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Abstract We demonstrate a scheme to split an optical

frequency comb into four separate frequency combs, each

with four times the repetition rate of the original, but which

are offset in frequency from each other. These spectrally

rarified ‘‘daughter’’ combs are generated using fibre inter-

ferometers that are actively stabilised. We describe how

these ‘‘daughter’’ combs can be used to resolve ambiguities

that occur when comparing an arbitrary frequency contin-

uous-wave signal against an optical frequency comb.

1 Introduction

Researchers have long dreamed of optical domain versions

of coherent instrumentation such as the frequency syn-

thesiser, arbitrary waveform generator, or network ana-

lyser. The optical frequency comb has been the

breakthrough that has brought this dream close to reality,

and one already sees important applications in high preci-

sion laser spectroscopy [1–3], frequency metrology [4–7]

and arbitrary waveform generation [8, 9].

Nonetheless, the frequency comb remains a complex

tool that is yet to be incorporated into widely available

coherent instrumentation. To use the comb in this type of

instrumentation requires three separate, but equally critical

characteristics: (a) a compact and reliable comb source;

(b) an inter-mode frequency spacing that is sufficiently

high [10, 11] to identify each mode through conventional

techniques [4], though not so high as to require extremely

fast photonic techniques [12]; and (c) the means to

unambiguously identify the difference in frequency

between some arbitrary cw laser signal and the known

comb mode frequencies [13, 14].

To meet requirement (a), the focus has been on fibre-

based mode-locked lasers [15] and microresonators [16,

17]. Unfortunately, the mode spacing of conventional fibre-

based mode-locked lasers is too narrow (100–250 MHz) to

easily meet requirement, (b) and hence, a number of

attempts have been made to increase this spacing by either

modifying the laser itself [11, 18], or manipulating the

pulse stream [19–25]. One sees that a simple mixing of a

raw frequency comb and a cw laser source (i.e. the con-

ventional technique to ascertain frequency differences

between two cw laser signals) does not satisfy requirement

(c) as this approach yield ambiguous results in certain

circumstances. For example, when the cw laser has a fre-

quency that matches a comb mode, or falls midway

between two comb lines, then the standard frequency

comparison process yields zero-frequency or near-degen-

erate mixing products [13, 14]. The low repetition rate of

modern fibre-based mode-locked lasers exacerbates this

problem as these ‘‘dead zones’’ are relatively closely

spaced in frequency (50–125 MHz).

Many different techniques have been proposed to cir-

cumvent this ambiguity problem. For example, one can

isolate a single comb mode and then generate a beat note

between the cw signal and this isolated mode [26, 27].

The inherent challenge with this type of approach is the

requirement to automatically isolate a comb mode that is
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sufficiently close to the optical cw signal. Alternatively,

one could re-tune or step the comb [13, 28] to avoid

entering a dead zone, however, there is unavoidable loss

of phase during these switching events [14]. In addition,

this approach is not amenable to situations in which

multiple simultaneous measurements are performed using

a single comb. The more general solution to this problem

falls into two classes: either an elegant dual-comb solu-

tion [29] where a vernier approach provides the required

unambiguous information, or the use of auxiliary signals

at a known frequency offset from the incoming signal

[14]. By the right choice of repetition rate difference

between the two combs, or of the offset frequency of

these auxiliary signals, it is possible to guarantee an

unambiguous beat note over a wide range in input signal

frequency [14, 29]. In contrast to those approaches, here,

we make use of just a single comb and slice it into four

constituent combs—each with a repetition rate four times

the original, but where each ‘‘daughter’’ comb is offset

from the other by the original repetition rate. As we will

show below, this allows us to unambiguously derive the

frequency relationship between the incoming signal and

the original reference comb. In this article, we demon-

strate this by developing a scheme that automatically

stabilises the required interferometric elements in the

correct phase. We also consider the effect of errors in the

interferometer delays on the resulting modified optical

combs. It is important to note that here, we are demon-

strating more than just repetition rate multiplication—we

are modifying the optical spectrum itself to generate a

sparser optical frequency comb. It is this aspect which

requires careful phase stabilisation and which would not

be necessary if the objective was merely to multiply the

repetition rate.

