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microwave frequency [6]. Compared with invisible cloak 
which attempts to reduce all the scattering and hide the 
inner object in EM radiation, traditional superscatterer is 
designed to expand the scope of scattering and to make EM 
detection larger than the actual size of object [7]. With the 
existence of superscatterer, light ray is bounced back on 
the virtual surface making the scattering field nearly iden-
tical to that of a real bigger object. This phenomenon has 
already been applied to conceal entrance [8] and shrink 
optical device [9] in previous work. In this paper, it will be 
utilized to expand and move coils.

According to the transformation optics and concept of 
complementary media, the superscatterer could be achieved 
by perfect electrical conductor (PEC) and negative index 
material (NIM) [10]. The NIM was always composed of 
metamaterials whose permittivity and permeability were 
both negative [11]. In the past few years, various metama-
terials with negative EM parameters have been designed 
at megahertz [12], which made their applications possible 
in wireless power transfer (WPT) or energy harvest sys-
tem [13]. However, most of WPT systems [14] with met-
amaterials were based on the effect of negative refraction 
and evanescent wave amplification [15]. In these cases, 
the effective permeability of metamaterials was always 
selected as −1 due to the theory of ‘Magnetic Super-Lens’ 
[16]. In this respect, a thicker metamaterial slab would be 
needed if a longer transmission distance was required. Fur-
thermore, the metamaterials in previous cases were shaped 
into rectangular solid and placed in the middle position of 
two-coil system, which occupied more space and was a sort 
of cumbersome.

Here, we provide a spherical shell of superscatterer with-
out PEC boundary enclosing transmitting or receiving coil 
in inductive coupling system. We also exhibit its enhance-
ment on mutual coupling and its advantages compared with 
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those in previous cases. Theoretical and systematic mod-
els of superscatterer are numerically analyzed to evaluate 
its performance on mutual inductance, quality factor and 
enhanced efficiency ratio.

2  Analysis of superscatterer without PEC boundary

Complementary media theory [17] indicates that if proper-
ties of two media are anti-symmetrical relative to a surface, 
they could be removed equivalently in optics. Hence, the 
boundary on one side, usually PEC boundary, seemed to 
be moved onto the other side, which was the principle of 
a typical cylindrical superscatterer displayed in Fig. 1a. In 
contrast to the typical superscatterer including PEC bound-
ary with a source outside [18], the superscatterer applied in 
magnetic coupling system is required to encircle the source 
coil. In this case, PEC boundary should be removed and 
new media should be filled in the region around source to 
create an equivalent enlarging effect of the coil. The sche-
matic plot of cylindrical superscatterer without PEC bound-
ary is displayed in Fig. 1b.

In Fig. 1b, the EM media in region r < R1 should recon-
struct the entire EM field in region r < R3 because the com-
plementary media in region R1 < r < R2 and R2 < r < R3 
have mutually counteracted. From a material perspective, 
the media in r < R1 is expanded from boundary R1 to the 
blue dash line, which can simultaneously enlarge and move 
the image of object embedded in the media. For analysis, a 
cylindrical coordinate is set up with origin at the center and 
z-axis perpendicular to the plane. The transformation equa-
tion in r < R1 can be written as follows:

Here, r′, θ ′, z′ are the parameters of virtual transformed 
region r < R3, which is enclosed by blue dash line. Based 

(1)r′ = (R3/R1)r, θ ′ = θ , z′ = z

on transformation optics [19], r, θ , z denoting parameters 
in physical region r < R1 can be derived from r′, θ ′, z’. The 
tensor of permittivity and permeability of media in r < R1 
can be obtained (see Eq. (2)) by transformation in orthogo-
nal coordinates [20].

As for the region R1 < r < R2, the same way as typical 
superscatterer, media filled in this area should counteract 
the empty space in R2 < r < R3. The transformation equa-
tions for these complementary media are written in Eq. (3).

