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Abstract In this article, the z-scan method has been

corrected for the case of saturation in absorption. Using

the principle relations of the changes in the transmitted

beam through a Kerr sample and Fresnel–Kirchoff inte-

gral method, a proper model is offered to evaluate the

electric field in any point of the far field. This model

contains both the saturation intensity and nonlinear

refractive index simultaneously. Based on this study, a

precise method to evaluate the nonlinear indices is

obtained. Finally, this model is used in the precise study

of z-scan curves for c-Al2O3 nanocolloid and its satura-

tion intensity and nonlinear refractive index have been

obtained precisely.

1 Introduction

In 1989, Sheik-bahae et al. [1] introduced z-scan method to

obtain nonlinear optical coefficients of materials using a

single laser beam and enveloped it in 1990 [2]. In this

method, first, a thin sample containing only nonlinear

refractive index was considered and then the phase shift of

the electric field of the transmitted beam was studied in the

far field by using the Gaussian decomposition method [3,

4]. Nonlinear refractive index could be a result of electron

transition nonlinearity, reorientation effect or thermal

lensing nonlinearity, or a mixture of them [5, 6]. In the next

step, they represented a more complete phase shift of the

electric field containing both the nonlinear refractive and

absorption indices [2], but the electric field was preceded

till the outer surface of the sample and was not evaluated in

the far field. Also, the nonlinear absorption index was only

due to two photon absorption mechanisms that could be

used for saturated absorption regime only in intensities

lower than the saturation intensity (Is). This technique was

developed for more general cases as Hermite–Gaussian

beams [7] and elliptic Gaussian beams [8]. Gu et al. [9]

have presented a theoretical investigation on the open-

aperture Gaussian beam z-scan technique for dominant

saturable absorption cases, by using the Adomian decom-

position (AD) method, and their worked was developed for

close-aperture z-scan technique using AD method [10]. In

the next papers [11, 12], Fresnel–Kirchoff integral method

was used to relate the far-field electric field to the trans-

mitted beam through the sample. This method could be

used for any kind of the beam phase shifts and does not

confine choosing the phase shift [12]. In [13], a more

complete model was offered that the electric field in far

field was related to the output beam from the surface of the

sample and the phase shift containing both the refraction

and absorption nonlinearities. This model used the basic

relations of the two photon absorptions (TPA) presented in

Sheik-bahae et al. [2]. In this work, we introduce a proper

model for the cases that the mechanism of saturation in

absorption (SA) is responsible for nonlinear absorption.

We propose new relations to evaluate saturation intensity

and refractive index, and using Fresnel–Kirchoff integral,

we obtain a complete model for the electric field of the

transmitted beam containing both the nonlinear indices and

uses no approximations.
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2 Theory

SA could be defined as [14]:

aðIÞ ¼ a0

1þ I=Is

ð1Þ

where a0 ¼ Nr1, I and Is are the unsaturated (linear)

absorption, input intensity and the saturation intensity,

respectively. N and r1 are the number of absorbers per unit

volume and the single-photon absorption cross-section,

respectively. Tailor expansion of this relation gives the

following:

aðIÞ ¼ a0 1þ
X1

n¼0

ð�1Þn I

Is

� �n

� n

n!

� � !

¼ a0 �
a0

Is

I þ a0

I2
s

I2 � � � � ð2Þ

In TPA regime, we have [15];

aðIÞ ¼ Nr1 þ Nr2 I ¼ a0 þ bI ð3Þ

where r1 is the TPA cross-section.

It is obvious that in the case I/Is � 1, Eq. 2 turns to

Eq. 3 with b ¼ �a0=Is, so it is permissible to use open- and

close-aperture z-scan relations of [2]. But as I increases in

comparison with Is, more precise relations are required.

Assuming a TEM00 Gaussian beam of beam waist radius

w0 traveling in the ?z direction, we could write the electric

field as [2, 4]:

Eðz; rÞ ¼ E0

w0

wðzÞ exp �i kz� tan�1 z

z0

� �� �� �

exp �r2 1

w2ðzÞ þ
ik

2RðzÞ

� �� �
; ð4Þ

where E0, wðzÞ ¼ w0

ffiffiffiffiffiffiffiffiffiffiffi
1þ z2

z2
0

q
, z0 ¼ kw2

0=2 and RðzÞ ¼

zð1þ z2
0=z2Þ are the electric field at beam waist of the

Gaussian beam, the beam radius at z, the diffraction length

of the beam and the radius of curvature of the wavefront at

z, respectively. The beam waist (focal point) is located at

z = 0. The light intensity of the beam could be obtained by

Iðz; rÞ ¼ nce0

2
Eðz; rÞj j2¼ I0

1

1þ z
z0

� �2

0
B@

1
CA exp � 2r2

w2ðzÞ

� �
;

