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1  Introduction

Optical feedback has been found to have an important 
impact on the operation of semiconductor passively mode-
locked lasers (MLLs). In general, MLLs exhibit different 
dynamics under feedback than their continuous wave (CW) 
counterparts due to their inherent multimode nature as well 
as the presence of the saturable absorber which imposes 
the phase locking between the longitudinal modes. Several 
previous theoretical and experimental works have investi-
gated the dynamics of quantum well or quantum dot MLLs 
under self-injection of short, intermediate or long delays. 
In the literature, the classification of the optical feedback 
time scale is usually based on the characteristic frequencies 
of the system and the corresponding lengths. A short delay 
feedback system is defined when the characteristic fre-
quency of the external cavity (fext) is higher than the relaxa-
tion oscillation frequency of the free running laser (fro), 
or equivalently when the distance to the external reflector 
(Lext) is lower than the corresponding relaxation oscillation 
length (Lro) [1]. Furthermore, the ultra-short delay feedback 
regime is defined when the length of the external cavity is 
lower than the length of the laser cavity (Llas) and in this 
case the mode separation of the internal cavity becomes 
shorter than that of the external cavity [2].

For intermediate and long external cavity lengths, it 
has been found that in the majority of cases a relatively 
reasonable feedback level enhances the temporal charac-
teristics of the semiconductor mode-locked lasers that is, 
decreases timing jitter and the related intensity noise and 
stabilizes the repetition rate [3–7]. The laser dynamics for 
this scale of feedback delays is dominated by the repeti-
tion rate pulling effect, which is manifested as a periodic 
sawtooth-like dependence of the repetition rate of the laser 
on the external cavity length [5, 6, 8]. The period of the 
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phenomenon equals the laser cavity length while the dif-
ference between the maximum and minimum values of the 
repetition rate equals the external cavity mode spacing. In 
this case, the external cavity length imposes the repetition 
rate of the laser to be an exact multiple of its characteristic 
frequency. Therefore, feedback and laser pulses are always 
synchronized which explains the findings of simulations 
and experiments related to increased performance of the 
laser in terms of phase and intensity noise.

The short external cavity case has been found to have a 
rich dynamics as well [7, 9, 10]. Here, the pulling effect is 
present as well but it is weaker and incomplete compared 
to the long cavity case due to the long spacing between the 
external cavity modes [7]. The timing characteristics of the 
laser have been found enhanced for integer cavity ratios 
(resonant case), whereas harmonic mode locking or mode 
locking collapse has been demonstrated, respectively, for 
fractional or irrational cavity ratios [9, 10].

All the above works study feedback-induced phenomena 
that exhibit a microwave scale periodicity which is related 
to the pulse repetition rate (the periodicity is equal to the 
laser cavity length). Therefore, in simulations and experi-
ments only macroscopic changes of the external cavity 
have been considered, usually in submultiples of the laser 
cavity whereas smaller scale dynamics are ignored. Nev-
ertheless, numerous studies for CW semiconductor lasers 
have shown that rich dynamics occur in a sub-wavelength 
scale when the external delay is within the laser coher-
ence (a brief review can be found in [2]). However, no such 
information for semiconductor MLLs has been reported. 
The present work is the first study to our knowledge which 
investigates with a sub-wavelength resolution the dynam-
ics of semiconductor MLLs induced by self-injection. In 
particular, by means of a detailed numerical analysis and 
the corresponding theoretical explanations, we elucidate 
the impact of optical feedback on the inherent characteris-
tics of semiconductor MLLs such as optical power, repeti-
tion rate, pulse intensity noise and timing jitter considering 
sub-wavelength changes of the external cavity. We focus 
our study on the ultra-short delay case (an analysis for CW 
lasers has been reported in [11, 12]) and extend our results 
to longer delays considering the impact of the coherence 
characteristics of MLLs. The results presented in this work 
can be particularly useful for the optimization of the mode-
locking operation in all cases where ultra-short external 
cavity lengths are involved such as in fiber-based power 
coupling applications as well as in integrated designs.