After transformation, the boundary r = R1 is mapped to 
boundary r < R3, which means the region R1 < r < R3 has 
been folded in half along the boundary r = R2. The NIM 
metamaterials inevitably appear in region R1 < r < R2 due 
to folded geometry [21], which is reflected by negative EM 
parameters in tensor.

Here, a = R2 − R1, b = R3 − R2, and c = R3 − R1. 
The equivalent effect of superscatterer is that the inside 
object becomes R3/R1 times larger than itself and the dis-
tance from object to center becomes R3/R1 times longer 
than original one. To verify it, a 2D model is estab-
lished with different media derived from Eq. (2) and (4) 
in COMSOL MULTIPHYSICS. The detailed param-
eters are set as: R1 = 0.5 m, R2 = 1 m, R3 = 2 m.  
The internal line source with a radius Rc = 0.1 m is 

(2)ε(r,θ ,z)r = µ(r,θ ,z)
r =





1 0 0

0 1 0

0 0 (R3/R1)
2





(3)r′ = R2 − R3

R2 − R1

r + R3 − R1

R2 − R1

R2, θ ′ = θ , z′ = z

(4)ε(r,θ ,z)r = µ(r,θ ,z)
r =







rb−cR2
rb

0 0

0 rb
rb−cR2

0

0 0
rb2−bcR2
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Fig. 1  a Typical superscatterer with PEC. b Superscatterer without PEC applied in coil system
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placed 0.2 m away from the center. A 400-MHz current 
is added on the line source. For comparison, the model 
with equivalent line source is set up and excited by same 
frequency current, which has a radius Rc = 0.4 m and a 
0.8-m displacement. The corresponding EM fields are 
displayed in Fig. 2.

As depicted in Fig. 2a, b, the EM field (outside the 
superscatterer) of original source is nearly identical to 
that of a larger and shifted equivalent line excitation. We 
can conclude that by using superscatterer without PEC 
boundary, the EM field of an internal source can be equiv-
alently expanded to any size and moved to corresponding 
position.

3  Superscatterer applied in inductive coupling 
system

Next, let us discuss another interesting topic: What if the 
excitation in superscatterer is transmitting or receiving coil 
working at relatively low frequency? In order to evaluate 
the performance of superscatterer in near field, three mod-
els of transmitting coil are built and simulated, respectively, 
in Fig. 3 for comparison. In Fig. 3a, the transmitting coil 
has 0.15 m radius and 2 mm radius of cross section and 
is excited by 2A current at 10 MHz. The coil is encom-
passed by a spherical shell of superscatterer with the radii 
R1 = 0.5 m, R2 = 1 m, R3 = 2 m. The coil is placed 
0.3 m away from the center of sphere. By coordinate 
transformation, the permittivity and permeability tensors 
of media in region r < R1 and R1 < r < R2 are written in 
Eqs. (5) and (6).

The tensor in Eq. (5) indicates that the media in region 
r < R1 are isotropic and homogeneous with positive value 
which is easy for fabrication. In region R1 < r < R2, how-
ever, media are anisotropic with negative value. To reduce 
the difficulty of designing metamaterials with negative 
value, we assume that: εr = 1 in subsequent models and µr 
is still derived from Eqs. (5) and (6). Considering the elec-
tric and magnetic fields are mostly decoupled in near field 
[12] and we primarily focus on the magnetic flux distribu-
tion [14], this assumption of only negative permeability is 
reasonable to evaluate the performance of superscatterer 
and influence of impedance mismatch. By numerical simu-
lation, the magnetic flux density distribution of superscat-
terer is plotted in Fig. 3c. The brighter color denotes the 
higher value.

