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Abstract
A single atomic field state is used as a quantum channel to teleport a state of two-qubit system. The possibility of estimating 
the teleported initial state parameters is discussed by means of quantum Fisher information. It is shown that by controlling 
the initial atomic field parameters, one may freeze the quantum Fisher information of the teleported parameters. Meanwhile, 
the teleported state keeps its local information. The sizes of the frozen areas depend on the initial state settings and the atomic 
field parameters. We show that the estimation degree of teleporting a single qubit is larger than that depicted for two-qubit 
system. Moreover, the estimation degree increases in the resonance case. It is shown that the maximum bounds of the quan-
tum Fisher information are reached periodically. The phenomena of the sudden changes of quantum Fisher information are 
displayed at larger values of detuning parameters and the number of photons inside the cavity.

1 Introduction

Quantum teleportation is one of the most fascinating pro-
tocols predicted by quantum mechanics [1]. It is a critical 
ingredient for quantum communication and quantum com-
putation networks [2–4]. Quantum teleportation is a faithful 
transfer of quantum states between two distant parties which 
have established prior entanglement and can communicate 
classically. In the past two decades, quantum teleporta-
tion has attracted considerable attentions and been studied 
both theoretically and experimentally [5–7]. However, in 
many scenarios, one does not need to teleport the whole 
quantum state, but rather the information of a particular 
parameter physically encoded in it. Therefore, there is no 
need to teleport the full information of the quantum states 
themselves, but only the relevant parameters that carry these 

information. In contrast to the quantum state teleportation 
where the credibility of teleportation is measured by fidelity, 
the transmission of information that is carried by a physical 
parameter is usually quantified by quantum Fisher informa-
tion (QFI) [8, 9]. QFI plays a significant role in the fields 
of quantum geometry of state spaces [8, 10, 11], quantum 
information theory [12] and quantum metrology [13, 14]. 
Particularly, the inverse of QFI characterizes the ultimate 
achievable precision in parameter estimation [15]. In other 
words, QFI is used as an estimation tool of parameters that 
are contained in a quantum system during its evolution [16]. 
Due to its importance, there are some efforts that have been 
taken to quantify QFI in different quantum systems.

Recently, some authors have paid attention to quantifying 
quantum Fisher information in open quantum systems. For 
example, Zheng et al. [17] investigated the dynamics of QFI 
for a two-qubit system, where each qubit interacts with its 
own Markovian environment. Ozaydin [18] has quantified the 
QFI analytically for the W-state in the presence of different 
noisy channels. The effect of the Markovian reservoirs on the 
dynamics of the quantum Fisher information of a two-level 
system is discussed by You et al. [19]. Quantum Fisher infor-
mation for a noisy open quantum system and initially prepared 
in a steady state is quantified by Altinats [20]. In the context 
of accelerated system, Metwally [21] discussed the possibil-
ity of quantifying the teleported by means of quantum Fisher 
information. Estimating the weight and the phase parameters 
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of pulsed driven qubit via quantum Fisher information, where 
different pulses are considered [22].

In this context, it is important to mention some applications 
of quantum Fisher information. However, in the additional of 
using it as a quantifier of the initial parameters that describe 
the state, it can be used to calculate the phase sensitivity of 
systems that provides in quantum technologies, as example it 
can be used to enhance the imaging process without increasing 
the illumination power [23]. Since it may be frozen during the 
evaluation of the quantum system and consequently the infor-
mation which is encoded in this system, then quantum Fisher 
information may be used as resource of secure communication 
[24]. It may be used to process the large amount of data that 
is needed for quantum computer [25]. Moreover, the quantum 
Fisher information also quantifies the degree of macroscopic-
ity of a quantum state [26].

In the present work, we use a single atomic-field state, to 
teleport a two-qubit system. The possibility of estimating the 
teleported parameters is discussed by the quantum Fisher 
information of the two-qubit as well as by a single qubit. 
The effect of the atomic-field parameters on the estimation 
degree of the teleported parameters are discussed. We show 
that, it is possible to freeze the quantum Fisher information by 
controlling the initial state parameters and the atomic- field 
parameters.

