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Two most significant phenomena can take place under this 
exposure, are high-order harmonic generation (HHG) and 
above threshold ionization (ATI), where HHG is the best 
solution for producing attosecond pulses of extreme ultra-
violet (EUV) [1, 2]. For more than two decades, scientists 
have been trying to produce attosecond pulses experimen-
tally, or predict the behavior of these types of ultrashort 
pulses theoretically. The first experiments on the attosec-
ond pulse production [3, 4], were performed on the basis 
of theoretical investigations previously developed [5–8]. In 
those experiments femtosecond pulses were radiated to the 
targets, including argon or neon gases. Although the most 
common and suitable underlying harmonic generation pro-
cesses utilize atomic gas targets [9, 10]; however, molecules 
[11–13], plasma plumes [14–16], dielectric and metallic 
surfaces [17, 18], and solids [19] such as graphene flakes 
[20], and even bulk crystals [21, 22] have also been used 
for HHG. Because of the highly complicated theoretical 
studies in the case of heavy molecules, most of theoretical 
and numerical investigations considered the simplest atomic 
or molecular systems such as hydrogen (H) [23], helium 
ion (He+) [24, 25], hydrogen molecule or its ion molecule 
(H2 or H2

+) or their isotopes [26–29], and so on. In these 
studies, several initial conditions such as peak intensity [30, 
31] or wavelength of the pulse [32, 33], and also electric 
field’s polarization [13, 34, 35] and its angle with respect to 
the axis of the molecule [36–38] are investigated. Further-
more, chirp effect on the oscillation frequency [25, 39–41], 
and the effect of the multicolority of the electric field [34, 
39, 42], and even the initial energy level of the atom or 
molecule at the instant of the pulse impact [43, 44] have 
been studied. The results of these effects on the behavior 
of the extracted harmonics, and the attosecond pulses, both 
in one [39, 45] and three dimensional [27, 46] approaches, 
are investigated.

Abstract  In this article, femtosecond pulses, especially 
designed by multicolor beam superposition are used for 
high-order harmonic generation. To achieve this purpose, 
the spectral difference between the beams, and their width 
are taken to be small values, i.e., less than 1 nm. Apply-
ing a Gaussian distribution to the beam intensities leads 
to a more distinct pulses. Also, it is seen that these pulses 
have an intrinsic linear chirp. By changing the width of the 
Gaussian distributions, we can have several pulses with dif-
ferent bandwidths and hence various pulse duration. Thus, 
the study of these broadband pulse influences, in contrast 
with monochromatic pulses, on the atomic or molecular tar-
gets was achievable. So, we studied numerically the effect 
of these femtosecond pulses on behavior of the high-order 
harmonics generated after interaction between the pulse and 
the atomic hydrogen. For this study, we adjusted the beam 
intensities so that the produced pulse intensity be in the over-
barrier ionization region. This makes the power spectrum of 
high-order harmonics more extensive. Cutoff frequency of 
the power spectrum along with the first harmonic intensity 
and its shift from the incident pulse are investigated. Addi-
tionally, maximum ionization probability with respect to the 
pulse bandwidth was also studied.

1  Introduction

The prominent way to study atomic or molecular dynam-
ics is to expose these systems to an intense laser radiation. 
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High-order harmonics are generated from atoms or mole-
cules through an ionization and recollision process described 
by the semi-classical so-called three-step model [1, 5, 6]. 
Radiation of the intense laser field of a femtosecond pulse 
to the atoms of a target results in extraction of high-order 
harmonics of the incident frequency, and in conclusion, an 
attosecond pulse train may be generated. EUV super con-
tinuum generation is a highly nonlinear process and deeply 
sensitive to slight changes in the color of the laser pulse.

In this article, we designed a broadband femtosecond 
laser pulse, by superposing too many continuous wave (CW) 
beams having a color difference and a width of less than 
1 nm. It is not interesting to see that the superposition of CW 
beams gives rise to generation of a pulse. But surprisingly, 
it can be seen that the pulse duration is in the order of fem-
tosecond. Also we observed that these femtosecond pulses 
have an intrinsic chirp. Essentially in this paper we planned 
to study how a broadband pulse, affects the HHG spectra and 
the other behaviors, related to the interaction of this pulse 
with the gaseous jet target of the atomic hydrogen. These 
types of pulses, however, have an essential difference with 
amplified spontaneous emission (ASE) pulses. In these types 
of pulses, all components of the pulse have arranged phase 
relations; for example, in this paper, they are locked at the 
zero phases. But, in an ASE pulse, the components are not in 
a phase relationship. Beam intensities have been distributed 
to a gaussian function, centered at 800 nm, and limited to 
300–1300 nm area. These distributions have different full 
width at half maximum (FWHM) from 26 to 476 nm. It is 
noteworthy that for this study, HHG spectrums with broader 
plateaus are favorable. Thus, the peak intensities of pulses 
have been chosen to be in the over barrier ionization region, 
i.e., I0 > Ib

H, where for hydrogen-like atoms we can find that 
Ib = 4 × 109 Ip

4/Z2, where Ib is the threshold ionization inten-
sity in W/cm2, Ip is the ionization potential in eV, and Z is 
the charge state of the relevant atom. Thus, for hydrogen 
atom Ib

H = 140 TW/cm2 as mentioned in [47]. In this work 
all of the pulse intensities have been set to be 400 TW/cm2.