Another three models are also discussed in Fig. 3, and 
source current in all models is 2A at 10 MHz. Firstly, a 
same transmitting coil without superscatterer is simulated 
whose magnetic flux density is depicted in Fig. 3b. Sec-
ondly, a transmitting coil with 0.6 m radius (derived from 
(R3/R1) · 0.15 [m]) and 8 mm radius of cross section is 
placed 1.2 m away from the center. Figure 3d shows its 

(5)ε(r,θ ,ϕ)r = µ(r,θ ,ϕ)
r =





R3/R1 0 0

0 R3/R1 0

0 0 R3/R1





(6)ε(r,θ ,ϕ)r = µ(r,θ ,ϕ)
r =







R1−R2
R3−R2

· r′2

r2
0 0

0
R3−R2
R1−R2

0

0 0
R3−R2
R1−R2







Fig. 2  The distribution of electric field with a line source. a Line source with superscatterer. b Equivalent larger and shifted line source without 
superscatterer



60 Y. Zhang et al.

1 3



61Numerical analysis of superscatterer applied in inductive coupling system to equivalently…

1 3

distribution of magnetic flux density under the same scale. 
Thirdly, the initial transmitting coil is placed exactly at 
the center of sphere coated by superscatterer, and its result 
is displayed in Fig. 3f. Obviously, the magnetic field in 
Fig. 3c, d is nearly the same, which means transmitting coil 
with superscatterer can approximately act like a four times 
larger coil and move farther even in near field. If the coil 
is placed at the center without displacement, the equivalent 
coil will not move but the expansion effect still holds (see 
Fig. 3f). In a word, mutual coupling in two-coil system will 
definitely be enhanced if transmitting or receiving coil can 
be enlarged four times or more.

In addition, superscatterer without using complementary 
media is proposed in previous work [22]. In Ref [22], simi-
larly, the inner radius is expanded, but the virtual enlarged 
boundary is still confined inside the outer radius. Mean-
while, the initial outer shell is compressed into a thinner 
layer without being folded. Hence, the negative material 
can be avoided. To make some comparison, a superscat-
terer based on Ref [22] is set up in Fig. 3e with inner radius 
R1 = 0.5 m and outer radius R2 = 2.25 m. The initial coil 
is still placed 0.3 m away from center, and such device is 
also designed to expand the coil four times larger. Accord-
ing to Fig. 3e, the magnetic field is nearly the same as that 
in Fig. 3c, d, which proves the validity and equivalence of 
two kinds of superscatterer.

In Fig. 3c, d, the equivalent larger coil is moved to the 
position 1.2 m away from center, which is outside the 

superscatterer. As for Fig. 3e, however, the expanded and 
shifted coil is still confined in the superscatterer without 
NIM. That is, to enlarge the coil, such superscatterer should 
be even larger than the equivalent coil to coat it, which 
increases the fabrication cost and the space it takes up. 
Clearly, the superscatterer in Fig. 3e is more cumbersome 
than that in Fig. 3c. The latter superscatterer is more suit-
able for coupling system and other wireless transmission 
systems because it is more compact.

To verify the performance of superscatterer in Fig. 3c, 
a practical inductive coupling system with high-frequency 
inverter and a load of 1 kΩ is discussed (see Fig. 4). The 
high-frequency inverter is working at 10 Mhz which is fea-
sible for RF MOSFET. The transmitting coil is excited by 
2A current at 10 MHz. The geometric parameters of coil 
and superscatterer are the same as those in Fig. 3a. Moreo-
ver, a receiving coil with 0.5 m radius and 2 mm radius of 
cross section is placed 2.5 m away from source coil. The 
two coils are coaxial and displayed under an axisymmetric 
2D view in Fig. 4b. A spherical coordinate system with ori-
gin at the center of sphere is set up for simulation.