2 Theory

A frequency comb can be expressed in the form: EðxÞ ¼
P

m ~amd x� mxr � xoð Þ where d(x) is a Dirac delta

function, xr is the repetition rate frequency, m is the mode

number, xo is the carrier-envelope offset frequency, and

where ~am represents the spectral phase and amplitude of the

mth mode. For definiteness, let us consider the case where

~am ¼ expð�ðx� xcÞ2=ð4Dx2ÞÞ expð�isðx� xcÞÞ, which

represents a Gaussian amplitude envelope centred at a

frequency of xc, with an e-fold width of Dx and which has

allowed for a linear phase ramp with a slope of s. For a

comb consisting of a large number of frequency modes (i.e.

m has a large range), the corresponding time-domain rep-

resentation is a train of pulses with a Gaussian pulse

envelope:

EðtÞ /
X

n

exp �ðt � ntr � sÞ2=s2
h i

exp iðxct þ /o;nÞ
� �

ð1Þ

where s ¼ 1=Dx is the pulse duration, tr = 2 p/xr is the

inter-pulse time, s sets a time offset of the pulse peak, and

/o,n = nxotr is the carrier phase offset for the nth pulse.

A standard approach to double the repetition rate of

frequency combs [19, 23, 25, 30] is to inject the pulse train

into an unbalanced Mach-Zehnder interferometer (MZI)

where one arm of the MZI is designed to deliver a delay,

sd, that is close to an odd multiple of tr/2 with respect to the

other arm (as shown in the first box on the left hand side of

Fig. 1). As we will show, in general, this approach does not

automatically double the inter-mode spacing of the comb.

The pulse train at one of the output ports of the MZI can be

written as MZIðtÞ ¼ EðtÞ þ BEðt � sdÞ exp ðiwÞ where

B allows for inequality in the power of the two recombined

combs, and |w| \ p accounts for the relative carrier phase

(i.e. evaluated at xc) of the two recombined pulse trains at

the output of the recombining beamsplitter. This phase

difference w is set by the relative path length difference of

the arms as well as the phase conditions at the input and

output beamsplitters. We have chosen to express the

recombined output in this way, splitting the time delay, sd,

that sets the location of the pulse envelope, from the rap-

idly varying optical phase component, w, as this allows us

to emphasise the key differences between modifying the

pulse rate and modifying the spectrum of the comb.

If the output of this unbalanced MZI is detected with a

fast photodetector (as is standardly done to generate a

microwave comb [19, 23, 25, 30]), then we would detect a

series of current pulses corresponding to the impulse

response of the photodiode (because the optical pulse

duration is much shorter than the detector response time).

For an ideal photodetector, characterised by a simple

response time of sPD, the power spectral density of the

detector output will be jPDðxÞj2 /
P

m
~bmd x� mxrð Þ

where

~bm ¼ 1þ B2 þ 2B cos msdxr½ �
� � 1

4ð1þ mxrsPD½ �2Þ

 !

ð2Þ

We note that this expression is independent of w and xo,

and we further see that if B *1 and sd � nþ 1
2

� �
tr (where

n 2 Z), then the even harmonics of the repetition rate will

be enhanced while the odd harmonics are suppressed—

effectively the pulse repetition rate of the comb has been

doubled. The independence of the result in Eq. 2 on the

relative carrier phase, w, shows why it has been unneces-

sary to stabilise w in prior work aimed at repetition rate

multiplication [19, 23, 25, 30].

292 C. Perrella et al.

123



In contrast, it is crucial to note that the optical spectrum

of the interferometer output is sensitive to w. The power

spectral density of MZI(t) is proportional to
X

m

~cmd x� mxr � xoð Þ exp �s2ðmxr � xcÞ2
� �

ð3Þ

where ~cm ¼ 1þ B2 þ 2B cos wþ sdðmxr � xcÞ½ �: From an

examination of Eq. 3, it is clear that to split the original

comb into odd- and even-mode combs, with each

separately exiting from one of the ports of the MZI, it

will be necessary to set power balance between the two

combined combs (B*1) while ~cm must equal 0 for either

odd or even m. It is clear that this only occurs when both

sd � nþ 1
2

� �
tr for n 2 Z and

w ¼ p
2nþ 1½ �xcð Þ mod xr

xr

: ð4Þ

To explain more completely the effect of w, let us consider

the simple case in which sd ¼ tr
2

and where xc is an exact

multiple of xr (i.e. xo = 0). Let us then set w to be equal to

zero as it must be according to Eq. 4. If we examine the

time-domain behaviour of the output pulse train at B1, then

we see that the output contains pulses delivered alternately

from the upper and lower paths of the interferometer;