ð5Þ

where I0 ¼ nce0

2
E0j j2: The equations describing the

propagation of the optical field inside the nonlinear

material take the following form:

dDu
dz0
¼ �DnðIÞk ð6Þ

and

dI

dz0
¼ �aðIÞI: ð7Þ

Consider that a Gaussian beam passes through a thin

third-order nonlinear optical sample with nonlinear

refraction n2 located at z [1, 2]. In the case of a cubic

nonlinearity and negligible nonlinear absorption, Eq. 6 can

be solved to give the on-axis nonlinear phase shift at the

center of the beam focus as

Du0 ¼ �kn2I0Leff ¼ �kDnLeff ; ð8Þ

and correspondingly, the radial and position (z) variations

of the phase shift at the exit surface of the sample would be

Duðz; rÞ ¼ Du0

1þ z
z0

� �2
exp �2r2=w2ðzÞ
	 


: ð9Þ

where z, Leff ¼ ð1� e�a0LÞ=a0, L (\z0) and Dn ¼ n2I0 are

the distance between the sample and the beam waist, the

effective length of the sample, the sample thickness and the

refraction change, respectively. In [12, 13], the electric field

at the exit plane of the sample has been obtained and the

electric field in the far field has been evaluated by means of

free-space Fresnel–Kirchhoff diffraction integral at the Fra-

unhofer approximation. Based on this formulation, close-

aperture z-scan curves have been obtained. The above-men-

tioned formulation is proper in the cases where the nonlinear

absorption is considered small or the effect of nonlinear

absorption is removed from the close-aperture z-scan curve

(e.g., by dividing the close-aperture curve to the open one).

In the presence of nonlinear absorption, the transmitted

beam contains both the nonlinear absorption and refraction

effects. In the case of TPA nonlinearity, a proper modeling

has been performed previously [13]. Here, we focus only

on the SA.

Returning to Eqs. 1 and 7, one could write the intensity

distribution on the exit plane of the sample:

Ieðz; rÞ ¼ Iðz; rÞe�aðz;rÞL ¼ Iðz; rÞ exp � a0

1þ Iðz;rÞ
Is

L

 !
;

ð10Þ

and for the electric field:

Eeðz; rÞ ¼ Eðz; rÞ exp � a0

2 1þ Iðz;rÞ
Is

� � L

0
@

1
A expðiDuðz; rÞÞ:

ð11Þ

We could obtain the modified nonlinear phase shift

containing nonlinear absorption and refractions.

Equations 1, 6 and 7 give the following:
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dDu
dz0
¼ �kn2 �

1

a0

� �
1þ I

Is

� �
dI

dz0
; ð12Þ

thus, the nonlinear phase shift at the exit surface of the

sample would be

Duðz; rÞ ¼ �kn2 LeffIðz; rÞ þ L
ð2Þ
eff

I2ðz; rÞ
Is

� �
ð13Þ

where L
ð2Þ
eff ¼

1�expð�2a0LÞ
2a0

: Also, the nonlinear phase shift at

the center of beam focus would be (Eq. 9)

Du0 ¼ �kn2 LeffI0 þ L
ð2Þ
eff

I2
0

Is

� �
: ð14Þ

Now, we could write the electric field on the exit surface

of the sample as

Eeðr; zÞ ¼ E0

w0

wðzÞ exp �iðkz� Arc tanðz=z0ÞÞð Þ

� exp
�ikr2

2RðzÞ �
r2

w2ðzÞ þ iDuðz; rÞ � 1

2
aðz; rÞL

� �
:

ð15Þ

The electric field in the far field is obtained by means of

free-space Fresnel–Kirchhoff diffraction integral at the

Fraunhofer approximation. For a radial symmetric field, it

equals a Hankell of Fourier–Bessel transform of the field,

namely

Eðq; zÞ ¼ 1

ikD

Z1

0

J0ðkhrÞEeðr; zÞ2prdr; ð16Þ

where J0 (x), h and q are the zero-order Bessel function of

the first kind, the far-field diffraction angle and the radial

coordinate in the far-field observation plane, respectively.