Pulse duration, behavior of the intrinsic chirp, behavior 
of recollision time and energy, maximum ionization prob-
ability, cutoff frequency in the power spectrum, intensity 
and location of the first harmonic spectrum, and also its 
shift from the incidental pulse in terms of different pulse 
widths, are investigated in this work. As it will be seen more 
clearly in subsequent sections, we clip the tail of the pulse 
when the amplitude of the electric field drops to about 2% 
of the maximum. Further tail of the pulse does not impose 
significant changes in the harmonic spectrum except for the 
intensities of the frequencies about 7ω0 and 10ω0, at the 
beginning of the plateau. ω0 is the frequency corresponding 
to 800 nm in wavelength. It is amazing to see that the tail 
of the pulse affects the spectrum, remarkably just, at these 

two frequencies. The relative intensity of the spectrum, i.e., 
I(ω)/I(ω0), at these two frequencies increases by the tail. 
To present these behaviors, we begin with the theoretical 
modeling, and subsequently, the results will be obtained by 
employing the numerical solution of the time dependent 
Schrödinger equation (TDSE).

2 � Theoretical approach

In this paper, we investigate high-order harmonic genera-
tion by developing a special multicolor electric field based 
on the superposition of several electric fields whose wave-
lengths differ by a little constant value, and applying this 
electric field to a target of a hydrogen atom. In these types 
of calculation, we can consider the single active electron 
approximation (SAEA). We begin with introducing the 
field and subsequently the model of HHG. In this article, 
we used Hartree atomic units (a.u.), where the numerical 
values of the four fundamental physical constants (me, e, ħ, 
ke = 1/4πε0) are all unity.

2.1 � Electric field

In this study, we attempt to produce a femtosecond pulse 
with a linearly polarized electric field by superimposing 
many linearly polarized CW electric fields. Actually, we aim 
to produce broadband femtosecond pulses, with the follow-
ing Gaussian wavelength distribution:

λ0 = 800 nm is the center and Δλ is the width of the spec-
trum. Indeed, we plan to produce F(λ) by superposing sev-
eral CW beams having Gaussian bands as:

where M is the total number of beams, A is a constant, λm is 
wavelength of the mth beam and δλ = λm − λm − 1 is the color 
separation of the beams. The value of δλ is taken to be a few 
nm or sub-nm in wavelength and the beams’ spectral width 
is set to be about δλ. The beams’ wavelengths (λm) are taken 
from 300 nm [in the ultraviolet (UV) region] to 1300 nm [in 
the near-infrared (NIR) region]. Figure 1a shows Gaussian 
distributed intensities for the case when Δλ = 212 nm and 
δλ = 10 nm.
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In Fig. 1b, we have plotted all electric fields with different 
wavelengths and amplitudes related to Fig. 1a. According to 
Eqs. (2, 3), the amplitude of mth electric field is proportional 
to F(λm). Thus, we can write the total electric field as:

Here, a0 is a constant defined in the way that the maximum 
amplitude of the total electric field to be E0 = 0.107 a.u., 
related to the peak intensity of 400 TW/cm2 (4 × 1014 W/
cm2), and also ωm = 2πc/λm, where c is the speed of light in 
vacuum, and f(t) = 1 − exp(−0.005t) is introduced to shape 
the rising part of the pulse as smooth as possible.

Figure 2a represents the resulted electric fields with 
Δλ  =  212  nm and for two cases of δλ  =  10  nm and 
δλ = 0.5 nm. It is worthy of attention that the applicable 
head in both produced electric fields are the same, but, it 
is preferred to utilize the narrower lines (δλ = 0.5 nm) due 
to perfectness of the tail. As can be seen in Fig. 2a end of 
the electric pulse is represented by Tend. We set Tend such 

(4)E(t) = a0 f (t)

M∑

m=1

sin(�mt)F(�m).