The paper is organized as follows. In Sect. 2, we introduce 
the suggested model, where an analytical solution in terms 
of the Bloch vector is given. In Sect. 3, the possibility of tel-
eporting the quantum Fisher information is discussed, where 
a description of a quantum teleportation protocol of a two-
qubit system is reviewed. A mathematical form of the quantum 
Fisher information is introduced for a single and two-qubit 
systems. In Sect. 4, the weight and the phase parameters of 
the teleported state are quantified at the resonance and non-
resonance cases, where some numerical calculations are pre-
sented. Finally, our results are summarized at Sect. 5.

2  Description of the model

The suggested system is described by Jaynes Cummings model 
of a single-two level atom interacts with a single cavity mode. 
In the rotating wave approximation, the Hamiltonian of this 
system is governed by [27, 28]

where, the first two terms represent the Hamiltonian of the 
atom and the cavity mode, respectively, while the third term 

H =
1

2
�0�z + �a†a + g(a�e⟩⟨g� + a†�g⟩⟨e�),

represents the interaction Hamiltonian. The parameters �0 
and � are the frequencies of the atomic system and the cav-
ity mode, respectively, and the operators a†(a) represent the 
creation (annihilation) operators of the cavity mode, �e⟩ and 
�g⟩ are the exited and the ground states of the atom, respec-
tively, and g is the constant coupling between the atomic 
system and the cavity mode.

Let us assume that, the atomic-cavity system is initially 
prepared in a product state ��𝜓s(0)⟩ = ���𝜓f

�
⊗ ��𝜓a⟩

w h e r e  ���a(0)⟩ = �e⟩  a n d  ����f (0)
�
=
∑∞

0
Pn�n⟩, 

Pn = exp(−
n̄

2
)
√

n̄n

n!
 with n̄ is the mean photons number. For 

any t > 0 , the time evoluation of the total system is given by:

where  (t) is the time evolution operator. In the atomic 
basis �e⟩ and �g⟩ , the operator  (t) may be written as,

where,

and n̂ = a†a is the number operator, � = gt and � = Δ∕2g is 
the dimensionless detuning. Using (2–4), the time evolution 
of the atom-field state is given by

It is clear that, this state represents the final state of the total 
system in 2 ×∞-dimensional space. In this context, we con-
sider the minimum amount of entanglement that generated 
between the atom and the cavity. So, we have to project this 
final state in a 2 × 2 dimensional subspace, which could be 
done by a local action only [29]. In the two-dimensional 
space, the atomic-field state is collapses to be,

(1)��s(0)⟩ =
∞�
n=0

Pn�n, e⟩,

(2)��s(t)⟩ =  (t)��s(0)⟩,

(3) (t) =

(
c(n̂ + 1, t) d(n̂ + 1, t)a

−a†d†(n̂ + 1, t) c†(n̂, t)

)
,

(4)

c(n̂, t) = ei𝛿𝜏

�
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�
𝜏
√
𝛿2 + n̂

�
− i

𝛿√
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𝜏
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,
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sin
�
𝜏
√
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�
,

(5)
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− i
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− ie−i𝛿𝜏

√
n + 1√
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�
.

(6)
�af (t) = �11�n, g⟩⟨n, g� + �22�n, e⟩⟨n, e� + �23�n, e⟩⟨n + 1, g� + �∗

23
�n + 1, g⟩⟨n, e�

+ �33�n + 1, g⟩⟨n + 1, g� + �44�n + 1, e⟩⟨n + 1, e�,
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where

and   is the normalization factor is given by,

3  Teleporting quantum Fisher information

In this section, we quantify the amount of the teleported quan-
tum Fisher information that contained in a two-qubit state, by 
means of quantum teleportation. We investigate the effect of 
the filed and atomic parameters on the behavior of the quantum 
Fisher information.

