined where N is an integer number, 
and if dm = d�

m
 and is covered by M pixels, accord-

ing to the equipment’s specifications say, M = 26 pixel , 
N = 10 ,  d = 0.1mm ,  and zk = 37.5mm ,  the mini-
mum measurable AA fluctuation is determined equal to 
(�x)min = (�y)min = 1.02 × 10−6 rad = 0.21 arc s.
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Fig. 2  Illustration of the array 
of intersection points when 
a the heater is off and b the 
heater’s temperature is 80 ◦ C. 
c The displacements of the 
intersection points of b respect 
those of a. The insets show four 
enlarged parts of the displace-
ment vectors’ map. The light 
beam propagates at a height of 
40 cm from the heater
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4  Results and discussion

The effects of different temperature gradients and differ-
ent distances from the heat source on the homogeneity 
and isotropy of the convective turbulence are investigated 
by calculating the AA fluctuations over the wave front at 
intersection points in two directions, parallel and perpen-
dicular to the surface of the heater when the light beam 
passes at different heights of 13, 30, 80, and 200 cm from 
the heater surface and the temperature of heater’s surface 
changes from the room temperature to 100 ◦ C by equal 
steps of 10 ◦C.

Figure 3 shows, for instance, the variance of the AA 
fluctuations in two directions at the intersection points of 
the wave front in front of the second telescope’s aperture 
at three selected heater’s temperature when the distance 
from the center of the light beam to the surface of the 
heater was 13 cm.

As is apparent, variance of each of the components 
of AA fluctuations increases as the heater temperature 
increases and also it increases when the distance from the 
heater decreases. The value of variance of AA fluctuations 

is directly related to the turbulence intensity, and thus, 
near the heater’s surface and at higher heater’s tempera-
tures, the turbulence is more intense. This is in agreement 
with the results were reposted in the Ref. [20], but in that 
work, just the variance of AA fluctuations of four small 
regions of the wave front was calculated, while here, the 
number of studied points is more than 1300.

Figure 3 also reflects the effect of two-dimensional tem-
perature gradient created by the heater on the homogeneity 
of the turbulence.

The variances of AA fluctuations along x- and y-direc-
tions do not differ, especially as the heater is off or its tem-
perature is low. In other words, in these cases, the turbulence 
is almost homogeneous.

However, by increasing the temperature of the heater as 
well as approaching to the heater’s surface, a downward gra-
dient for the variances of AA fluctuations appears. In other 
words, at large values of temperature gradient, the inhomo-
geneity is dominant behavior of the convective air turbu-
lence. From comparison of the values of AA fluctuations in 
two directions in Fig. 3, existence of an anisotropy is quite 
clear. However for better illustration of the anisotropy of the 
convective air turbulence, and also to show the effects of the 

Fig. 3  Variance of two compo-
nents of the AA fluctuations at 
the intersection points for three 
heater’s temperatures. The light 
beam propagates at a height of 
13 cm from the surface of the 
heater
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distance from the heat source and the different temperature 
gradient on the anisotropy, the variance of AA fluctuations 
in x direction is plotted versus that in the y direction for dif-
ferent distances of the light beam center from the heater 
surface as well as for different temperature gradients, see 
Fig. 4. For each set of data, a straight line is fitted to the 
experimental data. At the heater’s surface temperatures of 
40 ◦ C, 60 ◦ C, 140 ◦ C, and 160 ◦ C, corresponding values of 
�
2
y

�
2
x

 are 0.73, 0.85, 0.89, and 0.83, respectively.
For investigating effect of the beam path distance from 

the heater surface, for each of the experiments, we calculate 
AA fluctuations over five horizontal regions on the wave 
front having different average altitudes. It means that we 
divide entire area of the wave front into five horizontal layers 
with different distances from the heater. In Fig. 5, fitted lines 
to the experimental data of y-component of variances of AA 
fluctuations versus x-component over five regions of wave 
front are shown for four experiments when the center of the 
light beam was at the heights of 13 cm, 30 cm, 80 cm, and 

200 cm. The corresponding slopes of the fitted lines versus 
average height of the regions are plotted in the second row. 
All data were recorded with a heater temperature of 60 ◦ C. 
It is seen that by increasing distance of the beam path from 
the heater surface, the value of 

�
2
y

�
2
x

 increases except at the 
vicinity of the heater surface with values of h smaller than 
10 cm.

Figure 6 shows the fitted lines to the experimental data of 
y-component of the variances of AA fluctuations versus 
x-component over the central region of the wave front at 
different temperature of the heater for four heights of the 
beam path from the heater surface: a 13 cm, b 30 cm, c 80 
cm, and d 200 cm. Figure 6e–h shows the corresponding 
slopes of the fitted lines versus the heater’s temperature. 
Here, we see that for a given height of the beam path from 
the heater surface, except h = 13 cm, by increasing the tem-
perature of the heater, the slopes of the lines, say the value 
of 

�
2
y

�
2
x

 , increase. For the case h = 13 cm for the temperatures 
30 ◦ C and 40 ◦ C, that behavior is violated.