that the amplitude of the electric field drops to 2% of the 
maximum, E0, or equivalently, when time reaches about 
2.5 times as larger as the pulse duration (Tend = 2.5 Δt). 
For further applications, the rest of the total electric field 
(distortion-free region) is defined to be the tail with dura-
tion of Ttail, which it can be adjusted for the desired values. 
Another remarkable feature of the produced electric field 
is the dependency of its oscillation duration on time. In 
other words, the electric field has an intrinsic chirp. Fig-
ure 2b shows this effect for two cases of δλ = 10 nm and 
δλ = 0.5 nm. It can be inferred from Fig. 2a that oscilla-
tion duration for both cases must coincide at least until the 
time Tend. Figure 3 depicts the behavior of the pulse dura-
tion versus the spectral pulse width. As can be deduced 
from this figure, the behavior of Δt with respect to 1/Δλ 
is linear. This means that we can define a simple rational 
function of the form Δt = m + n/Δλ for this relationship. 
This is simply a consequence of the standard time-band-
width product describing the pulse duration of a transform 
limited pulse based on a certain spectral width. In Fig. 4, 

(a)

(b)

Fig. 1   a By assuming the Gaussian distribution for each beam’s 
spectrum with a width of δλ, and color difference of δλ, the com-
plete distribution of the main pulse spectrum, F(λ), is reproduced by 
summing these narrow Gaussian functions. b The electric fields con-
tributed to producing the final electric field. As can be seen, all of 
them are bounded to f(t). In this figure Δλ is taken to be 212 nm, and 
δλ = 10 nm

(a)

(b)

Fig. 2   a Total electric field produced by the multicolor beam super-
posing for Δλ = 212 nm and for two different values of δλ = 10 nm, 
and δλ = 0.5 nm. It is attractive to see that the main deduced and usa-
ble electric field is the same for both cases. The tail for both values 
of δλ is considered from Tend till it is desired, before distortions take 
place. Tend is the instant when E (Tend) = 0.02 E0. b Oscillation dura-
tion of electric fields corresponding to a versus time. This figure rep-
resents the intrinsic chirp for these types of electric fields
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we showed the intrinsic chirp of the pulses for different 
values of Δλ, and it can be seen in the inset of this figure, 
that the intrinsic chirp effect is almost linear in this time 
range. Each of the curves is plotted within the effective 
time of the pulse, i.e., from the beginning to Tend, when 
the chirp effect has not distorted yet. Slope of the linear 
chirp versus Δλ is also plotted in the inset of the figure. It 
has been shown in this figure that for lower Δλ, related to 
larger Δt, the oscillation duration changes very slowly in 
time. In other word, the chirp effect in the case of short Δλ 
can be ignored. As it can clearly be seen in these figures, 
by reducing Δλ to very small values in which the pulse 
has almost a certain frequency, the time duration of the 

pulse tends to infinity at first, and secondly, the chirp effect 
vanishes. In other words, in this case, we have a single 
frequency CW beam, actually, we chose one of the beams. 
It is worthy of mention that this figure is independent of 
the peak intensity of the pulse.

Classical mechanics may help in analyzing the electron 
trajectory. In the semi-classical Simple Man’s three-step 
model, the atomic potential is deformed due to strong laser 
field and electron can tunnel to the continuum.

In this model the calculations are made within the strong 
field approximation (SFA) neglecting the ion coulomb field 
for the propagation of a liberated electron. Additionally, the 
coulomb field is considering as a short range potential, 
therefore the trajectories of the electron start at the origin 
and also electron recombines with ion at the origin. Further-
more, this model assumes that the electron has zero velocity 
right after the tunneling process. Classical electric force, 
applying to a free electron by an external electric field E(t) 
is determined by mea(t) = −eE(t), where me and e are the 
mass and charge of the electron, respectively, and a(t) is the 
acceleration of the free electron as it moves under the influ-
ence of the laser electric field. We assume that the electron 
ionization takes place at ti and recombination of the electron 
with its parent ion takes place at tr > ti. Thus, velocity of this 
electron, v(t,ti), and its trajectories, r(t,ti), at every time t 
before tr (i.e., ti ≤ t ≤ tr) in atomic unit can be obtained from 
v(t, ti) = ∫ t

ti
E(t�) dt� and r(t, ti) = ∫ t

ti
dt� ∫ t�

ti
E(t��) dt��, respec-

tively. Multiphoton and tunneling ionization are two compet-
ing ionization processes that happen at low frequency [48]. 
The Keldysh parameter, γ, determines which process can 
happen:

where IP is the ionization potential and for hydrogen atom 
IH
P = 0.5 a.u. or equivalently 13.6 eV. UP represents the pon-

deromotive potential of the laser field UP = I/4 ω2, ω is 
the field frequency and E0 is the maximum amplitude of 
the field. According to this equation, the Keldysh param-
eter linearly depends on the frequency in this work. Fig-
ure 4 indicates that in all of these 10 cases of Δλ, oscillation 
periods changes between 2.7 and 4.8 fs. In other words, the 
frequency of these fields varies from 0.032 to 0.056 a.u., 
i.e., for I0 = 400 TW/cm2, or E0 = 0.107 a.u., in all cases 
γ < 1. This result, confirms that tunneling ionization is the 
dominant mechanism for these fields and also for higher 
fields. However, it can be found that the tunneling ioniza-
tion threshold satisfies by I0

min = 111 TW/cm2 in this study. 
Again, we mention that, these results were obtained due to 
independency of Fig. 4 to the field strength. As mentioned 
above, the returning of the electron must take place at the 
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Fig. 3   Pulse duration (Δt), versus the spectral pulses width (Δλ). 
Inset shows the pulse duration versus 1/Δλ, which indicates that the 
pulse duration changes linearly with respect to 1/Δλ. In this figure, 
δλ = 0.5 nm