3.1  Teleportation protocol

In this context, we use a protocol suggested by Cola and Paris 
[30] to teleport a two-qubit system via a single quantum chan-
nel. This protocol based on using a single entangled two-qubit 
pair, additional qubit introduced by the receiver and the trans-
mission of three classical bits. In our contribution, the users 
Alice and Bob share the generated partial entangled state Eq. 
(6). Alice is given unknown state defined by �un = ��un⟩⟨�un� , 
where,

with 0 ≤ � ≤ � and 0 ≤ � ≤ 2� . The aim of Alice is to send 
this state to Bob using Eq. (6). To implement this process, 
the users follow Cola and Paris protocol [30]. At the end of 
this process, Bob will get the state [31]:

(7)

�11 =
P2
n−1



n

�2 + n
sin2

�
�
√
�2 + n

�
,

�22 =
P2
n



�
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�
�
√
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�
+

�2
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�
�
√
�2 + (n + 1)

��
,

�23 = i
P2
n

√
n + 1e−i��


√
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�
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,
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23
,
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P2
n
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√
�2 + (n + 1)),
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n+1
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�
�
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�2 + (n + 1)
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,

(8)
 =P2
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�
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.

(9)��un⟩ = cos ��10⟩ + ei�∕2 sin ��01⟩,

(10)𝜌Bob =
∑
𝜇𝜈

P𝜇𝜈(𝜎𝜇 ⊗ 𝜎𝜈)𝜌in(𝜎𝜈 ⊗ 𝜎𝜇),

where P�� = Tr[E��af ]Tr[E
��af ] , 

∑
�� P�� = 1 , and ��,� 

( �, � = 0, x, y, z ) are the three components of the Pauli 

operators and �0 is the identity operator. The operators 
Ei, i = 1, 2, 3, 4 are defined as,

where ��±⟩ = 1√
2
(�01⟩ + �10⟩) and ��±⟩ = 1√

2
(�00⟩ + �11⟩) 

are Bell states [12]. In the two dimensional basis set 
{�n, g⟩, �n, e⟩, �n + 1, g⟩, �n + 1, e⟩} , Bob’s state may be writ-
ten explicitly as,

where,

E0 = ��−⟩⟨�−�, E1 = ��−⟩⟨�−�,
E2 = ��+⟩⟨�+�, E3 = ��+⟩⟨�+�,

(11)�Bob =

⎛⎜⎜⎜⎝

�11 0 0 0

0 �22 �23 0

0 �32 �33 0

0 0 0 �44

⎞⎟⎟⎟⎠
,

(12)

�11 = (�11 + �44)(�22 + �33) sin(2�) cos(�∕2),

�22 = (�23 + �32)
2 sin2(�),

�23 = (�22 + �33)
2 cos(�) sin(�)ei�∕2 + (�11 + �44)

2 cos(�) sin(�)e−i�∕2,

�32 = (�22 + �33)
2 cos(�) sin(�)e−i�∕2 + (�11 + �44)

2 cos(�) sin(�)ei�∕2,

�33 = (�23 + �32)
2 cos2(�),

�44 = �11.
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Now, if we consider the effect of a post partial measurement, 
Bob gets the teleported state �A

out
 out whose three Bloch vec-

tor components are

where �ij given by Eq. (7)

3.2  Fisher information

In the estimation theory, the quantum Fisher information plays 
a central role. There are some parameters may cannot be quan-
tified directly, so quantum Fisher information can be used to 
estimate these parameters. QFI is formally generalized from 
the classical one, and there are several variants of quantum ver-
sions of Fisher information, among which the one that based 
on the symmetric logarithmic derivative operator has been 
used most widely.

• Fisher information of two-qubit system
  Assume that we have a two-qubits system which 

depends on a parameter, � , then the amount of Fisher 
information that encoded in the parameter � is defined 
as [8, 10] 

 where � is the so-called symmetric logarithmic deriva-
tive, which is determined by ���� = (��� + ���)∕2 
with �� = �∕��  .  Making use of the spectrum 
decomposition, one can diagonalize the matrix as 
�� =

∑
n �n��n⟩⟨�n� . And then the QFI can be rewritten 

as [32] 

 where �,n is the QFI for pure state ��n⟩ with the form 
�,n = 4[⟨���n����n⟩ − �⟨�n����n⟩�2].