Fig. 4  Fitted line to the experi-
mental data of y-component of 
variances of AA fluctuations 
versus x-component in front of 
the second telescope’s aperture 
at the heater’s surface tem-
perature of a 40 ◦ C b 60 ◦ C 
c 140 ◦ C, and d 160 ◦ C. The 
center of light beam was at 
a height of 80 cm from the 
heater’s surface

(a) (b)

(c) (d)
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Fig. 5  Fitted lines to the experimental data of y-component of vari-
ances of AA fluctuations versus x-component over five regions of the 
wave front for four experiments when the center of the light beam 

was at the heights of 13 cm, 30 cm, 80 cm, and 200 cm. The heater’s 
temperature was 60 ◦ C. The corresponding slopes of the fitted lines 
are plotted versus height in the second row

Fig. 6  Fitted lines to the experimental data of the ratio of two com-
ponents of the variances of AA fluctuations over the central region of 
the wave front at different temperature of the heater for four heights 

of the beam path from the heater surface: a 13 cm, b 30 cm, c 80 cm, 
and d 200 cm. e–h the corresponding slopes of fitted lines versus the 
heater’s temperature
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Figure 7 shows the data of the variance AA fluctuations 
in two directions for a situation that the light beam propa-
gates through the turbulence medium in a height of 13 cm 
from the heater and the heater’s temperature was 70 ◦ C. As 
is apparent, the turbulence behaves more isotropic at the 
height of 4.8 cm and then its isotropy decreases with increas-
ing height up to the height of 12 cm and then the slope of the 
fitted lines re-increases for h = 15.6 cm and h = 19.2 cm. In 
this case, the height of boundary layer is revealed to be 12 
cm. The height of the boundary layer is temperature-depend-
ent and may be increase with heater’s temperature. Further-
more, from Fig. 7, it is clear that the turbulence is more 

intense near the heater, since at the smaller heights, at the 
area close to the heater’s surface, the center of mass of the 
variance of AA data shifts to the right and upward sides. We 
think that the height of h = 12 cm having the smaller value 
of 

�
2
y

�
2
x

 can be considered as the depth of the boundary layer.
Figure 8 shows the fitted lines to the experimental data of 

y-component of the variances of the AA fluctuations versus 
x-component over five regions of the wave front with dif-
ferent distances from heater’s surface for five values of the 
heater’s temperature: a 30 ◦ C; b 40 ◦ C; c 50 ◦ C; d 60 ◦ C; e 
70 ◦ C; and f 80 ◦ C. In Fig. 8g–l, corresponding slopes of 
the fitted lines versus the height of the beam path from the 
heater’s surface.

5  Conclusion

Following our recent investigation on the homogeneity and 
isotropy of indoor convective air turbulence by analyzing 
of the statistics of the AA fluctuations in just four regions 
of the wave front via 4-apertures image motion monitoring 
method, in this research, the homogeneity and isotropy of 
the convective air turbulence were studied using statistics 
analysis of 1300 points on the wave front by a two-channel 
moiré-based deflectometry setup.

We show that the temperature gradient and distance from 
the heat source can effect on the inhomogeneity and ani-
sotropy of the convective air turbulence. Our experimental 
results reflect that with increasing the distance from the heat 
source and decreasing the temperature gradient, the homoge-
neity increases and with increasing the temperature gradient 
in high altitudes, the isotropy of the turbulence increases. In 
addition, we presented a way for estimating of the depth of 
boundary layer.

Due to the complexity of the turbulence and the lack of 
a comprehensive theory for this phenomenon, we believe 
that our experimental findings, and also the presented high-
resolution and wide area detection device might open a 
window to establish a more comprehensive theory for the 
phenomenon.

Finally, it is worth addressing to some potential applica-
tions of the presented work. However, further considera-
tions are beyond the scope of the current work. The angle 
of arrival measured using two-channel deflectometry can 
be used to reconstruct the wave front of the light beam after 
being propagated through the turbulence medium. We have 
used this setup to investigate the effects of anisotropy and 
inhomogeneity of statistical variances of angle of arrival on 
the scaling of the phase structure function in indoor convec-
tive air turbulence, the results of which will be reported else-
where [45]. In addition, the effects of anisotropy and inho-
mogeneity of the convective turbulence could be investigated 

(a)

(b)

(c)

(d)

(e)

Fig. 7  Variances of the vertical component versus the horizontal one 
for the AA fluctuations in boundary layer. h is the average distance of 
the each region of the wave front from the heater surface. The heat-
er’s temperature was 70 ◦C
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on wave front aberrations and coherence function of the light 
beam. Results show that the coherence function and coher-
ence length of turbulence were not equal in two directions 
perpendicular to the propagation direction.
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