2 � Model details

Simulations presented in this paper have been performed 
with a delayed differential equation (DDE) numerical 

model for MLLs [6]. This model assumes a unidirectional 
ring cavity approximation for a quantum dot laser and was 
fine-tuned to achieve quantitatively matching results with 
a more accurate time domain traveling wave model, while 
maintaining its main advantage of being significantly faster. 
The model includes spontaneous emission noise and feed-
back terms to simulate the external cavity. Since the analy-
sis presented in the following sections is not based on the 
particular dynamics of quantum dot lasers, we assume that 
the results are valid for any similar semiconductor MLL. 
Full model details and laser fundamental parameters are 
given in [6]; here we just review what is absolutely impor-
tant for the comprehension of the paper. We consider a two-
section (gain and absorber) unidirectional ring laser with a 
(cold) cavity length equal to Llas  =  4  mm, emitting from 
the ground state at 1252 nm. Cavity refraction index for the 
ground state wavelength is 3.34. This configuration cor-
responds to a Fabry–Perot laser of 2 mm. With a forward 
current of 250 mA and an absorber voltage of −5.5 Volts 
the laser emits mode-locked pulses of ~5 ps duration at a 
repetition rate of approximately 22.2 GHz in free running 
state. The linewidth enhancement factor α of the laser is 
considered equal to 1, otherwise it is explicitly mentioned.

3 � Results and discussion

Figure 1 shows the laser average power, repetition rate and 
amplitude noise of the output pulse trains versus the exter-
nal cavity length which varies around a macroscopic value 
of 50 μm with ~30 nm step, assuming a feedback level of 
−40 dB. We realize that the dynamics of the laser exhibit a 
variation with a periodicity of λ, where λ = λ0/n = 375 nm 
is the wavelength in the external cavity of refractive index 
n = 3.34. Taking into account that in the simulation we use 
a ring laser, this periodicity corresponds to the well-known 
λ/2 condition of a Fabry–Perot cavity. The emitted aver-
age power oscillates around the free running value (black 
dashed line in Fig. 1), whereas the maximum and minimum 
values are obtained when the returning field is, respec-
tively, in and out of phase, with the laser field on the output 
cavity mirror. This picture is reminiscent of the behavior 
of CW semiconductor lasers under self-injection when the 
mirror position varies in a sub-wavelength scale and has 
been attributed to the induced effective reflectivity due to 
the coupling on the output mirror of the reflected field with 
the field in the laser cavity [2]. This effective reflectivity of 
the output laser mirror depends sinusoidally on the external 
cavity round-trip phase. Since the gain in the laser cavity 
is a function of the reflectivity, in the presence of optical 
feedback the gain varies periodically with the change of 
the optical phase of the return field, which in turn induces 
a modulation on the emitted optical power. Furthermore, 
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similarly to the average power, the repetition rate of the 
laser exhibits as well a periodic variation of ~10 MHz in 
the wavelength scale (red curve in Fig. 1), most likely due 
to the corresponding change of the lasing conditions. This 
periodicity of the repetition rate is in very good agreement 
with the experimental findings of [13] for a passively MLL 
under feedback from a tapered fiber and suggests a different 
mechanism compared to the sawtooth-shaped dependence 
with a period equal to the cavity length [5–8] that occurs 
when macroscopic changes of the (longer) external cavity 
are considered.