• Fisher information of a single-qubit
  It is well known that a single qubit state � , may be 

defined by its Bloch vector as 𝜌 =
1

2
(1 + s⃗.�̂�) in the 

Bloch sphere representation, where s⃗ = (sx, sy, sz) is the 
real Bloch vector and �̂� = (�̂�x, �̂�y, �̂�z) denotes the Pauli 
matrices. According to Ref. [33], a simple and explicit 
expression of QFI could be obtained in terms of the 
Bloch sphere representation �

(13)

sx = sin(�) cos(�)[�22 + �33)
2 + (�11 + �44)

2],

sy = 2 sin(�)[(�11 + �44)
2 − (�22 + �33)

2],

sz = − 4 cos(�)[ℜ(�23)]
2,

(14)� = Tr[��
�
�
] = Tr[(����)�],

(15)

� =
�
n

(���n)
2

�
n

+
�
n

�
n
�,n −

�
n≠m

8�
n
�
m

�
m
+ �

n

�⟨�
n
����m

⟩�2,

𝜅 =

{
|𝜕𝜅 s⃗|2 + (⃗s.𝜕𝜅s)

2

1−|⃗s|2 , if |s⃗| < 1

|𝜕𝜅 s⃗|2. if |s⃗| = 1

 From the perspective of parameter estimation, the larger 
QFI represents the higher estimation precision in general. 
Hence, how to improve the QFI becomes a key problem 
to be solved. Making use of quantum resources such as 
coherence, entanglement and so on, one can find that QFI 
of quantum systems can provide much more sensitivity 
than the classical ones.

4  Estimation of the teleported parameters

It is clear that, the initial teleported information is encoded 
in the weight and phase parameters of the state (9). In the 
following we estimate these parameters by evaluating the 
corresponds quantum Fisher information of the initial tel-
eported state.

4.1  Estimating the weight parameter �

We estimate the initial weight parameter using two different 
methods: the first, when we consider a single qubit is tel-
eported by tracing out the first qubit from the final teleported 
state. The second by estimating it from the total teleported 
state. Moreover, we discuss the sensitivity of the estimation 
degree to the amplitude of the Bloch vector and the purity 
of the two qubit teleported state. In addition, we investigate 
the effect of the number of photons inside the cavity on the 
estimation degree of the weight parameter.

Figure 1a describes the behavior of the quantum Fisher 
information with respect to the weight parameter q

�
 , using 

the first method, namely, using the quantum Fisher infor-
mation that contained in the teleported single qubit. It is 
assumed that, the initial teleported state is prepared with a 
phase � = � . This means that, ���un⟩ = cos ��10⟩ − sin ��01⟩ 
and according to Eq. (13), the final state is polarized in y and 
z directions, namely s⃗ = (0, sy, sz) . Moreover, the atomic-
field system is initially prepared in a non-resonance case, 
where we set � = 0.5.

The general behavior shows that, the maximum values of 
Fisher information depend on the initial weight angle � and 
the dimensionless interaction time � = gt . As it is displayed 
in Fig. 1a, the Fisher information q

�
 increases gradually to 

reach its maximum value for the first time at � = 4 . For fur-
ther values of the interaction time, q

�
 decreases gradually. 

However, this behavior is repeated periodically. The effect 
of the initial weight parameter shows that, Fisher informa-
tion decreases gradually to its minimum value at � = �∕2 . 
This behavior changes for � ∈ [3�∕4,�] , where the Fisher 
information increases to reach its maximum bounds at � = �.

Figure 1b shows the behavior of the amplitude of the 
Bloch vector, where the non-resonance case is considered. 
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The behavior of the Bloch vector is similar to that predicated 
for the quantum Fisher information, namely  of the final 
state of the single qubit is periodically maximized. The low-
est bounds of amplitude of the Bloch vector are displayed at 
� = �∕2 , namely the initial state is initially prepared in the 
state ���un⟩ = ei��01⟩ . For larger values of � , the amplitude of 
the Bloch vector increases suddenly to reach its maximum 
values at � = �.

In Fig. 1c, we display the behavior of the quantum Fisher 
information for the total teleported state, Eq. (12),  t

�
 . It is 

clear that, the behavior is similar to that predicated for the 
single qubit (Fig. 1a), but the maximum bounds are smaller. 
Moreover, the decay rate is larger than that displayed for 
the single qubit. In addition, the minimum bounds of  t

�
 are 

displayed around � = �∕2 . The periodical time is smaller 
than that displayed in Fig. 1a for the single qubit.