however, the carrier phase of each output pulse is exactly

the same (because w = 0). From the frequency domain

view, this output comb has an inter-mode spacing of 2xr

with an xo of zero, that is, it is the even mode in the

original input comb. If one examines the pulse stream at

the B2 output (under the same circumstances), we note that

the apparent carrier phase would be flipping by p between

adjacent pulses (this is enforced by the phase relations of a

beamsplitter [32]). One thus sees the B2 output comb as

having an inter-mode spacing of 2xr with an offset fre-

quency, xo, equal to xr (i.e. exactly half the repetition rate

of the output comb): this clearly corresponds to the odd

modes of the input comb. We note also that this theory

predicts a rather paradoxical situation: if w is not set to one

of the special values in Eq. 4, then the output comb will

contain energy from all modes in the original comb (i.e. a

mode spacing of xr) although the measured inter-pulse

time would be tr/2 rather than the expected tr.

If there is an overall error in the interferometer arm

imbalance, that is, sd ¼ nþ 1
2

� �
tr þ D where D represents

the time error, then there is a resulting effect on both the

spectrum of the pulses as well as on the optical spectrum.

The pulse repetition rate spectrum will only show the

desired suppression of the odd harmonics with respect to

the even harmonics for modes up to an RF frequency of

1=ð4DÞ: In the optical spectrum, we will only obtain a

splitting of odd and even modes over a limited range of the

spectrum even if the value of w is held stable. The full

frequency distance between the places where the odd and

even comb modes becomes equal in amplitude (i.e. an

estimate of the spectral distance over which the splitting is

functional) is 1=ð2DÞ: We demonstrate both of these effects

experimentally. Further, we note that this technique is

reasonably broadband since an arm length error of 10 lm

can still lead to a bandwidth of 15 THz.

3 Experiment

The original comb is generated by a commercial 250 MHz

repetition rate fibre mode-locked laser, which is frequency-

doubled to 780 nm. The comb is injected into two cascaded

fibre-based MZIs as shown in Fig. 1. The phase imbalance,

w, in each MZI is detected by injecting a cw auxiliary

signal into the input of the first stage and then modulating

fibre stretchers that are placed in one arm of each of the

two MZIs. The fibre stretchers are modulated at different

frequencies (*2.5 and 3 kHz) resulting in dual synchro-

nous modulation of the output power at the output of the

second MZI. This signal is detected with two lock-in

amplifiers to generate independent error signals, which are

used to stabilise the relative phase, w, in both MZIs using

the stretchers. No synchronous power modulation arises

from the presence of the comb in the MZIs as there is no

optical interference when the two time-displaced combs are

recombined.

50:50 50:50
C1

C2

50:50 50:50
C3

C4

50:50 50:50
B1

B2

250 MHz
Comb

Auxiliary
Laser

500 MHz Combs

1 GHz Combs

Auxiliary
Laser

90:10

Phase Lock
Electronics

RF Spectrum
Analyser

Test
Laser

c/500MHz

c/1GHz
FS

FS

FS

Fig. 1 The cascaded MZI setup used to achieve pulse rate multiplication, the phase monitoring components and frequency comparison stages is

also shown. At each output, the remaining comb members are highlighted, and the original comb is shown in grey. FS fibre stretcher
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The output of the lockin amplifiers is zero when the

auxiliary laser is in constructive or destructive interference

at the monitored port. By tuning the frequency of the

auxiliary laser, we can stabilise w at any arbitrary value. To

demonstrate the efficacy of the w locking system, the

output of the first MZI stage was coupled to both an optical

cavity and a fast photodiode (see Fig. 2). The optical cavity

has a free-spectral range of 29.4 GHz with a finesse of

*300. We used a monochromator to filter out *30 GHz of

the spectrum to prevent the confusion of overlapping cavity

orders (although small overlaps are still visible at the

extrema of Fig. 2a). It is the filtering effect of the mono-

chromatic that is responsible for the overall envelope of the

optical comb seen in the top panel of Fig. 2a—the actual

comb itself is much broader than that displayed. The output

from the optical cavity as it is scanned is shown in Fig. 2a

while Fig. 2b shows the spectrum at the output of the fast

photodiode detecting that optical comb. In the first row, we

have adjusted the arm imbalance to the optimal value (i.e.