Similarly, another two models of inductive coupling 
system are built for comparison. They are: the model of 
original same coils and the model of equivalent larger and 
shifted source coil. Both of them have no superscatterers. 
To demonstrate the displacement effect by superscatterer, 
the distance between transmitting coil and center of sphere 
is swept from 0 to 0.34 m in all models. That means the 
transmitting coil is moving closer to the shell of superscat-
terer. From an engineering point of view, the assessment 
of entire system mainly focuses on mutual inductance M, 
quality factor Q and enhanced efficiency ratio ηenhance, 
which are computed by Eq. (7) and depicted in Fig. 5 under 
three circumstances. Here, V2 denotes the voltage of receiv-
ing coil. I1 is the excitation current on transmitting coil. ω 

Fig. 4  a The inductive coupling system including inverter, superscatterer, coils and load. b The simplified system with two coils and superscat-
terer under the axisymmetric 2D view

Fig. 3  a The simulation model of transmitting coil with superscat-
terer. The magnetic flux density of b original transmitting coil with-
out superscatterer, c transmitting coil with superscatterer, d equiva-
lent larger and shifted transmitting coil. e The magnetic flux density 
of superscatterer without complementary media. f The magnetic flux 
density of coil at the center of superscatterer

◂
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is the angular frequency of high-frequency inverter. L1 and 
r1 are self-inductance and resistance of transmitting coil 
separately. ηwith denotes efficiency measured in three cases, 
and ηwithout specifically denotes efficiency measured with 
original coils.

To compute M, the receiving coil is set as open circuit 
with no load and V2 is open-circuit voltage of receiving coil 
which can be derived from coil parameters in COMSOL. 
To evaluate Q and power, the load (as circuit component) 
is added into the model using nodes to be connected with 
receiving coil. Both EM field and circuits should be com-
puted simultaneously. Also, the self-inductance and self-
resistance can be derived from coil parameters in global 
evaluation in COMSOL. Since the load and receiving coil 
are connected in series, the current in coil can be used to 
compute the power: Pload = (I2)

2Rd. Here, I2 is induced 
current in receiving coil (also passes through the load) 

(7)

M=

V2

jω · I1
, Q =

ωL1

r1
, ηwith,without =

Pload

Pinput

, ηenhance =
ηwith

ηwithout

and Rd denotes the load value, which is 1 kΩ in this case. 
Again, current I2 can be derived from coil parameter of 
receiving coil.

Figure 5a exhibits the distribution of magnetic flux den-
sity with superscatterer at source coil, which is significantly 
expanded and moved closer to receiving coil by superscat-
terer. Figure 5b shows the curves of mutual inductance 
changing with distance. We can find that mutual induct-
ance of system with superscatterer increases dramatically 
and is much bigger than that with nothing. Furthermore, 
the result of coil with superscatterer agrees pretty well 
with that of equivalent larger and shifted coil. In Fig. 5c, 
d, similarly, the quality factor of transmitting coil and 
enhanced efficiency ratio with superscatterer give a much 
better performance than that with nothing and highly match 
the performance of equivalent source coil. In engineer-
ing interpretation, the higher mutual inductance promises 
stronger magnetic coupling of two-coil system. The higher 
quality factor brings lower dissipation loss and better fre-
quency selectivity. The enhanced efficiency ratio affected 
by mutual inductance and quality factor is definitely the 
significant indicator of practical application. To sum up, 

Fig. 5  a Snapshot of the magnetic flux density of a coupling system. The transmitting coil is enclosed by superscatterer with a 0.21-m displace-
ment from the center of sphere. b Mutual inductance, c quality factor of transmitting coil, d enhanced efficiency ratio in different cases
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the enhancement is partly attributed to the expanded size of 
coil which is reflected by increased self-inductance and is 
partly attributed to shifted position of coil which is verified 
by sharp increment on mutual inductance and efficiency. 
In this respect, the effects of the coil with superscatterer 
and those of a larger and shifted coil are nearly equivalent. 
That is, we can enlarge the transmitting coil and shift it to a 
desired position by proposed superscatterer.