The purity of the final teleported state is displayed in 
Fig. 1d, where at � = 0 and � = 0 , the purity  is zero. As 
� is increased in the interval [0, �∕2] , the purity increases 

gradually to reach its maximum values at � = �∕2 . For fur-
ther values of � , the purity decreases gradually to completely 
vanish at � = �.

From Fig. 1, one may conclude that the possibility of esti-
mating the weight parameter of the teleported state increases 
as the amplitude of the Bloch vector of the single qubit or 
the purity of the total teleported state increases. One can 
estimate the initial weight parameter with large degree by 
estimating it using the single teleported qubit.

In Fig. 2, we investigate the behavior of the quantum 
Fisher information, the amplitude of the Bloch vector and 
the purity of the total teleported state for different initial 
state settings, where we set that � = �∕2 . This means that, 
t he  i n i t i a l  s t a t e  i s  p r epa red  i n  t he  s t a t e 
���un⟩ = cos ��10⟩ + 1+i√

2
sin ��10⟩ and the final state is polar-

ized in y and z directions, namely s⃗ = (0, sy, sz) . In Fig. 2a, 
the behavior of the quantum Fisher information q

�
 is dis-

played, where it displays that the maximum bounds are 

Fig. 1  a The quantum Fisher information q

�
 , of the single teleported qubit, b the Bloch vector  of the single qubit, c  t

�
 with respect to the total 

teleported state, d the purity of the teleported state,  where, the non-resonance case is considered, with � = 0.5 , � = � and n = n̄ = 2
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very large compared with that displayed at � = � . Moreo-
ver, many frozen areas are displayed of the quantum Fisher 
information. Figure 2b, shows the behavior of the ampli-
tude of the Bloch vector  for the single qubit. The general 
behavior, the upper bounds are smaller than that displayed 
in Fig. 1b. The maximum bounds are reached periodically. 
The estimation of the weight parameter by quantifying the 
Fisher information of the teleported two-qubit state is dis-
played in Fig. 2c. In general, the possibility of estimating 
the weight parameter � is smaller than that displayed in 
Fig. 1c. This indicates that, the initial phase has a clear 
effect on the estimation degree of the weight parameter. 
The possibility of freezing the Fisher information 
increases for this initial state settings. Similar behavior is 
displayed for the purity, where as it displayed in Fig. 2d, 
the maximum bounds are smaller than those displayed in 
Fig. 1d.

Again as the purity of the teleported state increases, the 
possibility of estimating the weight parameter increases. 

Moreover, one can freeze the quantum Fisher information 
by controlling the phase of the initial teleported state.

Figure 3 describes the behavior of the four physical 
quantities, q

�
, , t

�
 and the purity  , in the resonance case 

between the atom and the field, namely we set the dimen-
sionless parameter � = 0 . It is clear that, as it depicted in 
Fig. 3a, the maximum bounds of q

�
 are larger than those 

displayed in Fig.  1a (non-resonance case). In addition, 
as the initial weight parameter, � increases, the quantum 
Fisher information q

�
 decreases gradually, where the mini-

mum bounds are displayed at � ∈ [�∕2, 3�∕4] , while the 
maximum peaks appear periodically as the � increases. 
However, the decay rate is smaller than that shown for the 
non-resonance case. The behavior of the Bloch vector of 
the teleported state is displayed in Fig. 3b. The behavior is 
completely different from that displayed in Fig. 1b, where 
the maximum bounds are displayed at � = � , while the mini-
mum values are depicted at � = 0,� . In addition, similarly 
to Fig. 1b, the maximum bounds are displayed periodically 
at larger values of the dimensionless time � . The quantum 

Fig. 2  The same as Fig. 1, but � = �∕2
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Fisher information q

�
 is displayed in Fig. 3c. In general, it 

behaves similarly to the non-resonance case, but the upper 
bounds are smaller compared with those displayed in Fig. 1c. 
In addition, as it is displayed in Fig. 3d, the purity increases 
as the initial phase � increases to reach its maximum values 
at � = �∕2 . However, at further values of � ∈ [�∕2,�] , the 
purity decreases. It is clear that, it shows the same behavior 
that depicted for the non-resonance case.