D ¼ 0), while across the two lower rows, we have inten-

tionally maladjusted the MZI by inserting free-space ele-

ments of 15 and 29 mm, respectively, into one arm

(D ¼ Dl=c� 5; 10� 10�11).

As predicted, the photodiode output spectra (i.e Fig. 2b)

were seen to be independent of the value of w, that is, the

spectra shown in Fig. 2b were stable in time and did not

vary if w was intentionally varied. In contrast, the optical

spectrum viewed from one output port was seen to evolve

from a purely odd through to a even mode comb if w was

not actively stabilised. However, if one locks w to a

particular value, then the interferometer can stably deliver

either the even (or odd) modes of the input frequency comb

to output port B1.

The lower two rows of Fig. 2 demonstrate the effect of

maladjustment of the gross arm imbalance on the optical

and microwave combs. Using the expressions given earlier,

we predict that the suppression of the 250 MHz peaks on

the microwave comb with respect to the 500 MHz peaks

will disappear at an RF frequency of 5 and 2.6 GHz,

respectively, for the presented arm imbalances. This is in

good agreement with the measured values of *4.5 and

*2.5 GHz derived from Fig. 2b.

The optical spectrum shows corresponding behaviour

for these gross time delay errors: we see the production of

side-lobes surrounding the central lobe where the output

modes have the opposite parity to those in the central lobe.

Once again, the experimental data support the analysis by

showing a central lobe full width of 8.9 and 5.1 GHz

respectively, which is in reasonable agreement with

expected values of 10 and 5.2 GHz.

In Fig. 3, we show the measured optical spectrum of the

comb through multiple MZI stages: the top panel displays

the unmodified raw comb where we are just able to resolve

the 250 MHz fundamental comb spacing. Once again the

overall comb envelope seen here is associated with the

monochromator filter (to prevent multiple order spectra

from overlapping in the output) and is not a feature of the

comb-splitting technique. In the middle panel, we observe

the two outputs of the first stabilised MZI stage with

500 MHz comb spacing (positions B1 and B2 as red and

blue respectively on Fig. 1). On the bottom panel, we

display the two outputs from the second MZI stage with

1 GHz comb spacing (positions C1 and C2 as red and blue,

respectively, on Fig. 1. Here, as on Fig. 2, one sees the

effect of an error in the interferometer arm imbalances,

which causes the modulation of the comb envelope as well

(b)(a)
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Fig. 2 Measured optical spectra (a) and microwave spectra (b) at the

output of a single MZI stage. The microwave comb is generated by

detecting the optical comb with a photodiode while the optical comb

is measured by its transmission through a high-resolution optical

cavity (linear transmission units). Top panel is the output of an MZI

with optimally set arm length imbalance (D� 0 s) and w = 0 at

position B1 (black) and B2 (green) with a 500 MHz repetition rate;

Middle panel inserted a 15 mm free-space section to imbalance the

interferometer (D� 5� 10�11 s); Bottom panel inserted 29 mm free-

space section (D� 9:7� 10�11 s). The grey peaks on the optical

spectra are auxiliary cw lasers marking a free-spectral range of the

optical cavity. The dashed blue and red envelopes on the optical

spectrum serve as a guide to the eye. The red and blue background on

the photodiode spectra mark the odd and even xr harmonics,

respectively
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as the switching of the odd and even harmonics between

the two output ports. Nonetheless, the suppression of the

unwanted modes exceeded 12 dB for this set-up—we were

unable to measure the full suppression because of the noise

floor of the measurement. By careful adjustment of the

lengths of the arms (as shown in [22, 23]), it is possible to

suppress this modulation. The outputs from the parallel

second-stage MZI (positions C3 and C4 on Fig. 1) are

offset by 250 MHz from those seen at C1 and C2.