In the paraxial approximation, distance from the exit plane

of the medium to the far-field observation plane (D) is

related to the radial coordinate and the diffraction angle by

q ¼ Dh. Therefore, we can write:

Eðq;zÞ¼ 2p
ikD

� �
�E0

w0

wðzÞexp �iðkz�arctanðz=z0ÞÞð Þ

�
Z1

0

J0

kqr

D

� �
exp � ikr2

2RðzÞ�
r2

w2ðzÞ

�

�ikn2 LeffIðz;rÞþL
ð2Þ
eff

I2ðz;rÞ
Is

� �
� a0

2 1þ Iðz;rÞ
Is

� �

9
=

;rdr:

ð17Þ

Also, we can write the distribution pattern of irradiance

as:

Iðq; zÞ ¼ I0
Z1

0

J0

kqr

D

� �������

� exp � ikr2

2RðzÞ �
r2

w2
þ iDuðz; rÞ � aðz; rÞ

2

� �
rdr

����
2

;

ð18Þ

where

I0 ¼ cn0e0

2
� 1

kD

� �2

�ð2pE0Þ2
w0

wðzÞ

� �2

: ð19Þ

The magnitude of E0 can be calculated simply through

2
w0

ffiffiffiffiffiffiffiffiffiffi
P0

ce0n0p

q
, where P0 is the laser output power.

Equations 17–19 describe perfectly the electric field and

the intensity irradiation of the transmitting beam through a

Kerr sample with SA in the far field. Furthermore, it is

suitable for cases with high optical nonlinearity that may

include diffraction ring patterns [12]. The main virtue of

these relations is that the effect of all linear and nonlinear

optical coefficients of the sample is presented in one for-

mulation simultaneously.

Open-aperture z-scan curves could properly been

described using Eq. 10. Transmitted power in open-aper-

ture curve is

PðzÞ ¼
Z1

r¼0

Ieðz; rÞ2prdr ð20Þ

That could be normalized to unity. In close-aperture

setup, a finite aperture of linear transmittance S ¼ 1�

exp � 2r2
a

w2
a

� �
(ra and wa being the aperture radius and the

beam radius at the aperture plane, respectively) has been

assumed, which is placed at the far field so that the aperture

center is located at the beam center. The normalized

transmitted power through the aperture can be simply

calculated by:

TnormðzÞ ¼
R ra

q¼0
Iðq; z; n2; IsÞ2pqdq

R ra

q¼0
Iðq; z; n2 ¼ 0; Is ¼ 1Þ2pqdq

ð21Þ

This formulation for close-aperture curve includes both

the saturation intensity and refraction effects.

3 Experimental results and discussion

Here, we study third-order nonlinear optical properties of

c-Al2O3 nanospheres [16] using the above formulations.

c-alumina nanocrystallites were prepared by the in-flight

thermal plasma method and then a plasma reactor was used
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for the production of this powder. In this process, 99.9 %

of pure aluminum powder with an average size of *40 lm

got vaporized and reacted completely with oxygen, and

finally, these nanoparticles were synthesized [16]. The

sample was observed by FETEM (Fig. 1) that shows the

range of 7–56 nm in the nanoparticle size with mean

diameter of about 22 nm (Fig. 2).

X-ray diffraction has been used to identify the crystal

structure (phase). Figure 3 illustrates the XRD pattern of

samples prepared under optimized processing condition.

The diffraction pattern showed several broad but prominent

peaks that are mostly attributed to c-phase Al2O3. The

sample also showed some peaks of d-alumina, but no

aluminum or any other phase of aluminum oxide, such as

a-Al2O3, or other compound, such as aluminum nitride,

was observed. That is because the aluminum nitride

requires nitrogen atmosphere and higher temperature

([1,800 �C) to form.

A colloidal solution containing about 0.5 g l-1 of

nanoparticles in water was poured into a 1-mm-thick quartz

cell and utilized in these experiments.

Using SA model, we reevaluate the nonlinear optical

indices and estimate the precise of usual model (TPA

model) in such cases.

In experimental setups, a 50-mW He–Ne laser beam

with wavelength of 633 nm was focused on a waist

of w0 = 42 lm and produced the intensity of

I0 = 1,805 W cm-2 in this point.

A colloid of the nanospheres in ethanol is prepared. The

linear absorption in this wavelength is 18.5 cm-1. Exper-

imental open-aperture z-scan curve is plotted in Fig. 4.