Fig. 4   Oscillation duration of the pulse versus time (intrinsic chirp) 
for various Δλ in the effective part of the pulses (before Tend). The 
quantities mentioned next to each curve represents Δλ. Time axis is 
in logarithmic scale for having all data in the window. In the inset the 
data are plotted so that the time axis is in linear scale. We can see the 
intrinsic chirp effect changes almost linearly in time. Thus, we calcu-
lated the slope of each curve and showed them in another figure in the 
inset. Also in this figure δλ = 0.5 nm
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origin. So, we can find the recombination time tr with respect 
to the ionization time ti by solving the following equation

and the recollision kinetic energy K(tr,ti) of electron, in 
atomic units, can be obtained as follows:

Figure 5a depicts the classical relation between recollision 
and ionization times for three typical values of Δλ = 106, 212, 
and 423 nm. Because of the similarity, we focus on the case 
Δλ = 212 nm. Figure 5b shows the recombination energy 
of the electron versus time for this case. As we see in this 
figure there are two distinct profiles corresponding to recol-
lision energy. Recombination and ionization profiles are cor-
responding to recombination energy versus tr and ti, respec-
tively, i.e., when the recombination profile is under the study, 
the time scale represents tr and vice versa. At first glance, this 

(6a)∫
tr

ti

dt ∫
t

ti

E(t�) dt� = 0,

(6b)K(tr, ti) =
1

2

[

∫
tr

ti

E(t) dt

] 2

.

figure shows that, for all cases, no recombination takes place 
before ionization time, consequently we should not expect 
any recombination before tr1 = 1.34 fs, thus no recombination 
energy is predicted before this time as shown in recombination 
profile in Fig. 5b. As can be seen in Fig. 5a, there are no val-
ues for tr in some periods of ionization times. These periods 
of times, represented by the blue (light gray) colored areas. It 
means that if an electron ionizes at the moment in these areas, 
it will not return to the parent ion, and thus, no recombination 
energy is predicted for this electron. This fact is also shown 
in Fig. 5b with blue (light gray) colored regions. We remem-
ber that these areas in this figure are related to the ionization 
profile. As we know, electrons that ionized earlier, recombine 
later. Due to this fact, we can assume short trajectories and 
long trajectories for the motion of free electrons in the laser 
electric field. For example, recombination energies related 
to the first trajectories of the electron are demonstrated in 
Fig. 5b, as ST1 (for 1st short trajectory) and LT1 (for 1st long 
trajectory). It can be understood from the ionization profile in 
this figure that, if the electron releases its parent ion in each 
ionization time represented by A, B, C, …, it will return to the 
ion with maximum recombination energy. These points, can 
also be illustrated in the recombination profile, as A′, B′, C′, 
etc., and correspond to tr2 = 2.54 fs, tr3 = 3.88 fs, tr4 = 5.24 fs, 
etc., respectively. These points, marked in Fig. 5a, are fron-
tiers between short trajectories and long trajectories. Also it 
is worthy of mention that for some tr, there are more than one 
ti. For example, as is shown in Fig. 5a by a horizontal line, 
and in Fig. 5b by a vertical line, at tr4 we can recognize three 
different trajectories with various recombination energies for 
the electron returned to the ion. In other words, for example, 
the recombined electron at tr4 could be initially ionized at 
three different moments before, represented by C′, C′, and C‴ 
related to ti = 0.49, 1.97, and 3.49 fs, respectively. Recombi-
nation energy of this electron determines its trajectory. This 
is because of the electron has more opportunities for recom-
bination if it ionizes at C‴ or C″ and or even at C′ moment. 
For example, in Fig. 5a by drawing a vertical line passing 
through the C‴ point, at about 0.5 fs, we see that there are 
three possibilities for the electron to recombine with its parent 
ion with three different recombination times. The later recom-
bination corresponds to the smaller laser field amplitude, thus 
the electric force on the electron becomes smaller and hence 
the recombination energy of the electron is decreased. Briefly, 
we can describe the curves depicted in Fig. 5b point by point 
using the relations between ionization and recollision times 
shown in Fig. 5a, and vice versa.