As for practical metamaterials, both magnetic loss and 
ohmic loss should be considered. In general, the complex 
permittivity and permeability are written in Eq. (8). The 
imaginary part of permeability reflects the magnetic loss. 
The imaginary part of permittivity indicates both polariza-
tion loss and ohmic loss. To evaluate superscatterer with 
loss, we use εr = 1 · (1− j · σ1) and µr = −µ′ · (1+ j · σ2) 
to mimic the superscatterer with loss. Here, σ1, σ2 are die-
lectric loss tangent and magnetic loss tangent, respectively. 
In this model, we set σ1 = 0.0025 which is slightly more 

(8)
ε = ε′ − j

(

ε′′ + σ

ω

)

µ = µ′ − jµ′′

than that of substrate material Rogers6010 and σ2 = 0.025 
which is the same as loss tangent in previous work [16]. By 
repeating the computation, the curves of M, Q and ηenhance 
are plotted in Fig. 5 with cyan dotted line. Compared 
with ideal device, the performance of lossy superscatterer 
decreases, but it is still much better than that of original 
system.

Correspondingly, the models of superscatterer enclos-
ing receiving coil are simulated in Fig. 6. The condi-
tions of three models are identical to those in Fig. 5. In 
this part, original transmitter acts as receiver and original 
receiver serves as transmitter (see Fig. 6a). The curves of 
mutual inductance, quality factor of transmitting coil and 
enhanced efficiency ratio are depicted in Fig. 6b–d, respec-
tively. Moreover, magnetic loss and ohmic loss are also 
considered and evaluated in cyan dotted line (the loss tan-
gents σ1, σ2 are the same as those in Fig. 5). The results 
indicate that curves of ideal superscatterer and equivalent 
case are in good agreement and the mutual coupling and 
efficiency are still significantly enhanced by superscatterer 
with loss. However, the quality factor of transmitting coil 
does not increase (actually has a slight drop) because the 

Fig. 6  a Snapshot of the magnetic flux density of a coupling system. The receiving coil is enclosed by superscatterer and has a 0.21-m displace-
ment from the center of sphere. b Mutual inductance, c quality factor of transmitting coil, d enhanced efficiency ratio in different cases
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superscatterer enclosing the receiving coil does not enlarge 
the transmitting coil and affects the self-inductance of 
transmitting coil.

Compared with previous work on metamaterials in 
inductive coupling system [14], superscatterer without PEC 
boundary can expand the coils to desired size and move 
them to a farther position by altering the EM parameters of 
media. In other words, unlike the thick metamaterial slab 
in WPT system or other superscatterer without NIM, this 
superscatterer device need not be thicker or larger for a 
longer transmission distance.

4  Simplification of superscatterer

In Eq. (5), the material in region r < R1 is homogeneous 
and isotropic with positive permittivity and permeabil-
ity, which is feasible for fabrication. Although media in 

region R1 < r < R2 are anisotropic and inhomogeneous 
material, they can be approximately obtained by layered 
structure of homogeneous and isotropic materials [23]. 
As electric field and magnetic field are decoupled in near 
field and most current WPT systems are based on mag-
netic coupling, we set εr = 1 and mainly focus on per-
meability in the following discussion. In this part, we 
still use the same superscatter model in Sect. 3 with radii 
R1 = 0.5 m, R2 = 1 m, R3 = 2 m to illustrate the sim-
plification process.

In Fig. 7a, superscatterer in R1 < r < R2 is equally 
divided into several concentric layers with homogeneous 
and anisotropic materials. Each layer is then alternately 
segmented into isotropic sublayer A and sublayer B. By 
effective medium theory (EMT), the permeability of each 
layer can be presented (Eq. 9), and η denotes the thickness 
quotient of two sublayers. This is the most common way to 
simplify anisotropic materials in previous papers [23, 24].