Moreover, the amplitude noise of the pulses has been 
evaluated by calculating the relative intensity noise (RIN) 
spectrum of the output field [6] and integrating the base-
band frequency range from 1  MHz to ~11  GHz. The 
upper frequency limit (11  GHz) is the half of the repeti-
tion frequency (~22 GHz) and corresponds to the Nyquist 
frequency since pulse peaks are used for the calculation, 
whereas the lower limit (1  MHz) is the reciprocal of the 
total duration of each time series (~1  μs). The integrated 
RIN versus the external cavity length is shown in Fig. 1b 
(blue curve) together with the optical power for reference. 
The RIN exhibits a similar periodic variation relative to the 
free running value (blue dashed line in Fig. 1b) being anti-
phase with the optical power variation. This behavior was 
theoretically predicted and experimentally observed for CW 
lasers under optical feedback in early works [14–16] and 
proposed as a method to reduce the phase and amplitude 
noise of the laser. The noise reduction was then explained 
within the context of the detuned loading effect proposed 
by Vahala et  al. [17] and extended for different cases in 
[18]. In [18], the amplitude noise variation was consid-
ered as the result of a modified amplitude-phase coupling 
under the influence of an external cavity with frequency/
phase dependent losses, which drives the laser to operate 
either in higher or in lower RIN levels than the free running 
value. Briefly, the amplitude fluctuations are transformed to 
phase noise through the intensity to phase coupling, thus 
generating a correlation between the amplitude noise and 
the instantaneous frequency. These perturbations of the 
output field are re-entering the laser cavity through the 
feedback path and drive the laser to change operation point 
depending on the optical phase of the external path. With 
this method, a reduction of amplitude noise was achieved in 
the case of CW lasers for frequencies lower than the char-
acteristic frequency of the external cavities, with a maxi-
mum of 1/(1  +  α2) and for operation near the threshold 
[16] (α is the linewidth enhancement factor). The relative 
intensity noise spectra for the maximum and the minimum 
RIN values of the oscillation are shown in Fig. 2 (red and 
blue curve, respectively). Besides RIN, the other signifi-
cant factor which determines the stability and quality of 
the mode-locked operation is the timing jitter of the emit-
ted pulses. This is a specific characteristic of MLLs with 
no sense in CW lasers, being directly related to the mode-
locking procedure since it is associated with the operation 
of the saturable absorber. In a first time, we used the pulse 
to pulse jitter as the metric for timing stability calculated by 
averaging the ensemble of successive timing fluctuations of 
pulses in a single noise realization supposing uncorrelated 
timing fluctuations [19]. The variation of the pulse to pulse 
jitter versus the external cavity length is shown in Fig. 1c 
(green curve with triangular points) together with the opti-
cal power for reference (black curve with circular points). 

Fig. 1   a Average power and repetition rate, b average power and rel-
ative intensity noise, c average power and pulse to pulse jitter versus 
the external cavity length for nanometric fine tuning around a mac-
roscopic value of approximately 50 μm. Dashed lines show the cor-
responding values for the free running laser
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It is obvious that the integrated jitter follows the amplitude 
noise oscillation (Fig. 1b), most likely due to the coupling 
of the amplitude to the timing fluctuations in the operation 
of a slow saturable absorber as shown in various works [20, 
21].

For all the above results, a time discretization (simula-
tion step) as low as 0.4  fs was necessary to appropriately 
resolve the 30 nm external cavity increments. This resulted 
in impractically long simulation times and huge datasets 
since sufficiently long time traces had to be simulated in 
order to be sure that the laser arrives at a stabilized state. 
Therefore, using the above-mentioned parameters, it would 
be impossible to perform a complete numerical analysis 
of the phenomenon considering several impact param-
eters (longer cavities, feedback level, linewidth enhance-
ment factor). For this reason, we performed our subsequent 
analysis based on the stroboscopic principle that is by tak-
ing snapshots at different phases of consecutive oscillatory 
cycles. By carefully selecting the stroboscopic frequency, 
we were able to use a time step as high as 8 fs which per-
mitted to obtain 14 points per period. This method is 
sketched in Fig. 3 and was used to acquire all data of Fig. 4 
and afterwards.