2.2 � Numerical method for high‑order harmonic 
generation

As it was shown in the previous section, superposing sev-
eral electric fields related to the CW beams resulted in 

(a)

(b)

Fig. 5   a Recombination time tr in terms of the ionization time ti of an 
electron, for Δλ = 106, 212, and 423 nm. b Kinetic energy of an elec-
tron at the recombination instant for the case of Δλ = 212 nm. The 
plus sign and dark-blue curves represent directly the kinetic energy 
versus tr. Besides, the x sign and orange curves show the recombina-
tion energy of the atom ionized at ti. Solid curve is the electric field. 
IP represents the ionization potential corresponding to 13.6 eV
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Two equations above mean that any part of the wave 
function inside the calculation window is not considered 
ionized and still bound. 

3.	 The laser-induced dipole moment and acceleration

4.	 The power spectrum of the high-order harmonics 
obtained from the absolute square of the Fourier trans-
forms of the dipole acceleration a(t)

where T = Tend + Ttail is the total duration of the pulse. 
Then, we can find the width-frequency distribution of 
high-order harmonics’ intensities, as it will be discussed 
in subsequent sections. 

5.	 Time–frequency distributions of the harmonics’ intensi-
ties, defined by the Morlet-wavelet W[a] = w(ω,t) of the 
dipole acceleration a(t) as [49, 50]

Parameter σ is adjusted for the best balance between the 
resolutions in time and frequency domains and in this work 
it was chosen to be equal to 2π for the best result. Some 
authors use the Gabor transform to show the time–frequency 
distribution of the harmonics’ intensities [51, 52], but in this 
study we preferred to use Morlet-wavelet transform, because 
it provides more details.

3 � Numerical results

In the previous section, using a set of especially designed 
linearly polarized and naturally chirped electric fields, inter-
acting with hydrogen gas as target, 1D-TDSE of this system 
is introduced. We planned to identify how these laser fields, 
affect the electron’s dynamics. In this section we will delib-
erate the impact results of these femtosecond pulses on the 
hydrogen atom. The set consists of 10 selected band-widths 
(Δλ) from Δλ = 26 to 476 nm. As mentioned previously, 
the spectral distribution has a Gaussian function centered 

(12)d(t) = ⟨�(z, t)�z��(z, t)⟩,

(13)a (t) = −E − ⟨�(z, t) � � V(z)

� z
�� (z, t) ⟩.

(14)S(�) =
|||||
1

T ∫
T

0

a(t) e−i� t dt
|||||

2

,

(15)w(�, t) =

�
�

�
√
� ∫

t

0

a(t�) e
−

�2(t−t� )2

2�2 ei� (t−t�) dt�.

production of a linearly polarized electric field of a fem-
tosecond pulse. Then, we can study the effects of these 
new designed pulses on the HHG in the hydrogen atom. 
After adjusting the electric field impacting on the target 
atoms, solution of the time dependent Schrödinger equa-
tion (TDSE) and finding the wave function of the electron, 
is the first step of this research. To study the dynamics of 
the electron under the influence of the electric field, TDSE 
is one of the most powerful methods. Especially here, we 
used a linearly polarized electric field along the z direc-
tion, thus, solving the TDSE in one dimension (1D-TDSE), 
along the z direction, is a good approximation to describ-
ing the HHG. So, we have

w h e r e  Ĥ = T̂z + U(z, t),  T̂z = −(𝜕2
/
𝜕 z2)∕2 ,  a n d 

U(z,t)  =  V(z)  +  zE(t). Here, E(t) is linearly polar-
ized electric field, and we used the soft-core potential 
V(z) = −(z2 + α)−1/2 to introduce the atomic potential. α 
sets in the way to avoid singularities in the origin, and in this 
study is taken to be 1. In order to solve Eq. (7), in this paper 
we apply the split-operator method. For one step in the time 
scale, by a good approximation, we can rewrite Eq. (7) as 
𝜓 (z, t + Δt) ≃ exp

[
−i Ĥ Δt

]
𝜓 (z, t), where the split opera-

tor method gives us

and to avoid the spurious reflections at the walls of numeri-
cal window, the electron’s wave function is multiplied by a 
musk function of the form cos1/8 in each time steps [47]. By 
the use of the approximation called Cayley form [30] and 
utilizing the finite difference method, the numerical solution 
of Eq. (8) is attainable. In the simulation, we set dz = 0.05 
a.u. in length and dt = 0.05 a.u. in time scale. Thus, the 
wavefunction deduced from Eq. (8) is used for computing 
other physical quantities of interest. For example:

1.	 The influence of the initial norm in the wavefunction 
N0(t) and instantaneous norm of the wave packet N(t) as

2.	 The ionization probability P(t),

(7)

i
𝜕 𝜓 (z, t)

𝜕 t
= Ĥ 𝜓 (z, t) =

[
−
1

2

𝜕2

𝜕 z2
+ V(z) + z E(t)

]
𝜓 (z, t),

(8)
𝜓 (z, t + Δt) ≃ exp

[
−i T̂z

Δt

2

]
exp (−i U(z, t) Δt)

× exp
[
−i T̂z

Δt

2

]
𝜓 (z, t) ,

(9)N0(t) =
⟨
�0(z, t)

|| �(z, t)
⟩
,

(10)N(t) = ⟨�(z, t) � �(z, t)⟩.