In Fig. 4, we display the effect of a different initial phase 
settings (� = �∕2) on the behavior of the quantum Fisher 
information q

�
 and  t

�
 . It is clear that, one can not estimate 

the weight parameter or the estimation degree is almost 
zero. This means that, the quantum Fisher information is 
completely frozen. On the other hand, as it is displayed in 
Fig. 4b, the amplitude of the Bloch vector increases periodi-
cally as the dimensionless time increases and at some inter-
vals of time, the telepoted single state turns into a maximum 
pure state. However, although it is impossible to estimate the 

teleported weight parameter with larger estimation degree, 
the teleported state keeps with its local information. In addi-
tion, from Fig. 4d, the purity in some interval of time is non-
zero and increases as � increases. Again, this indicates that, 
the teleported two-qubit state has some local information.

From Figs. 1 and 3, one may conclude that, the possibility 
of estimating the weight parameter � depends on the detun-
ing parameter. In the non-resonance case, the estimation 
degree of the weight parameter is larger than that displayed 
for the resonance case. The initial weight settings � has the 
same effect on resonance and non-resonance case, where 
the minimum bounds are displayed at � = �∕2 . The initial 
phase may be considered as a decoherence parameter as it 
displayed from Figs. 2 and 4, where the Fisher information is 
frozen at different interval time for the non-resonance case. 
However, the quantum Fishier information is completely 
frozen for the resonance case.

Fig. 3  The quantum Fisher information q

�
 , of the single teleported qubit, b the Bloch vector  of the single qubit, c  t

�
 with respect to the total 

teleported state d the purity of the teleported state,  where, the resonance case � = 0 with � = � and n = n̄ = 2
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To investigate the effect of the number of photons on the 
four physical quantities, we plot Fig. 5, where we set the 
initial phase � = �∕2 and the number of photon n = 4 . It is 
clear that, the number of photons has no effect on the esti-
mation degree of the weight parameter, where the quantum 
Fisher information is a almost frozen as it depicted from 
Fig. 5a, c. On the other hand, the amplitude of the Bloch 
vector of the single teleported state increases as � increases. 
Moreover, the initial weight has no effect where, the periodic 
behavior is displayed between a minimum and maximum 
bounds. Fig. 5d shows that the purity of the teleported two-
qubit state increases periodically as the � increases. Compar-
ing Figs. 4b and 5b, one can see that the larger numbers of 
photon inside the cavity increases the oscillations number 
between the maximum and minimum bounds,

From Figs. 4a, c and 5a, c, we can see that, the Fisher 
information is completely frozen and the estimation degree 
is almost zero, but the amplitude of the Bloch vector as well 
as the purity of the teleported two-qubit state are not van-
ish. This means that, the telepoted state has its own local 

information. Namely, one can not estimate the parameters 
which contain all the teleported information.

We have shown that, one can freeze the quantum Fisher 
information by choosing a particular values of the initial 
phase. However, at some values of the phase, the quantum 
Fisher information does not completely frozen as it shown 
at � = � . In Fig. 6a, b, we display the frozen region of the 
quantum Fisher information, q

�
 and  t

�
 respectively, where 

we set the detuning parameter � = 0.5 . The degree of bright-
ness indicates the estimation degree of the weight param-
eter. It is clear, that the frozen areas of the quantum Fisher 
information of the teleported two qubit state are larger than 
those displayed for the single teleported state. The degree of 
frozen decreases as the initial weight increases. Figure 6c, 
d show the effect of the larger detuning parameter (� = 1) , 
on the frozen areas. It is clear that, the behavior is similar 
to that displayed at � = 0.5 . However, the upper bounds are 
smaller than those displayed in Fig. 6a, b. The frozen areas 
missed their symmetric and the deformation of these areas 
depicted clearly for  t

�
.

Fig. 4  The same as Fig. 3 but the initial phase � = �∕2
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From Fig.  6, one may conclude that, the possibility 
of estimating the weight parameter decreases as the ini-
tial detuning between the atom and the cavity increases. 
Moreover, the sizes and the deformation of the frozen areas 
decrease at larger values of the detuning.

4.2  Estimating the phase parameter �.

In this section, we estimate the initial phase for the tele-
ported single state and the teleported two-qubit state at dif-
ferent initial settings.

