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Abstract Based on tunable diode laser absorption spec-

troscopy, the combustion gas temperature distribution was

reconstructed using the algebraic iterative reconstruction

technique. The effects of the projected angle and number of

rays on the temperature reconstruction results for both fan

beam and parallel beam were investigated. The flow field

information was shown in detail. The reconstruction

quality increased with increased ray number for both par-

allel- and fan-beam projections. The trend tended to be

smooth when the total number of beams exceeded 100. A

virtual ray method combined with the reconstruction

algorithms was proposed. The virtual ray method is

effective to improve the accuracy of reconstruction results

for the symmetric and non-axisymmetric temperature dis-

tributions. Moreover, the temperature reconstruction of an

infrared gas-field furnace is demonstrated, showing the

virtual ray method can be applied to the combustion

diagnostics.

1 Introduction

Tunable diode laser (TDL) absorption spectroscopy is

characterized by fast response, sensitivity, non-invasive-

ness. Thus, this technique is used to measure the flow field

temperature, gas composition, mass flux, and other quan-

tities in a wide range of practical applications. For in situ

measurements, TDL sensors have been deployed in the

turbofan (PW6000) inlet [1], scramjet engine inlet [2], and

scramjet isolator/combustor for the maintenance of engine

performance [3–8].

TDL sensors traditionally provide a path-averaged

temperature along the laser beam because of its line-of-

sight property that limits the technique of producing uni-

form flow fields. However, significant temperature and

concentration gradients exist for most combustion cases.

One method of overcoming this problem is to extend the

absorption information along the laser beam where multi-

ple absorption transitions are used [9, 10]. Another method

is to combine the absorption spectroscopy technique with

image reconstruction technique to obtain the internal

structure of the region of interest. The two-dimensional

(2D) spatially resolved distribution of the temperature and

concentration reconstruction can be produced by a recon-

struction algorithm.

Two general categories are divided into two groups: one

are the transform-based methods including Abel inversion

[11] and Filtered Back Projection algorithm (FBPA) [12,

13], the other are iterative technique, such as Algebraic

Reconstruction Technique (ART) [14, 15] and Maximum

Likelihoon–Expectation Maximization (ML-EM) [16].

Abel inversion is often used with the assumption of

spherically symmetry or axially symmetry [17, 18]. For the

FBPA, the drawbacks include the need for large beam lines

and intensive projection angles to ensure undistorted

reconstruction [19, 20]. To decrease the number of pro-

jected angles, the ART is widely employed because of its

better reconstruction performance in cases of incomplete

projection angles and few beam projections. Kasyutich

et al. [21] reconstructed a non-axisymmetric temperature

and concentration distribution using the ART. In the

experiment, four servomotors were adopted to control the

detector and emitter, and the measurement would spend

about 160 s. In some cases, a fast data collection is needed
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because the experiment would be completed in a few

milliseconds. Therefore, the emitters and detectors are

fixed in a certain location to save the acquisition time [22,

23]. Wang et al. [24] set up four laser platforms where each

laser rotated forming 118 fan, collecting data in 100 ms.

Ma et al. [25, 26] introduced hyperspectral absorption

spectroscopy to tomographic reconstruction by a simulated

annealing algorithm in which the number of projections

can be reduced. However, a large wide-scan laser or more

than four lasers are needed to satisfy the requirement of

more than 10 transitions.

A parallel beam [3, 25], fan beam [19, 21] or an irreg-

ular and sparse beam arrangement [23, 27, 28] can be

chosen by laser absorption tomography. Terzija et al. [27]

proposed an optimization strategy that used only 27 optical

paths through the subject for the engine cylinder. Twynstra

et al. [28] explained the optimization method using math-

ematical matrices. Above two researches both use irregular

beam arrangements, aiming at reducing the number of

beams that brings about complex optical system. In the

present study, the parallel- and fan-beam arrangements are

adopted to find an optimal optical layout.

In optimal algorithm studies, Piccolomini et al. [29]

developed a regularized solution that was efficient for the

computation of least-squares normal equations. To shorten

the iterations, Li et al. [29] introduced a modified adaptive

algebraic tomographic reconstruction technique with an

auto-adjustment relaxation parameter. Hansen et al. [31]

put forward several strategies to choose the optimal

relaxation parameter and termination rules.

In a practical combustor, the installation of numerous

optical sensors in a limited space is impossible. Therefore,

an optimal sensor distribution plays an important role in

tomographic reconstruction. This paper begins with a short

review of the absorption spectroscopy theory and ART in

Sect. 2. Then, the numerical model and optical layout are

described in Sect. 3. Sect. 4 presents the simulation results,

including the influences of the projected angles and number

of rays per angle on the temperature reconstruction.

Moreover, a virtual ray method is proposed and verified

with few projected rays though simulation. The experi-

mental validation of the virtual ray method is shown in

Sect. 5. Concluding remarks are given in Sect. 6.