(11)P(t) = 1 − N(t).
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at λ0 = 800 nm and the color difference between the beams 
is set to be δλ = 0.5 nm in this study. The scales of the 
time–distance window was adjusted to be 200 a.u. in the 
electronic coordinate and Tend for the time axis, related to the 
length of the electric field. During the 1D-TDSE simulation, 
to achieve a reasonably accurate results, we set dt = 0.05 
a.u. and dz = 0.05 a.u. For example, in this section we study 
the effect of two types of these electric fields correspond-
ing to Δλ = 212 nm, and Δλ = 26 nm to get a fair sense of 
distinctions. Figure 6 depicts these electric fields. In agree-
ment with Fig. 3, we can see that broadening of the spectral 
width results in shortening the pulse width. Influence of 
these electric fields on the hydrogen atom affects the electron 
dynamics. Electronic probability density, (z, t) = |ψ(z,t)|2, 
in Fig. 7, shows its dependency to the behavior of the elec-
tric field. 

Using the wave function of the electron, ψ(z,t), the 
parameters such as the instantaneous norm N(t), the ioniza-
tion probability, P(t) = 1 − N(t), contribution of the initial 
wave function in evolution of the wave function, N0(t), 
dipole momentum, d(t), and acceleration, a(t), the power 
spectrum of high-order harmonics, S(t), and also time–fre-
quency distribution of high-order harmonics intensities, 
can be calculated. Figure 8 presents N0(t), N(t), and P(t) 
along with the classical ADK ionization rate [53] as a func-
tion of time for two cases of Δλ = 26 and 212 nm. In 
Fig. 8a, c we have plotted the N0(t) in the logarithmic time 
scale to see clearly how it drastically depletes at the begin-
ning of the incident pulse. In Fig. 8b, d we can see the 
instantaneous norm of the wavefunction, N(t), and ioniza-
tion probability, P(t). Presence of the ADK ionization rate 
curves along with N0(t) and N(t) in Fig. 8 elucidates deple-
tion manner of N0(t) and N(t) with time. For example, in 
Fig. 8c it can be seen that each peak in ADK ionization 
rates such as A, B, …, (corresponds to a small mitigation 
in N0(t)). Existence of lots of peaks in the ADK ionization 
rate for the case when Δλ = 26 nm associates to nearly 
complete alleviation of N0 and N, and vise versa for 

Δλ = 212 nm. Also, a comparison with Fig. 6 shows that 
the most probable ionization process takes place when the 
laser electric field reaches its maximum. Figure 9 depicts 
the maximum ionization probability Pmax versus 1/Δλ cal-
culated at the end of the pulse, Tend (without considering 
any extra tail), as is marked in Fig. 8, and the inset shows 
this probability versus Δλ. This figure shows that by 
increasing Δλ, maximum ionization probability decreased. 
It can easily be understood from the fact that the 

Fig. 6   Electric fields of two 
typical femtosecond pulses 
produced from the Gaussian 
spectral distribution of width a 
26 nm and b 212 nm
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amplitudes of all the laser fields under the study have the 
same maximum, independent of the pulse duration. In other 
words, pulses with the smallest bandwidths are longer. 
Consequently, more laser cycles contribute to the total ioni-
zation. Therefore, Pmax must increase by decreasing Δλ. 
Figure 10 depicts the dipole momentum d(t) and accelera-
tion a(t) for two cases of Δλ = 26 nm and Δλ = 212 nm. 
Using dipole acceleration and wave function of the elec-
tron, ψ(z,t), and via Eq. (14) we can calculate the power 
spectrum of high-order harmonics. Behavioral illustration 
of power spectrum with respect to Δλ is depicted in Fig. 11. 
In Fig. 11a, for Δλ = 26 nm, we have compared the har-
monics spectrum related to two values of pulse intensities 

corresponding to I0 = 111 TW/cm2 (red-dashed curve), 
below the barrier ionization intensity, and I0 = 400 TW/
cm2 (blue-solid curve), over the barrier ionization intensity. 
It is seen that in this case of over barrier ionization, not 
only the cutoff energy does not become lower than the clas-
sical cutoff (IP + 3.17 UP), but also, values of the harmon-
ics power related to both values of intensities are almost 
the same. On the other hand, the broader plateaus of the 
harmonic spectrums are more favorable in this study, there-
fore, we can continue with laser pulses with the intensity 
of 400 TW/cm2. Since the pulse has a distributed wave-
length spectrum, the ponderomotive energy UP has a 