In Fig. 7, we consider the non-resonance case, where 
we set � = 0.5 . Similarly to the Fisher information with 
respected to the weight parameter, the upper bounds are dis-
played periodically and the maximum values are depicted at 
larger values of the Bloch vector as it is shown from Fig. 7a, 
b. The phenomenon of the freezing, the sudden changes of 
the quantum Fisher information q

� are depicted periodically. 
The quantum Fisher information as well as the amplitude 
of the Bloch vector are independent from the initial phase. 

The estimation degree of the phase parameter using the tel-
eported two-qubit state is smaller than that obtained if one 
use the teleported single state. Similarly to that displayed 
of q

� , the  t
�
 is independent of the initial phase as it is dis-

played from Fig. 7c. The phenomena of the sudden decreas-
ing/increasing are depicted periodically.

Figure 8a, b describes the behavior of the quantum Fisher 
information of the single teleported qubit and the teleported 
two-qubit system. The general behavior displays that, the 
Fisher information reaches its maximum values periodically. 
As it is shown in Fig. 8a, b, the upper bounds of the quan-
tum Fisher information q

� and  t
�
 are displayed periodically. 

Moreover, the sudden changes of the quantum Fisher infor-
mation is displayed. The maximum bounds are depicted at 
� = �∕2, 3�∕2 , where the estimation degree of q

� is larger 
than that depicted for  t

�
 . From these results, one can show 

that, the possibility of estimating the phase parameter from 
the single teleported state is larger than that estimated using 
the teleported two-qubit state. In Fig. 8c, d, we investigate 
the effect of lager number of photons on the estimation 

Fig. 5  The same as Fig. 4 but we set n = 4 and n̄ = 2
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degree, where we set n = 4 . The behavior is similar to that 
displayed in Fig. 8a, b. But the number of peaks is larger 
than that displaced at smaller values of n. The minimum 
values are displayed around �∕2 and 3�∕2 for q

� , while the 
maximum bounds are shown around �∕2 and 3�∕2 for  t

�
.

From Figs. 7 and 8, one can conclude that, the maximum 
estimation degree of the phase parameter is displayed in the 
non-resonance case. The possibility of freezing the quantum 

Fisher information in the resonance case is larger than that 
shown for the non-resonance case.

In Fig.  9, we investigate the effect of the detuning 
parameter on the quantum Fisher information. Figure 9 
represents a contour graph in the space of (�,�) of q

� and 
 t
�
 , where we set the initial detuning parameter � = 0.5 . 

This graph displays the frozen areas of the quantun Fisher 
information. The dark regions indicate that the estimation 

Fig. 6  a, c The quantum Fisher information q

�
 and b, d  t

�
 where � = � , n = n̄ = 2 and � = 0.5, 1 for a, b and c, d, respectively
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degree of the Fisher information is minimum. However, it 
is clear that, as the interaction time increases, some bright 
regions are appear, namely, one may estimate the quantum 
Fisher information with a large degree. From Fig. 9a, b, it 
is clear that, when q

� is estimated with a small degree, the 
estimation degree of  t

�
 is large. Moreover, as the bright-

ness areas appear for q
� , the darkness regions of  t

�
 are 

predicated. The frozen dark/bright regions appear periodi-
cally and independent of the initial phase.

The effect of the larger values of the detuning parameter 
is displayed in Fig. 9c for q

� and Fig. 9d for  t
�
 , where we 

set � = 1 . It is clear that, the dark/bright regions appear 
periodically as � increases. As it displayed from Fig. 9c, 
the brightness degree of the frozen areas that represents 


q
� increases as � increases, while for  t

�
 depends on the 

initial phase.
Figure 10, describes the frozen regions of the quan-

tum Fisher information in the resonance case. The dark-
ness/brightness degree of the frozen areas, indicates 

the estimation degree of the quantum Fisher informa-
tion. These regions appear periodically and the size of 
these regions decreases as the scaled time increases. 
The darkness regions, namely, the minimum estima-
tion degree are depicted almost if the initial phase 
� ∈ [0,�∕4]

⋃
[�, 5�∕4] , while the most brightness are 

predicated at � ∈ [�∕2, 3�∕4]
⋃
[3�∕2, 7�∕4].