Figure  4 shows the simulated results for macroscopic 
cavities of approximately 30, 50, 110, 225 and 500  μm 
using the stroboscopic method. The 50 μm case permits to 
confirm the validity of the results obtained with the strobo-
scopic method since it gives identical results with the full 
step simulation of Fig. 1. From Fig. 4, we remark that with 
increasing external cavity the oscillations of power, repeti-
tion rate, RIN and jitter decrease and although they remain 
periodical, their sinusoidal form is progressively altered. 
This is most likely due to the combination of two co-exist-
ing phenomena. The first is the interference of the delayed 
and output fields on the laser output mirror which occurs 
within the coherence length of the mode-locked laser (the 
length that is reciprocal to the overall width of the optical 
spectrum or the length that corresponds to the time scale 
of the pulse duration). The second is specific to the mode-
locking process, being related to the absorber operation 
and the RF frequency-pulling effect that occurs in a wide 
range of external cavity length assuming sufficient feed-
back strength. This is most likely the reason for the much 
stronger maximum reduction of RIN observed in our case 
(>20 dB around 110 μm) as compared to the 1/(1 + α2) pre-
diction for CW lasers (which would yield a 3 dB reduction, 
with α = 1 in our case). As the external cavity reaches the 
limited coherence length, the oscillation due to the interfer-
ence of the output with the delayed field fades and the RF 
frequency pulling establishes and progressively becomes 
dominant. The latter can be confirmed by the monotonically 
decreasing mean value of the repetition rate for increasing 
Lext in each case of Fig. 4: [22.263, 22.260, 22.255, 22.220, 
22.174] GHz. The linear slope of the repetition rate change 
with the external cavity length corresponds to a small part 
of the RF frequency-pulling function, typical for the MLLs 
under feedback in the short and long delay regimes [6, 7].

To validate the timing jitter calculations as well as to have 
a direct correlation to the RIN calculation method, we also 
evaluated the timing stability in terms of the integrated (rms) 
jitter, which was calculated by integrating the phase noise 
spectrum of the output pulses from 1 MHz to 11 GHz. The 
phase noise spectrum has been derived by means of a purely 
temporal method which uses the timing fluctuations of the 
pulses and the ensemble averaging over multiple noise reali-
zations as presented in [22]. This method is more appropriate 
for passive MLLs than the von der Linde method [23] which 
proposes to measure the power spectral density of the phase 
noise from the power spectral density of the photocurrent 

Fig. 4   Variation of the emitted average power, repetition rate, rela-
tive intensity noise and pulse to pulse jitter versus nanometric vari-
ations of the external cavity around the macroscopic values of 30, 
50, 110, 225, 500  μm, respectively, from a to e. Feedback level is 
−40 dB. Dashed and dotted lines show the free running and the long 
cavity values, respectively

▸

Fig. 2   RIN spectra corresponding to minimum (blue line) and maxi-
mum (red line) values of the integrated RIN of Fig.  1. Black curve 
shows the long cavity case as discussed in the analysis of Fig. 4

Fig. 3   Sketch of the stroboscopic technique used in simulations of 
Fig. 4 and afterwards to achieve practical simulation times
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(that is the power spectrum), and can lead to serious under-
estimation of jitter in PMLLs due to the unbounded variance 
of their timing fluctuations as a result of the absence of exter-
nal reference, which is analogous to what happens in random 
walk processes [3, 4, 24–26]. Figure 5a shows the integrated 
rms jitter versus the external cavity length together with the 

average optical power for reference for a specific case of Fig. 4 
(around 49  μm), calculated from 20 statistically independ-
ent runs. Since the calculation of the integrated jitter requires 
impractically long calculation times due to the large number 
of noise realizations that are necessary to obtain a meaning-
ful result, we could not perform complete comparison for a 

Fig. 5   a Average power and integrated rms jitter versus nanomet-
ric variations of the external cavity around a macroscopic length of 
50 μm for a feedback level of −40 dB. Dashed and dotted lines show 
the free running and the long cavity values, respectively. b Pulse 

phase noise spectra corresponding to minimum (blue line) and maxi-
mum (red line) values of the integrated jitter of a. Black curve shows 
the spectrum of the long external cavity case

Fig. 6   Repetition rate (left), RIN (center) and pulse to pulse jitter 
(right) versus nanometric variations of the external cavity around 
the macroscopic values of 50 μm (up) and 110 μm (bottom) (corre-
sponding to cases b and c of Fig. 4) for a feedback level of −30 dB. 