To rotate w through one full cycle (2p), it is necessary to

tune the auxiliary laser frequency by one inter-mode

spacing as measured at the output of the last interferometer

stage (i.e. 1 GHz in our demonstration system). The fre-

quency stability of the auxiliary laser in our case was

around 10 MHz which was sufficient to maintain a stable

comb output from one of the interferometer ports—we

calculate that a 10 MHz error in the setting of this auxiliary

laser frequency still allows more than 30 dB of suppression

of the unwanted modes of the comb. If higher suppression

is necessary, then it is possible to offset frequency lock [31]

the auxiliary laser to one of the comb modes giving the

approach indefinite stability.

Finally, to demonstrate the effectiveness of our

approach, we combined the output of the MZI-cascade with

a continuous-wave (cw) laser to generate a heterodyne

mixing signal (as shown on Fig. 1). This is displayed on

Fig. 4 as a two-dimensional intensity plot where the

darkness of a pixel represents the strength of the corre-

sponding Fourier frequency. The five vertical lines on the

two plots represent the repetition rate signals for the raw

comb (upper panel) and the output of the two cascaded

MZI stages. One notes that on the lower panel that the

1 GHz peak is now much stronger than the 250, 500 and

750 MHz signals as a result of the filtering of the cascaded

MZIs. As the frequency of the cw laser is scanned (vertical

axis), we see multiple beat notes due to the mixing prod-

ucts between the laser and the various modes of the combs.

The red circles show areas where the beat note coalesces

when flas - mfr ? f0 * nfr/2 (for n 2 Z). It is in these

places where a simple frequency measurement of the dif-

ference frequency between the comb and cw laser cannot

302520151050

Relative Optical Frequency (GHz)

noissi
msna r

T  yti va
C

250 MHz

500 MHz

1 GHz500 MHz

250 MHz

Fig. 3 Optical spectrum

measured in transmission

through the detection optical

cavity (linear relative

transmission). Top Direct comb

output (250 MHz Rep. Rate).

The amplitude modulation

across the comb in the upper

panel is a result of the

monochromator filter in the

detection; Middle Output of first

stage (500 MHz Rep. Rate);

Bottom Output after two MZI

stages (1 GHz Rep. Rate). The

red andblue curves show the

output of the two output ports of

the relevant stage. The

modulation and the switching of

odd and even peaks in the lobes

seen in the lower panels arises

from an error in the selected

arm length imbalance. The

peaks from the auxiliary laser

have been coloured light grey

Fig. 4 Two-dimensional intensity plot of a CW laser beat note with

a the raw comb and b the output of the two cascaded MZI stages, that

is, the divided comb, as the CW laser frequency is scanned (vertical

axis). The red circles represent areas where the beat note becomes

ambiguous
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easily yield the frequency of the cw laser. It is clear that

this situation occurs 4 times less frequently in the rarified

optical comb. However, much more important than that

simple observation is the fact that our scheme gives us the

means to completely avoid any of these degenerate or zero-

frequency beat notes. If we observe the beat note between

the comb and the cw laser falling within fr/8 of fr, then we

immediately flip the phase of w in the first stage by p. This

can be done simply by moving the auxiliary laser signal. In

this case, the output comb shifts in frequency by exactly

fr/4 yielding a new beat note that has a unique interpreta-

tion. An alternative technique, which can avoid the need

for this switching, is the use of two parallel second-stage

MZIs, as indicated in Fig. 1. In this case, all four daughter

combs are available continuously at C1–C4, and one just

chooses the particular mixing product that provides an

unambiguous output.

4 Conclusion

We have demonstrated that phase-stabilised MZIs are capable

of separating an optical frequency comb into odd and even

modes and delivering these ‘‘daughter’’ combs at separate

ports. We have cascaded two of these stages and developed a

technique to actively stabilise the MZIs. This approach

delivers four daughter combs that are all offset in frequency

from each other. We have furthermore explicitly demon-

strated the effect of arm length errors on the optical comb and

its consequence for microwave combs generated from these

pulse trains, and have demonstrated the ability to measure

arbitrary frequency signals using these divided combs.
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