However, these results are displayed at smaller values of 
the photons number inside the cavity, where we set n = 2 . 
The effect of a large number of photons on the size of the 
frozen areas is displayed in Fig. 10c, d, where we set n = 4 . 
From Fig. 10c, we can see that the number of the frozen 
areas increases as the photon number increases. The estima-
tion degree of q

� increases and  t
�
 decreases as the scaled 

interaction time � increases. The frozen bright/dark areas 
that are depicted for q,t

�  are periodically depicted as � 
increases. However, the brightness degree of the frozen ares 
for q

� does not depend on the initial phase � , while for that 
displayed for  t

�
 increases as the initial phase � increases 

Fig. 7  a The quantum Fisher information q
� , of the single teleported qubit, b the Bloch vector  of the single qubit, c  t

�
 with respect to the total 

teleported state d the purity of the teleported state,  where, the non resonance case, when � = 0.5 , � = �∕2 , n = 2 and n̄ = 2
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and the most brightness areas are centered around 5�∕4 and 
7�∕4 . However, the most dark areas are displayed around 
� ∈ [0, �∕4]

⋃
[�, 5�∕4] for  t

�
 , while for q

� similarly but 
periodically with the bright regions.

5  Conclusion

In this contribution, we use a partial entangled state which is 
generated between a single atom and a single cavity mode, 
to teleport a two-qubit system between two users; Alice 
and Bob. The initial parameters of the teleported state; the 
weight and the phase parameters are estimated, by means of 
the teleported quantum Fisher information. These param-
eters are estimated from the teleported two-qubit state and 
the single qubit state. The relation between the purity of the 
teleported state and the quantum Fisher information is dis-
cussed. The effect of the initial detuning parameter and the 

number of photons inside the cavity on the estimation degree 
of the initial telepored parameters is discussed.

Our results show that, the estimation degree of the param-
eters of the initial teleported state settings, increases as the 
amplitude of the Bloch vector of the single qubit and the 
purity of the total teleported state increases. The possibility 
of estimating the initial weight and the phase parameters 
by using a single qubit is larger than that displayed for the 
teleported two-qubit system. It is shown that, by controlling 
the initial state settings, the quantum Fisher information may 
be frozen, meanwhile, the teleported state keeps its local 
information. The frozen degree, dark/bright indicates the 
estimation degree of the teleported parameters.

The estimation degree depends on the initial parameters 
of the atomic-field system, where the possibility of estimat-
ing the teleported parameter in the resonance case is larger 
than that depicted for the non-resonance case. The upper 
and lower bounds of the quantum Fisher information are 
displayed periodically. The size of the frozen areas decreases 

Fig. 8  a, b The quantum Fisher information q
� , of the single teleported qubit and c, d represents  t

�
 with respect to the total teleported state 

where, � = 0 , 𝜃 = 𝜋∕2, n̄ = 2 and a, b n = 2 , c, d n = 4
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as the detuning parameter increases. The frozen areas of 
quantum Fisher information that are displayed at smaller 
values of the detuning parameter are regular and symmetric. 
However, as the detuning parameter increases, the frozen 
areas are deformed

The effect of the photons number inside the cavity is 
investigated, where the larger number of photons increases 

the speed of oscillating the quantum Fisher information 
between their maximum and minimum bounds. It is shown, 
as one increases the number of photon inside the cavity, the 
upper bounds of the quantum Fisher information are larger 
than that displayed at smaller number of photons. The num-
ber of the frozen areas increases at the expense of their sizes.

Fig. 9  Contour graph for the Fisher information for the single qubit (a, c) and for the two qubit (b, d) with respect to the phase parameter with 
� = �∕2 , n = 2 , n̄ = 2 and a, b � = 0.5 , c, d � = 1
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In conclusion: it is possible to freeze the teleported 
parameters by controlling the initial atomic-field parameters 
and meanwhile the teleported state keeps its local informa-
tion. These results may be useful in the context of secure 
quantum communication.

Acknowledgements A.E.A. acknowledges the hospitality of the Abdus 
Salam International Center for Theoretical Physics (Trieste, Italy).

Fig. 10  The figures a, c represent the Contour behavior of q
� and b, d represent  t

�
 in resonance case, where 𝜃 = 𝜋∕2, n̄ = 2 and n = 2 for a, b 

and n = 4 for c, d 
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