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generated SC, which reach tens or hundreds of nJ. On the 
other hand, filamentation allows to reach energy of tens 
of μJ in bulk media and tens of mJ in gases. One of the 
parameters important for spectroscopy is reproducibility of 
the generated spectra, which is usually low in the case of 
fiber propagation due to pulse splitting and spectra modu-
lation [6] and high for bulk media filamentation [7] with 
certain conditions.

Since the problem of spectrum broadening (especially in 
the far-IR region) and generation efficiency increase is very 
important, we believe that filamentation is most promising 
for obtaining more energy in the SC. IR-range filamenta-
tion in bulk media has another advantage which is anoma-
lous dispersion in this spectral region. It is important that 
anomalous dispersion causes pulse self-steepening which, 
in turn, leads to relatively strong generation of short wave-
lengths. This makes it possible to generate both several-
octave wide spectra [7] and self-compressed pulses [7–9]. 
More theoretical research of peculiarities of filamentation 
in anomalous dispersion region can be found in [10–14]. It 
should be noted that generation of multi-octave wide SC as 
well as pulse compression in gases has also been demon-
strated both theoretically [15–17] and experimentally [18].

Recently we conducted research on influence of band gap 
on width of generated SC in solid-state media [19] where 
potassium bromide demonstrated possibility of generation of a 
very wide SC. In this paper, we move forward and investigate 
the media for a very wide IR supercontinuum generation. For 
the initial assessment of the SC width, we used the so-called 
interference model [20] more extensively, which allowed us 
to perform preliminary estimation of the generated spectra 
width. These results are discussed in Sect. 2; to confirm them 
after the initial analysis, we perform direct simulation of the 
filamentation. The model and code used for the simulation are 
presented in Sect. 3, and its results are analyzed in Sect. 4.

Abstract  Supercontinuum generation from the near to 
far IR during radiation filamentation in solid-state media 
in an anomalous dispersion region is theoretically investi-
gated. The initial search for appropriate media with the use 
of an interference model showed that the widest IR spec-
trum is generated in media with high values of zero group 
velocity dispersion wavelength with the pump wavelength 
located not far from it. Halides belong to one of such media 
groups. The possibility of generation of a very wide super-
continuum in calcium fluoride (0.52–3.35 μm, which cor-
responds to 2.7 octaves), sodium chloride (0.7–7.6 μm, 3.5 
octaves), and potassium iodide (0.66–22 μm, 5.1 octaves) 
is demonstrated by numerical simulation. Also, pulse self-
compression down to 13 fs at the 5-μm central wavelength 
(about single period) has been observed in potassium 
iodide. The mechanisms of multi-octave supercontinuum 
generation are discussed.

1  Introduction

In recent years, coherent sources of ultrabroadband fem-
tosecond radiation have been widely used for diagnostic 
purposes [1–3]. There exist two conventional methods for 
generation of such supercontinuum (SC): fiber propaga-
tion and filamentation. The former method usually allows 
to achieve wider spectra than the one with filamentation 
[4, 5] due to a longer propagation distance in the fiber. The 
main disadvantage of this method is low energy values of 
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2 � Interference model

The width of the SC generated during filamentation greatly 
depends on the medium and pump radiation parameters. 
The phenomenological three-wave mixing model allows 
us to find regions of frequency–angular spectra where the 

SC is generated most effectively [7]. Further development 
of this approach, also called an interference model [20], 
makes it possible to estimate the qualitative shape of the 
generated frequency–angular spectra if only the medium 
dispersion is known. As a result, we have a method for 
search of the optimum medium and pump wavelength for 
SC generation. Below we consider only the case of mid- 
to far-IR pump wavelengths, which are the most promising 
for obtaining the widest SC extending from the visible to 
far IR. To find the most promising medium, we analyzed 
a large number of optical glasses and crystals which are 
transparent in IR region.

It has been found that for the given group of media 
(halides or oxides) there is a qualitative similarity of the 
frequency–angular spectra for a given ratio of the pump 
wavelength λp to the zero group velocity dispersion (GVD) 
wavelength λGVD=0. The SC borders calculated with the 
interference model in the case of λp/λGVD=0  =  1.2 in a 
number of media are presented in Fig.  1. These borders 
were obtained by the integrating the results of interference 
model over angle (expression (9) from [20] multiplied by 
λ3 to compensate for wavelength-dependent tilt of spectra 
as shown in Fig. 2) and correspond to 10−1 level. The fol-
lowing trend is clear: The higher the value of zero GVD 
wavelength λGVD=0, the further the SC long-wavelength 
border moves to IR (especially for halides), whereas the 
short-wavelength border tends to increase much more 
slowly. Although in case of halides λGVD=0 and long-wave-
length transparency boundary are slightly correlated, there 
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Fig. 1   SC borders (short-wavelength border is shown by blue 
squares, and long-wavelength one by red squares) computed with 
the interference model for a pump wavelength of 1.2 λGVD=0 (green 
circles) for a number of media. Also shown are the zero GVD wave-
length (black circles) and the transparency range (gray triangles); 
filled symbols stand for halides and hollow ones, for other media
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Fig. 2   Frequency–angular spectra of SC calculated with the interference model. a CaF2, 2 μm pump, b NaCl, 3.5 μm pump, c NaCl, 5 μm 
pump, d KI, 5 μm pump, e KI, 7.5 μm pump, f KI, 10 μm pump
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is no such correlation for long-wavelength SC boundary as 
it is observed with λGVD=0. Thus, we propose that the zero 
GVD wavelength is reasonably good indicator for IR SC 
width, which considerably simplifies the search for media 
for SC generation in mid to far-IR region.