Dashed and dotted lines show, respectively, the free running and the 
long cavity values. Missing points denote that the laser exhibited only 
spontaneous emission. The evolution of average power is shown for 
reference in all graphs
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wide range of external cavity lengths but only a validation of 
the calculated timing fluctuation behavior. Although there is 
some uncertainty due to the relatively low number of aver-
aged noise realizations, it is obvious that the integrated jitter 
exhibits the same periodic variation to the RIN and pulse to 
pulse jitter around its free running value (green dashed line 
in Fig. 5), signature of the coupling between amplitude and 
timing instabilities. The phase noise spectra for the maximum 
and minimum values of jitter oscillation are shown in Fig. 5b 
(red and blue curve, respectively).

Furthermore, in order to investigate the impact of feed-
back level to the decay of oscillations with increasing cav-
ity length, we have plotted in Fig.  6 the evolution of the 
average power, repetition rate, RIN and pulse to pulse jitter 
for two characteristic external cavity lengths correspond-
ing to the cases (b) and (c) of Fig.  4. What is important 

to retain from Fig. 6 is that the oscillation of all the met-
ric parameters is stronger for increased feedback level and 
tends to zero for long external cavities. We also remark that 
the modulation of the average power does always coexist 
with the modulation of the repetition rate, amplitude noise 
and timing jitter (which follow an anti-phase behavior) 
and could be used as a good and fast qualitative estima-
tion index for predicting the presence and strength of the 
phenomenon. Therefore, for completeness we also plot in 
Fig. 7, the modulation depth (or modulation index) of the 
average power defined as M = (Pmax − Pmin)/(Pmax + Pmin) 
versus the cavity length between 1 and 500 μm for feedback 
levels of −50, −40 and −30 dB. This confirms as well that 
stronger feedback intensifies the phenomenon for shorter 
external cavities but has no impact for longer ones, most 
likely due to the limited coherence length of the MLL. 
However, one should consider that although the coherence 
of the MLLs is very short due to the wide optical band-
width of the pulses, it is also periodic due to the multimode 
optical spectrum. Therefore, the consecutive peaks of the 
laser coherence function should occur at multiples of the 
laser hot-cavity length k · Llas (or time values corresponding 
to integer multiples of the pulse spacing) and, therefore, we 
expect a periodical occurrence of the phenomenon at mul-
tiples of the laser hot-cavity length. To this end, we simu-
lated the modulation depth of the average power for exter-
nal cavity lengths around specific peaks of the coherence 
function, corresponding to macroscopic lengths of Lext = 0, 
4, 40, 100, 400 mm (k = 0, 10, 25, 100). The results are 
plotted in Fig. 8a. The ultra-short cavity studied in the pre-
vious paragraph corresponds to k = 0. It is clearly seen that 
the power modulation appears on the peaks of the periodic 

Fig. 7   Average power modulation depth versus the external cavity 
length for feedback levels −50, −40 and −30 dB

Fig. 8   a Modulation depth of the average power versus the variation 
of the external cavity length around the macroscopic values that cor-
respond to different peaks of the laser coherence function (multiple of 
the laser cavity k · Lc for k = 0, 1, 10, 25, 100) and a feedback level of 
−40 dB. The inset shows the maximum modulation depth versus the 
external cavity length. b Optical spectrum of the free running laser 
in linear scale. The width of the spectrum Δν ≅ 100 GHz (FWHM) 

is reciprocal to the width of each peak of the coherence function (as 
well as to the ~5 ps pulse duration supposing Gaussian pulses and the 
well-known formula τ  =  0.441/Δν). The inset shows magnified the 
central mode of the optical spectrum in logarithmic scale for better 
resolution. The width δν (−3 dB) of the mode is ~250 MHz and is 
reciprocal to the overall width of the coherence function (~400 mm) 
being in good agreement with findings of a 
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coherence function and when the macroscopic length of 
the external cavity increases the modulation is minimized. 
This long-term decay is related to the overall width of the 
coherence function which is the reciprocal of the spectral 
width of a single longitudinal optical mode of the laser 
cavity. This is clearly evident in Fig. 8b where the optical 
spectrum of the laser is shown together with a magnified 
image of the central optical mode. In conclusion, within 
the coherence function of the MLL, the wavelength scale 
oscillation co-exists with the repetition frequency-pulling 
effect. The latter ultimately predominates the dynamics of 
the MLL outside the coherence length.