Fig. 8   a, c The norm of the ini-
tial wave function of the atomic 
hydrogen, N0(t); b, d instantane-
ous norm, N(t), and ionization 
probability, P(t), of the atom, 
when Δλ = 26 and 212 nm, 
respectively. ADK ionization 
rates are also included in these 
figures. The relation between 
the ADK ionization rate and 
N0 can be clearly seen in these 
figures
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Fig. 10   Dipole momentum, and acceleration of the electron in the 
external electric field of the femtosecond pulses corresponding to a, 
b Δλ = 26 nm and c, d Δλ = 212 nm, respectively. All the figures are 
plotted for the case when Ttail = 0
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frequency distribution of UP(ω) = I(ω)/4ω2, and because 
the distribution of its intensity has a peak, UP also has a 
peak in the frequency distribution, and hence we cannot 
designate a certain frequency for introducing the classical 
cutoff for recombination energy (IP + 3.17 UP). Thus, in 
this figure maximum classical cutoff is identified. Besides, 
it can be seen from Fig. 11 that the cutoff harmonics hap-
pens in a sense far from the classical prediction. Also, in 
Fig. 12 the width–frequency distribution of harmonics’ 
intensities can briefly be seen. Indeed, the vertical axis 
represents the harmonic spectrum, and the horizontal axis 
shows the width of the pulse, Δλ. In this figure, we can find 
that the cutoff frequency of the spectrum increases by Δλ. 

Furthermore, time–frequency distribution of the harmon-
ics’ intensities can also be studied using the Morlet-wavelet 
transform introduced by Eq. (15). Figure 13 shows the 
time–frequency distribution of the harmonics intensities. 
Figure 13a–j is related to 10 especially produced broad-
band pulses of Δλ = 26–476 nm, respectively. The hori-
zontal axis shows the recombination time, tr, and the verti-
cal axis shows high-order harmonics of the central 
frequency ω0. In this figure, we can clearly see the trajec-
tories of the electron. For example, Fig. 13e is related to 
Fig. 5b and we can compare these two figures. Although, 
Fig. 5 was deduced from classical theory, we can see a lot 
of similarities between these two figures. As mentioned 
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Fig. 11   Power spectrums of HHG using femtosecond pulses with 
10 different Δλ from 26 to 476  nm, depicted in a–j, respectively. 
In a we compare the power spectrum that resulted from two differ-
ent pulses with various intensities. Red-dashed curve corresponds to 

I0  =  111  TW/cm2 and blue-solid curve shows the power spectrum 
related to I0 = 400 TW/cm2. In the rest of the figures I0 = 400 TW/
cm2. These figures show that the cutoff harmonic increases by 
increasing Δλ. In these figures ω0 = 0.057 a.u. and Ttail = 0
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above, trajectories seen in Fig. 13e are related to the recom-
bination profile in Fig. 5b, and it is expected that behaviors 
of the trajectories in these two figures be the same. For 
example, points A′, B′, C′, etc., in Fig. 13e are related to 
the maximum recombination energies represented in 

Fig. 5b. In addition, higher order trajectories of the electron 
such as B″, C″, C‴, etc., can also easily be observed in 
Fig. 13e. However, there are some differences between 
these two figures, such as predicted in the recombination 
process before tr1, represented by X in Fig. 13e. Classical 
theory could not predict this trajectory,whereas this trajec-
tory is seen from solving the TDSE in quantum mechanical 
analysis. There are some interesting behaviors in the power 
spectrum deduced by these especial electric fields. To 
introduce these behaviors we review, for example, the HHG 
using the pulse with a spectral width of Δλ = 212 nm from 
a different point of view. Figure 14 shows this spectrum 
again, but with the power axis in the linear scale. In the 
figure, it is indicated that the main frequency distribution 
(as the first harmonic), is re-generated by a little red-shift, 
about Δω/ω0 = 0.08 from frequency distribution of the 
initial incident pulse. This red-shift might be because of 
some losses occurring during three steps of the process, 
such as possible radiations occurring during electron accel-
eration in the laser field, etc.; or because of the approxima-
tions that have been applied in the simulation technique, 
such as single-active-electron approximation and neglect-
ing the motion of the nuclei during three steps of ionization 
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till the recollision processes; or assuming that the electron 
is ionized by zero velocity, and so on. Another worthy of 
attention effect is growing two of the harmonics up by 
increasing the tail of the pulse. These harmonics are those 
generated at the initiation of the plateau. As is observed 
from Fig. 14, harmonics intensities related to ω/ω0 = 6.92 
and 10.14 grown up by the tail of the pulse. It is more 
interesting to find that this effect can be seen for other 
values of Δλ. Figure 15a shows the peak intensity of the 
first generated harmonic spectrum, introduced by Sfirst, with 
respect to the spectral width of the pulse, Δλ. We have 
already mentioned that the first harmonics have a spectrum 
and are not in the exact frequency, because the incident 
femtosecond pulse has a spectrum. As is shown in Fig. 14, 
the first harmonics spectrum shifted from incident pulse. 
This shift increases versus Δλ, and is demonstrated in 
Fig. 15b. Figure 16 compares the cutoff order of the har-
monics in the case of I0 = 400 TW/cm2 with those related 
to I0 = 111 TW/cm2, versus Δλ. Figure 16a is related to 
I0 = 111 TW/cm2, below the barrier ionization region, and 
it can be seen that the classical prediction of the cutoff 
harmonic is somehow in agreement with the main cutoff 