Using the TPA model [2],

PðzÞ ¼ P0e�aL ln½1þ q0ðzÞ�
q0ðzÞ

and

q0ðzÞ ¼ bI0Leff
�
1þ z2=z2

0

ð22Þ

The numerical curve (solid curve in Fig. 4) and corre-

spondingly the nonlinear absorption coefficient are

obtained b = -2.53 9 10-3. Using the first-order

approximation of Eq. 2, one could obtain

Is ¼ �a0=b ¼ 7; 321 W cm�2. But using Eq. 10 and the

least square fitting (the residual sum of squares [13]), we

Fig. 1 FETEM image of c-

Al2O3 nanocrystallites

Fig. 2 Histogram of FETEM images of c-Al2O3 nanocrystallites

Fig. 3 XRD pattern of c-Al2O3 nanocrystallites. Filled circle

c-alumina. Open triangle d-alumina
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found that with Is = 13,850 W cm-2, the best fitted curve

to the experimental data could be obtained (dashed curve in

Fig. 3). This shows that the contribution of other terms in

Eq. 2 could not be considered negligible and also using

TPA model is not accurate.

The next step is finding the nonlinear refractive index. A

finite aperture of linear transmittance S = 0.09 has been

utilized. Substituting the measured value of Is in Eq. 21 and

using the least square fitting, the best value for the

nonlinear refractive index is obtained n2 = -4.68 9

10-8 cm2 W-1 (Fig. 5).

Now, this new model is checked through comparison

with the pure close-aperture curve, which is the simplest

model and contains only nonlinear refraction [2, 13]. In this

model, the electric field at the exit surface of the sample is

Eeðr; zÞ ¼ E0

w0

wðzÞ exp �iðkz� Arc tanðz=z0ÞÞð Þ

� exp
�ikr2

2RðzÞ �
r2

w2ðzÞ þ iDuðz; rÞ � a0L=2

� �
;

ð23Þ

where Duðz; rÞ is determined using Eqs. 8 and 9, and the

electric field in far field could be obtained using Eq. 16.

This model does not contain nonlinear absorption and

could be used for both the TPA and SA mechanisms. In

Fig. 5, substituting n2 = -4.68 9 10-8 cm2 W-1 in

Eq. 22, the pure close-aperture curve has been obtained.

In TPA model, the division of the close-aperture curve

(containing both the nonlinear absorptive and refractive

nonlinearities) to the open aperture one gave pure close-

aperture curve (only contains nonlinear refractive index).

SA model should satisfy similar conditions. In Fig. 6, the

close-aperture curve obtained from Eq. 21 has been divi-

ded to open aperture one and pure close-aperture curve is

obtained. This curve is in good agreement with the resulted

curve from Eq. 23. This could fairly back up new SA

model.

Figure 7 shows the output power versus input one using

the above-mentioned laser that its maximum power is 50

mW. The maximum intensity reached by this laser is

I0 = 1,805 W cm-2 at the center of the focal point. Earlier,

the saturation intensity was obtained, Is = 13,850 W cm-2,

which is very higher than I0. Therefore, the saturation

intensity is not detectable from the output–input intensity

(power) curve using the above-mentioned laser (Fig. 7). But

using the open-aperture curve and Eqs. 10 and 20, the sat-

uration intensity has been obtained using this low-power

laser. In Fig. 7, the sample was put at the focus and theo-

retical output power has been reached by integrating Ieðr; z ¼
0Þ (Eq. 10) over the exit surface of the sample:

Peðz ¼ 0Þ ¼
Z1

r¼0

2prIðz ¼ 0; rÞ exp � a0

1þ Iðz¼0;rÞ
Is

L

 !
dr:

ð24Þ
The optical nonlinearity of aqua samples applied with

continued wave laser beam is usually contributed to two

additional mechanisms: thermo-optical (thermal) effect and

reorientation Kerr effect in liquids [6]. Experiments show

that the nonlinearity due to electron transition (such as

saturable absorption and TPA) has some contribution to the

nonlinear refraction but have main effect on nonlinear
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absorption, in CW regime. Reorientation Kerr effect occurs

in molecules or particles with different polarizabilities

along their principle axes so is negligible in spherical

nanoparticles. It is non-resonant and therefore associated

with the real part of susceptibility [6]. Thermal lensing

effect is an inevitable process in CW laser illuminations

and prevails in other processes in nonlinear refraction,

here.

4 Conclusion

In summary, z-scan formulations have been specialized for

the cases with SA using Fresnel–Kirchoff integral method.

These formulations obtain a perfect description of the light

electric field in the far field that is useful to interpret the

open- and close-aperture z-scan results, far-field intensity

distributions, diffraction rings and so on. This method was

examined for z-scan results of c-alumina nanocolloids and

gave new values for optical nonlinear coefficients.
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