Finally, since the feedback dynamics are known to be 
strongly dependent on the linewidth enhancement factor 

(α-factor) of the laser, we investigated the impact of dif-
ferent α-values on the ultra-short delay feedback dynamics 
of the passively MLL. Figure 9 shows the evolution of the 
average power, repetition rate, amplitude noise and pulse 
to pulse jitter for α = 0.2 for three characteristic external 
cavity lengths corresponding to the cases (b)–(d) of Fig. 4 
(feedback level is −40 dB, same as in Fig. 4 for compari-
son). We can see a similar qualitative behavior compared 
to the α = 1 case, but for a quantitative estimation of the 
impact of α we need a different representation. To this end, 
we plotted in Fig.  10 the ratio of RIN minima and max-
ima over the free running value versus the external cavity 
length for three different α-values α = 0.2, 1, 2 assuming 
a constant feedback strength of −40 dB in the ultra-short 

Fig. 9   Repetition rate (left), RIN (center) and pulse to pulse jitter 
(right) versus nanometric variations of the external cavity around 
the macroscopic values of 50 μm (up), 110 μm (middle) and 224 μm 
(bottom) for α = 0.2 and a feedback levels of −40 dB. Dashed and 

dotted lines show, respectively, the free running and the long cavity 
values. The evolution of average power is shown for reference in all 
graphs
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external cavity case (k  =  0). It is obvious that the abso-
lute values of RIN scale with α. However, RIN increase 
ratio under out of phase coherent feedback (expressed as 
the ratio of the RIN maxima under feedback over the free 
running RIN value) is larger for lower α-values. For longer 
cavities (limits of the laser coherence peak), this fades out 
leading to a similar ratio independently of α, indicating 
the role of coherence characteristics of the laser. Regard-
ing RIN decrease ratio (expressed as RIN minima over the 
free running RIN value, see Fig. 10b), one can see that a 
larger α-value leads to a faster decrease and a lower overall 
value at the limits of the laser coherence length (although 
absolute RIN values are larger). A similar behavior has 
been also observed for the pulse to pulse jitter. Neverthe-
less, a more rigorous analysis is not obvious here because 
different α-values lead the laser to different free running 
noise characteristics. Finally, since only spontaneous emis-
sion has been considered as a noise source in our model, 
the absolute values of noise parameters predicted by our 
calculations could be different if a more complete noise 
model is considered.

4 � Conclusion

We presented a detailed modeling of the dynamics of a 
mode-locked semiconductor laser under feedback from an 
external cavity emphasizing on the analysis of sub-wave-
length periodic phenomena. We studied the main perfor-
mance parameters that fully characterize the operation of 
an MLL that is the average power, repetition rate, pulse 
amplitude noise and timing jitter. The obtained results show 
that the dynamics of the laser exhibit an oscillatory behav-
ior with a λ/2 periodicity, apparent around integer multiples 
of the laser cavity, namely for external cavity lengths that 
coincide with the periodic instances of the laser coher-
ence function. The short-term decay of the phenomenon is 

in the time scale of the pulse duration, whereas the long-
term decay is due to the influence of noise on the emitted 
pulses and, therefore, it is related (reciprocal) to the width 
of the spectrum modes. This sub-wavelength phenomenon 
co-exists and is superimposed on the (microwave periodic-
ity) pulling-related dynamics of the semiconductor MLLs, 
being dominant for ultra-short external cavities where pull-
ing is weaker. In addition, our results show that a signifi-
cant change in the MLL performance parameters can be 
triggered by moderate feedback levels (≥−50 dB) which is 
lower than the residual reflection of an anti-reflection coat-
ing of a tapered fiber that is used for power collection in 
a pigtailed laser. By controlling the phase of the induced 
residual feedback, optimization of the laser performance 
could be achieved instead of potential degradation by a ran-
dom feedback phase. Therefore, our study could be useful 
for the optimization of the semiconductor laser operation 
in all setups that involve ultra-short external cavity lengths 
as in integrated designs or in power collection with fiber 
tapers.
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