deduced from TDSE solution, as mentioned in [48]. Fig-
ure 16b, deduced from Fig. 11 for the field intensity of 
I0 = 400 TW/cm2, in the over barrier ionization region. 
This figure can be compared with Fig. 12. As Fig. 12 
shows, for Δλ = 272 nm, the first cutoff begins to somehow 
reduction drastically; moreover, coincidentally, a growth 
to some larger harmonics is began. For the values of Δλ 
over 300 nm, the cutoff harmonic becomes lower than the 
classical analysis anticipation, similar that mentioned in 
[48] for over barrier ionization region. Although, the sec-
ond rising cutoff continues the increasing behavior of the 
first cutoff, however, harmonics efficiency after the main 
cutoff drastically drops and the HHG process becomes inef-
ficient [48, 54, 55]. Finally in Fig. 17 we show that the rela-
tive intensities of the first robust harmonics generated, i.e., 
S6.92/Sfirst and S10.14/Sfirst, increase by the tail of the pulse. 
This figure is produced for three values of Δλ = 106, 212, 
370 nm.         

Fig. 14   Power spectrum 
of the pulse correspond to 
Δλ = 212 nm for two cases of 
Ttail = 0 (black solid line) and 
Ttail = 20 fs (blue or gray solid 
line). Red dashed line represents 
the spectrum corresponding to 
the incident pulse. Left inset 
shows the whole generated 
spectrum in the logarithmic 
scale. Right inset shows clearly 
that intensities of two orders of 
harmonics are evidently larger, 
and their intensities grow up by 
the tail
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4 � Conclusions

In this article, we designed especial types of femtosecond 
laser pulses, through superposition of several CW beams 
with FWHM lower than 1 nm. There is a constant value, 
in the order of sub nm, of difference between the beams’ 
color. The most important assumption is that these beams 
are locked at zero phase. This essential assumption is the 
only and enough condition to produce a femtosecond pulse 
through superposition of the beams. Also by considering a 
Gaussian distribution centered at 800 nm for amplitudes of 
the beams, we can have different pulses with various spectral 
widths and therefore with several pulse durations. In the 
study of high-order harmonic power spectrum, we needed to 
have some border plateaus. Thus, we decided to calculate the 
harmonics behaviors under the influence of some pulses by 
the intensities in the over barrier ionization region, i.e., we 
have set I0 = 400 TW/cm2, where for hydrogen atom, barrier 
ionization intensity is Ib

H = 140 TW/cm2. Against to some 
investigations in the literature, some of these intense fields 
by Δλ below 300 nm, lead to the cutoff in agreement with 
the classical cutoff energy prediction (IP + 3.17 UP). Also 
we found the minimum intensity of the field (I0 = 111 TW/
cm2) to satisfy the Keldysh condition for tunneling ioniza-
tion. Thus, willingly we used the higher intensity for this 
study. Two advantages of these pulses are: firstly, these 
pulses are produced without considering any pulse shaping 
processes, and secondly, these pulses have an intrinsic chirp 
effect that causes the harmonic spectrum to expand. After 
designing the pulses, we studied the behavior of hydrogen 
atom and specially dynamics of its electron under the influ-
ence of these types of femtosecond pulses. For example, 
wave function of the electron in external laser field, and 
consequently, ionization probability and norm of the wave-
function have been investigated. Also, dipole momentum 

and acceleration as well as the harmonics’ spectrum and 
time–frequency distribution of the harmonics intensities are 
numerically analyzed. During these studies we observed two 
interesting subjects: (a) first extracted frequencies, which 
have a spectrum dependence on the incident pulse, have a 
red-shift from the incident pulse, and (b) for two frequencies 
at the beginning of the plateau, i.e., ω/ω0 = 6.92 and 10.14, 
it is seen that their relative intensities, i.e., S6.92/Sfirst and 
S10.14/Sfirst, grow up by the tail of the pulse. By increasing 
Δλ, it was shown that the cutoff frequency of the spectrum 
and the shift of the first harmonic from the incident pulse is 
increased. In addition, a decrease in the maximum ioniza-
tion probability and in the first harmonic intensity was seen 
as a result of growing Δλ. Indeed in this article we studied 
the effect of a broadband femtosecond pulse on behavior of 
electron dynamics, and especially on high-order harmonics 
generation.
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