Fig. 7  a 3D structure of layered superscatterer. b Magnetic flux density of 10-layered superscatterer. c Magnetic flux density of optimized 4-lay-
ered superscatterer. d Mutual inductance in different cases
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For example, 10-layered structure and η = 1 are selected, 
which means same thickness is assigned to sublayers A and 
B in each layer. Compared with EM wavelength, the layers 
are thin enough to mimic the superscatterer shell. By Eq. (9), 
permeability of each layer is computed and listed in Table 1. 
The permeability is then taken into each layer for numerical 
analysis. As a result, the magnetic flux density of 10-layered 
superscatterer is displayed in Fig. 7b and mutual inductance 
of coupling system is evaluated in cyan line with asterisk 
marker (see Fig. 7d. Admittedly, the performance of 10-lay-
ered superscatterer relatively declines due to finite number of 
layers. However, the effects of expansion and displacement 
still hold and mutual inductance with layered superscatterer 
can still outstrip that of initial system with nothing. For fabri-
cation concerns, permeability parameters in Table 1 are with 
limited negative value which are possible for resonant meta-
materials (such as split ring resonator). However, the disad-
vantages of this method are also very obvious: Firstly, sev-
eral parameters exhibit negative imaginary part which means 
magnetic gain from passive materials. To overcome this, 
active materials or extra energy should be added into system 
which is not practical for most inductive coupling applica-
tions. Secondly, layer number should be increased to achieve 
a better approximation, which increases the difficulty and 
cost of fabrication.

Enlightened by optimization of cylindrical cloak with 
limited number of layers [25], we use similar approach to 
reduce the complexity of spherical superscatterer and its 
fabrication. Since we only need to simplify the superscat-
terer shell in R1 < r < R2, this situation is same with lay-
ering on typical superscatterer with PEC boundary. This 
problem can be solved by Mie scattering theory.

We suppose that an incident TE plane wave is propagat-
ing along x axis and the electric field is in z direction (see 
Fig. 7a). To employ Mie scattering theory in spherical coor-
dinate system, we introduce Hertzian vectors of both elec-
tric and magnetic fields. The incident component of EM 

(9)

µθ=
µA + ηµB

1+ η
,

1

µr

= 1

1+ η

(

1

µA

+ η

µB

)

, η = dB

dA

field can be written as follows in forms of Bessel function 
of the first kind.

Here, P1
n(cos θ) is the associated Legendre polynomials. 

The scattering field in superscatterer shell can be expanded 
as a sum of Hankel function of the second kind:

For simplicity, the superscatterer shell is equally seg-
mented into 4 layers with homogeneous and isotropic 
materials. In layer m (m = 1, 2, 3, 4), the total EM field is 
superposition of both incident and scattering fields.

The components of EM field Eθ ,Eϕ ,Hθ ,Hϕ can be 
expressed by Hertzian vectors from Eq. (12) in terms 
of coefficients an, bn, cn, dn in different layers. Using 
the boundary conditions: Em+1

θ
= Em

θ
, Em+1

ϕ
= Em

ϕ ,  
Hm+1

θ
= Hm

θ
 and Hm+1

ϕ
= Hm

ϕ
, we can obtain the recur-

rence relation between [am+1
n

, bm+1
n

, cm+1
n

, dm+1
n

] and 
[am

n
, bm

n
, cm

n
, dm

n
]. As for the innermost layer, the electric 

field on the surface of PEC boundary is zero. Therefore, the 
starting coefficients in the recurrence relation are:

(10)

i
∏

e

= j
cosϕ

k2

∞
∑

n=1

anj
−nĴn(kr)P

1
n(cos θ)

i
∏

m

= j
sin ϕ

k2Z

∞
∑

n=1

dnj
−nĴn(kr)P

1
n(cos θ)

(11)

s
∏

e

= j
cosϕ

k2

∞
∑

n=1

bnj
−nĤ(2)

n
(kr)P1

n(cos θ)

s
∏

m

= j
sin ϕ

k2Z

∞
∑

n=1

cnj
−nĤ(2)

n
(kr)P1

n(cos θ)

(12)

i
∏

e

= j
cosϕ

k2m

∞
∑

n=1

[am
n
Ĵn(kmrm)+ bm

n
Ĥ(2)
n (kmrm)]j−nP1

n(cos θ)

i
∏

m

= j
sin ϕ

k2mZm

∞
∑

n=1

[dm
n
Ĵn(kmrm)+ cm

n
Ĥ(2)
n (kmrm)]j−nP1

n(cos θ)

(13)b1n = −a1n
Ĵn′(k1R1)