The common group of optical media characterized with 
the longest λGVD=0 and the widest obtained SC includes hal-
ides, in particular, iodides, for instance, for potassium iodide 
λGVD=0 = 4.5 μm and for cesium iodide, λGVD=0 = 5.3 μm. 
Thus, for our further investigation we took the following com-
monly used optical media: calcium fluoride (CaF2), sodium 
chloride (NaCl), and potassium iodide (KI). These media 
were chosen owing to their wide use and, hence, the possibil-
ity of carrying out future experiments, and also because they 
have known properties that are important for simulation. The 
calculated interference model spectra are presented in Fig. 2, 
and the SC parameters in Table 1. Dispersive relations used 
for calculation are presented in Table 2.

One of the most important known limitations of the 
interference model is a constant frequency–angular spec-
trum of the emitting source, which greatly limits the pre-
dictive properties of the model [20]. In fact, the source 
spectrum is nonconstant both over the propagation dis-
tance and in the frequency–angular domain due to various 
properties of the medium and pump radiation. Therefore, 
we performed a simulation of filamentation for the above-
mentioned media.

3 � Filamentation model

We used the forward Maxwell equation (FME) equation to 
describe the spatiotemporal evolution of a laser pulse enve-
lope during filamentation in transparent media [21]:

where A is the electric field, B̂ is the Fourier transform 
of B, k(ω)  =  n(ω)ω/c is the pump wave vector, n(ω) 
is the refractive index (see Table  2 for dispersive rela-
tion references), κ(ω) = k(ω0)− (ω − ω0)

/
vg, ω0 is the 

central pulse frequency, vg is the group velocity at fre-
quency ω0, n2 is the nonlinear part of the refractive index, 
σ(ω) =

q2e
ε0n(ω)cme

τc
1+ω2τ 2c

 is the inverse bremsstrahlung 
cross section, τc is the characteristic electron collision time, 
qe and me are the electron charge and mass, respectively, 
ɛ0 is the dielectric constant, ρ is the plasma density, Ui is 
the band gap, WPI is the photoionization rate defined by 
the Keldysh formalism (except for the above-mentioned 
parameters, it depends on the reduced effective electron–
hole mass m*) [22]. Note that frequency term in front of 
nonlinear refractive index also accounts for pulse self-
steepening. The plasma evolution is described by the fol-
lowing equation [21]:

which includes photoionization and avalanche ionization as 
plasma sources.

Equations (1–2) take into account the following effects: 
the Kerr effect self-focusing, plasma defocusing, photo- 
and avalanche ionization, as well as the full medium dis-
persion. This allows us to simulate pulses of up to few 
wave periods. Also unlike amorphous media such as fused 
silica halides do not exhibit noticeable Raman response 
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Table 1   SC width calculated with the interference model

Medium Pump wavelength 
(μm)

Potential SC  
range (μm)

SC width (octaves)

CaF2 2 0.5–3 2.6

NaCl 3.5 0.75–6 3

NaCl 5 0.7–7.6 3.4

KI 5 0.9–11.5 3.7

KI 7.5 0.9–13.6 3.9

KI 10 0.93–15 4

Table 2   Medium’s parameters 
used in the simulation

Parameter CaF2 NaCl KI

n2 (10−16 cm2/W) 1.92 [26] 4.35 [27] 29 [28]

Ui (eV) 10 [29] 9 [29] 6.2 [29]

m* (me) 0.6 [30] 0.6 [30] 0.21 [30]

τc (fs) 3 3 3

λGVD=0 (μm) 1.55 2.76 4.53

Pcr (MW) 22 @ 2 μm 27.9 @ 3.5 μm, 57.1 @ 5 μm 8 @ 5 μm, 18 @ 7.5 μm

Transparency region (μm) 0.12–10 0.17–18 0.25–39

Reference to dispersion relation [31] [32] [32]

Crystal length (mm) 6 5 4
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[23] which is two orders of magnitude lower than that of 
fused silica, so we omit that term in (1).