Ĥ
(2)
n ′(k1R1)

, c1n = −d1n
Ĵn(k1R1)

Ĥ
(2)
n (k1R1)

Table 1  Permeability of 
10-layered superscatterer 
(dA = dB = 0.025m for each 
layer)

Layer Layer 1 Layer 2 Layer 3 Layer 4 Layer 5

µA −2.00 − 3.13i −2.00 − 2.52i −2.00 − 1.96i −2.00 − 1.40i −2.00 − 0.76i

µB −2.00 + 3.13i −2.00 + 2.52i −2.00 + 1.96i −2.00 + 1.40i −2.00 + 0.76i

Layer Layer 6 Layer 7 Layer 8 Layer 9 Layer 10

µA −2.71 −3.15 −3.40 −3.57 −3.69

µB −1.29 −0.85 −0.60 −0.43 −0.31
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Using the recurrence relation and known condition in 
the air: an = dn = (2n+ 1)/(n2 + n), we can determine the 
scattering coefficients bn, cn in the air. Based on the defini-
tion of scattering width (SW) in Eq. (14), we can compare 
the SW of superscatterer with that of equivalent case.

As the scattering coefficients bn, cn are influenced by 
wave number k = ω

√
εµ and wave impedance Z = √

µ/ε,  
the scattering width of superscatterer is dependent on per-
meability in each layer. Hence, we can establish an objec-
tive function between SW of superscatterer and that of 
equivalent case.

If the F1 function reaches the minimum value, which 
means the scattering field of superscatterer agrees well with 
that of equivalent case, the 4-layered superscatterer will be 
a good approximation for rigorous one. To search optimal 
parameters, the genetic algorithm toolbox in MATLAB is 
employed. After computation, we get a set of permeability 
[µ1,µ2,µ3,µ4] for 4 layers. However, these parameters still 
need to be adjusted by finer optimization process, because 

(14)σs(θ) =
2π

k2

∞
∑

n=1

(2n+ 1)(|bn|2 + |cn|2)

(15)

F1(µ1,µ2,µ3,µ4) =
π
∫

0

[σs(θ)|R1<r<R2 − σs(θ)|r=R3]2dθ

the size of superscatterer is much smaller than EM wave-
length which belongs to Rayleigh scattering. In this respect, 
these parameters are a coarse optimized result for near field.

To further optimize the permeability in each layer, we 
consider the self-inductance of coil and mutual inductance 
M of two coils. If the coil in superscatter is equivalently 
expanded, its self-inductance should be the same as that of 
equivalent larger coil, which is reflected by magnetic energy 
because Em = Li2/2. If the coil in superscatterer is equiv-
alently moved to a farther position, the mutual inductance 
should equal the M of shifted coil and the receiving one. So, 
another objective function in Eq. (16) is employed. Here, 
Escr
m  is the total magnetic energy of coil with superscatterer, 

which can be derived from global evaluation in COMSOL. 
Mscr(di) is the mutual inductance between two coils with 
superscatterer when transmitting coil has a displacement di. 
The entire objective function is optimized by Nelder–Mead 
algorithm in COMSOL, and the coarse optimized result 
from Eq. (15) is used as initial seed to facilitate the search 
process of optimization. The final optimal parameters of 
4-layered superscatterer are listed in Table 2 (first line).

Taking the final optimized permeability into 4-layered 
superscatterer and keeping the conditions the same as those 
in Sect. 3, the magnetic field of superscatterer is displayed 
in Fig. 7c and the mutual inductance is also evaluated and 

(16)F2(µ1,µ2,µ3,µ4) =
∣

∣Escr
m − Eeq

m

∣

∣

2 +
∑

i

∣

∣Mscr(di)−Meq(di)
∣

∣

2

Table 2  Optimized permeability for 4-layered superscatterer (thickness of each layer is 0.125 m)

Layer Layer 1 Layer 2 Layer 3 Layer 4

µ −2.4292 −1.5967 −4.4616 −0.8924

µ(loss) −2.4292 + 0.0734i −1.5967 + 0.0514i −4.4616 + 0.1109i −0.8924 + 0.0398i

Fig. 8  a Unit cell and periodic structure of metamaterials. b Effective permeability retrieved from magnetic metamaterials with different lengths
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plotted in Fig. 7d (yellow line with star markers). Clearly, 
both the magnetic field and mutual inductance agree well 
with those of rigorous superscatterer and equivalent case. 
That means, the 4-layered superscatterer with optimized 
permeability can mimic the rigorous superscatterer in a 
pretty good way. Moreover, the structure is much simpler 
than 10-layered superscatterer based on EMT.

The negative parameters in Table 2 are limited value which 
can be achieved by resonant magnetic metamaterials. For fab-
rication concerns, we make some slight changes on the unit 
cell proposed in previous paper [14], which is exhibited in 
Fig. 8a. The unit cell has a square shape with 50 mm × 50 mm 
size. On both top and bottom layers, the spiral copper strip has 
five turns with 2 mm width and 1 mm spacing. The thick-
nesses of substrate and the copper strip are 0.8 and 0.035 mm, 
respectively. Rogers 6010 is selected as the material of sub-
strate. Moreover, the length of outermost edge is variable for 
searching best parameters (see the ‘length’ marked in Fig. 8a). 
Finally, the unit cells are placed and assembled in periodic 
structure to form isotropic metamaterial.

The entire model is simulated by HFSS, and the effective 
permeability is retrieved based on S parameter method [26]. By 
sweeping the variable of length, we obtain a set of lengths to 
meet the requirement of effective permeability in Table 2. Both 
real and imaginary parts are plotted in Fig. 8b, and the value of 
permeability is marked at 10 MHz. The imaginary part reflects 
the magnetic loss of such metamaterial (see Table 2 second 
line), and the dielectric loss is reflected by the loss tangent of 
substrate materials. Considering the ohmic loss (reflected by 
imaginary part of permittivity), we take both complex permea-
bility and permittivity value into the 4-layered superscatterer to 
evaluate the performance of layered superscatterer with losses. 
The mutual inductance is computed and plotted in magenta 
dotted line with ‘plus’ marker (see Fig. 7d). The result is still 
better than 10-layered superscatterer. Besides, the influence of 
frequency deviation is considered. We change the permeabil-
ity according to the curves in Fig. 8b within the range of 9.99–
10.01 MHz, which has a 20-kHz-wide band. The worst case 
is simulated, and mutual inductance is evaluated in black dash 
line with diamond markers (see Fig. 7d).

Compared with rigorous superscatterer and 10-layered 
superscatterer, the optimized 4-layered superscatter is sim-
pler and more practical, because its unit cell with loss is 
considered and it does not need active material. The fewer 
layers with homogeneous and isotropic material will reduce 
the difficulty of fabrication, and the tolerance of frequency 
deviation is also acceptable.

5  Conclusion

In conclusion, the influence of superscatterer without PEC 
boundary has been analyzed in this paper especially with 

a source inside. The results indicate that such superscat-
terer can equivalently expand the size of original object 
and shift its position. The tensors of permittivity and per-
meability of EM media in region r < R1 and R1 < r < R2 
are also derived from transformation optics. By changing 
EM parameters and the position of object, we can achieve 
desired equivalent expansion and displacement of object. 
Moreover, both losses and impedance mismatch are consid-
ered and the effect of superscatterer still holds in inductive 
coupling system. We also discuss the possible simplifica-
tion of proposed superscatterer for fabrication concerns. 
The unit cell of metamaterial and its effective permeability 
are presented. Numerical analysis shows the advantages of 
optimized 4-layered superscatterer, which is more feasi-
ble for practical engineering. The potential applications of 
such superscatterer are to shrink the size of EM device, to 
enlarge and shift the coils in WPT systems and to enhance 
coupling of NFC/RFID antenna system, which is partly 
analyzed in Sect. 3.
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