This set of equations was solved by the split-step Fourier 
method with the linear temporal part solved in the Fourier 
space and with the nonlinear part simulated with a fourth-
order Runge–Kutta method. Diffraction was simulated 
with the Crank–Nicolson difference scheme in cylindrical 
coordinates with the absorbing boundary condition [24]. 
Since for solving (1–2) many computational resources are 
needed, we developed a GPGPU code using the OpenCL 
technology.

The media parameters used for the simulation are pre-
sented in Table  2. There are no data on the characteristic 
electron collision time in the literature, and, therefore, its 
value is based on the estimates for other media [7, 8]. We 
find values of nonlinear refractive index we used to be in 
agreement with model in [25]. Moreover, its dispersion is 
negligible for pump wavelengths we use, so we used these 
values unmodified.

We used the following pump radiation parameters: a 
Gaussian spatiotemporal profile with a 50-fs FWHM dura-
tion collimated at the medium boundary to a diameter of 
120  μm (e−2). The initial peak intensity was computed 
from the beam power as the ratio to the critical self-focus-
ing power Pcr = 3.77πn(ω0)

/
2k2(ω0)n2.

It is important to note that experimental realization of 
SC generation should be performed very carefully to obtain 
reasonable results. Specifically, since nonlinear refractive 
index is anisotropic  in halides, crystal rotation leads to 
change in its value which in turn leads to notable changes 
in generated SC. So one should either use translational 
motion to refresh sample [33] or use circularly polarized 
pump [34]. Arising depolarization in case of linear polari-
zation can be suppressed with the appropriate choice of 
crystal orientation angle [33]. In the following analysis, we 
assume the linear polarization of the pump.

4 � Results of SC simulation

To verify the results of the interference model, we per-
formed simulation of filamentation in the media men-
tioned above. Later it will be shown that the simulation of 
filamentation in bulk media using model (1), (2) is in good 
agreement with the interference model. In addition, the 
computed SC generated during filamentation in calcium 
fluoride is in good agreement with the experimental data in 
[35]. For our simulation, we used the same parameters as in 
[35]; its results are shown in Fig. 3a. The correspondence is 
easily seen in the short-wavelength region where relatively 
flat spectra span from 0.7 μm up to the pump wavelength. 
Unfortunately, the paper [35] does not present any data for 
the long-wavelength region.

The results of simulation presented in Fig. 3 demonstrate 
the possibility of generation of a very wide SC, and its com-
puted borders are given in Table  3. One can see from the 
spectra that as the central pump wavelength shifted from 
λGVD=0 to longer wavelengths, the wider was the SC gener-
ated, a feature that was noticed previously in various media 
[11, 16, 36]. However, as shown in Fig.  3b, d, moving too 
far leads to dips between the pump wavelength and near-IR 
wavelengths (which was also predicted by the interference 
model, see Fig. 2c, e and [20] for fused silica). With P/Pcr, the 
SC width also increases, especially in the long-wavelength 
region, but the main features of the spectra are retained up to 
P/Pcr = 7. It is important to note that such high pulse power 
usually does not lead to multiple filamentation [10–12, 37], 
so we assume that our model holds for this case. As a result, 
the widest SC potentially having the most stable parameters 
was generated in potassium iodide by a 7.5 μm pump.

Next we analyzed the SC sensitivity to those param-
eters of the medium that are not known very well or may 
significantly influence SC width (specifically, n2, τc, m* 
and Ui). We performed simulation for the case of potas-
sium iodide with a 5 μm pump. These results are shown 
in Fig. 3e. Decrease in the nonlinear refractive index n2 to 
20 × 10−16 cm2/W [38] led to a slight increase in the fila-
mentation length which, in turn, slightly increased the SC 
generation efficiency. Increase in the characteristic electron 
collision time τc up to 10 fs (a typical value for condensed 
media [2]) increased the filament peak intensity. Increase 
in the effective electron–hole mass m* up to 0.35 did not 
have a great effect on the filamentation process. Band gap 
decrease had large impact on filamentation process by 
almost doubling the filament length but SC width remained 
almost the same although short-wavelength boundary 
slightly decreased to 0.9 μm. We expected higher impact 
due to results presented in [39], but it seems that order of 
multiphoton absorption (ratio of pump photon energy to 
band gap, although in our simulations photoionization is 
not multiphoton) is already high enough for effective anti-
Stokes broadening. In addition, as shown in Fig.  3f, the 
pump radiation parameters also do not affect the SC much. 
Larger beam diameter leads to longer filamentation length 
due to more energy in the pulse. Pulse duration increase 
leads to decrease in peak intensity and therefore conversion 
efficiency. All this again proves that in our setup the SC 
profile is mainly determined by dispersion of the medium 
and that small variations of other parameters of the medium 
or collimated pump radiation have a minimum impact on it.

An important point in SC generation is third harmonic 
generation (THG) as it may have severe impact on result-
ing spectra in gases [16]. It is well known that THG effi-
ciency in bulk media is much less than one in gases due 
to much higher wave vector mismatch. Equation  (1) does 
not take third harmonic generation into account, to verify 
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that THG does not influence generated SC we modified it 
by removing modulus at third right hand side term. Our 
simulations revealed that THG and other odd harmonics 
can be observed only at early SC buildup steps. Then it is 
completely “erased” with generated SC due to low THG 
efficiency which we conclude to be much less than 10−2 (a 
typical level of short-wavelength SC wing).

5 � Peculiarities of SC evolution in an anomalous 
dispersion region

To better understand the processes leading to the gen-
eration of such wide spectra, let us consider the temporal 

dynamics of the spectra generation. Figure  4 presents a 
5 μm pump pulse spectrogram evolution with propagation 
in potassium iodide at P/Pcr = 3. For a better view of the 
process in the short-wavelength region, the spectrograms 
are presented in frequencies. It is well known that the 
generation of a wide SC in this region is due to steepen-
ing of the pulse trailing edge and pulse self-compression 
assisted with anomalous GVD. The formation of a steep 
trailing edge is associated not only with Kerr nonlinearity 
but mostly with plasma defocusing which highly depends 
on order of multiphoton absorption. With this value being 
high in IR region, the trailing edge steepening associated 
with plasma defocusing is especially effective and provides 
SC extending up to visible range. Figure 5 shows that the 
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Fig. 3   SC generated in various media at exit face as simulated with 
equation set (1–2). a SC generated in calcium fluoride with 2 μm 
pump, P/Pcr =  3, b SC generated in sodium chloride with pump at 
different central wavelengths, P/Pcr = 3, c SC generated in potassium 
iodide with 5 μm pump with various values of P/Pcr, d SC gener-

ated in potassium iodide with pump at different central wavelengths, 
P/Pcr  =  3, e SC generated in potassium iodide with 5  μm pump, 
P/Pcr = 3, altered medium’s parameters, f SC generated in potassium 
iodide with 5 μm pump, P/Pcr = 3, altered pump radiation parameters

Table 3   SC borders at 10−3 
level computed from the results 
of numerical simulation

Medium Pump wavelength (μm) Pump power (Pcr) SC range (μm) SC width (octaves)

CaF2 2 3 0.52–3.35 2.7

NaCl 3.5 3 0.77–7.7 3.3

NaCl 5 3 0.7–7.6 3.5

KI 5 3 0.78–16 4.4

KI 5 4.5 0.77–16 4.4

KI 5 7 0.66–22 5.1

KI 7.5 3 0.7–20.5 4.9
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steepening becomes very noticeable at z = 1.35 mm, where 
the spectrogram shows a significant spectra broadening to 
the short-wavelength region. Then, due to high divergence 
of the short-wavelength components they begin to leave the 
main filament in the form of a ring, the beginning of that 
process can be seen at z = 2 mm. That is why a significant 
growth of these components as they leave the filament is 
not observed at z = 2.25 mm where the steepening is also 
interrupted with pulse splitting: due to the GVD it splits 
into two pulses, with the trailing one having a central wave-
length of 3 μm as shown in Fig.  4. Simultaneously with 
the split at z =  2.5  mm, steepening begins in the second 
pulse, which again causes the growth of the short-wave-
length components. Low intensity and weak steepening is 
partly compensated by higher postpulse central frequency, 
although it leads to a short-wavelength SC boundary. Then 
the short-wavelength components continue to diverge, as 

can be seen in the spectrogram, up to the exit face of the 
medium. During filamentation, a pulse of 13  fs FWHM 
(35  fs e−2) duration can be generated with about single 
period (two periods at e−2) at 5-μm central wavelength.

6 � Conclusions

We have analyzed some optically transparent condensed 
media for the possibility of generation of an ultrawideband 
SC in the IR region. Using the interference model, we have 
shown that most promising media for this are those with 
the highest value of λGVD=0, specifically, halides. These 
results have been confirmed by a numerical simulation of 
the filamentation process. The possibility of generation of a 
4.9 octaves wide SC in potassium iodide has been demon-
strated using a pump with a central wavelength of 7.5 μm. 
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It has been shown that variation in the parameters of the 
medium does not lead to a significant change in the SC. 
The possibility of pulse compression from 50 to 13 fs has 
been demonstrated.

For the first time, we have theoretically considered fila-
mentation of far-IR radiation in halides. Their unique prop-
erty, namely, a high values of λGVD=0, is connected with the 
possibility of generation of a very wide spectrum spanning 
from near to far IR, resulting in an almost 5-octave SC. Our 
analysis (although it was not comprehensive) has shown 
that no other classes of optical media except for halides 
have so high potential in generating near- to far-IR SC.
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