2 Theory

Two major components, absorption spectroscopy and

tomography, are needed to solve two-dimensional water

vapor distribution. To facilitate the discussion, this section

provides a brief summary of the theories of temperature

measurement based on the direct absorption spectroscopy

and tomography.

2.1 Fundamental spectroscopy for temperature

measurement

An isolated transition centered at frequency v through a

uniform medium of length L (cm) is described by the Beer-

Lambert law

ln
It

I0

� �
¼ �kvL ¼ �PvSiðTÞUðvÞL ð1Þ

where I0 and It are the incident and transmitted laser

intensities, respectively. kv (cm-1) is the spectral absorp-

tion coefficient, P (atm) is the total pressure of the gas, v is

the mole fraction of the absorbing species of interest,

Si(T) (cm-2 atm-1) is the line strength of the transition at

temperature T (K), /(v) is the Voigt line shape function.

The line strength Si(T) can be calculated by the fol-

lowing scaling relationship

SðTÞ ¼ SðT0Þ
QðT0Þ
QðTÞ

T0

T
exp �hcE00

k
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T
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T0

� �� �
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kT

� �� �
1� exp �hcv0

kT0

� �� ��1

ð2Þ

where S(T0) is the line strength at reference temperature, E00

(cm-1) is the low-state energy of the transition, h (J s),

c (cm s-1), and k (J K-1) are the Planck’s constant, light

speed, and Boltzmann’s constant, respectively. Q(T) is the

partition function, which can be written by an polynomial

expression of temperature [32].

Combined Eqs. 1 and 2, the ratio of the absorbance

measured by two transitions reduces simply to the ratio of

line strengths

R ¼ S1ðTÞ
S2ðTÞ

¼ S1ðT0Þ
S2ðT0Þ

exp � hc

k

� �
E001 � E002
� � 1

T
� 1

T0

� �� �
ð3Þ

The relative sensitivity can be written as

dR=R

dT=T

����
���� ¼ hc

k

� �
E001 � E002
� ��� ��

T
ð4Þ

Then the gas temperature is determined by Eqs. 2 and 3,

which can be expressed as

T ¼
hc
k
ðE002 � E001Þ

ln A1

A2
þ ln

S2ðT0Þ
S1ðT0Þ þ

hc
k

ðE00
2
�E00

1
Þ

T0

ð5Þ

A1

A2

¼
R

PabsLUv1
vS1ðTÞdvR

PabsLUv2
vS2ðTÞdv

¼ S1ðTÞ
S2ðTÞ

ð6Þ

where A is the integrated absorbance. The selection criteria

for the optimal pair of transitions have been discussed in

detail elsewhere [4, 6, 33]. Based on the criteria, the line

pair of 7,205.25 and 7,416.05 cm-1 is selected for the
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simulation temperature within 300–1,300 K. The spec-

troscopy parameters of the transitions used in this study are

based on HITRAN 2008 database [34]. Figure 1 shows the

line strength and the relative sensitivity versus temperature.

2.2 Tomographic image reconstruction

Tomographic image reconstruction is the process of spa-

tially reconstructing the region of interest from the trans-

mission or reflection data by illuminating the object from

many directions. The process can be separated into two

steps. The first step is projection at multiple angles. Par-

allel- and fan-beam geometries are mostly used for the

collection. The number of rays and rotation angle for each

projection are the two major parameters that directly

influence data collection by the detector. The second step is

processing, which involves the transformation of data using

a certain reconstruction algorithm. In many applications,

such as in an isolator and combustor, space within which to

assemble so many emitters and detectors is also limited.

The iteration method, which uses a small number of rays

and a few projections, seems to be the optimal method. In

this study, ART is adopted to obtain the 2D temperature

distribution.

The region of interest f (x, y) is discretized to

N = n 9 n square grid points, where the gas parameters

such as temperature, pressure and species concentration are

assumed to be constant, as illustrated in Fig. 2.

When a ray i passes through the region, the integrated

absorbance can be written as a discretization expression.

Am;i ¼
XN

j¼1

fm;jLij ¼
XN

j¼1

PSðTÞX½ �m;jLij ð7Þ

where the subscript i and j represent the beam (i = 1, 2, …
M) and grid points (j = 1, 2, … N, N = n2), v is transition

frequency, respectively. Lij is the length that ray i crosses to

span grid point j. Lij is not changed once the number of rays

and projection angle are fixed. When the total number of

rays is M for projection, Eq. (7) can be expressed as
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..
. ..

. ..
. ..
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..
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where subscript v in Eq. (7) has been omitted in Eq. (8) and

the following Eqs. (9, 10, 11, 12). The matrix L is a sparse

matrix because only one beam at most can cross grid points

of 2n–1. The application of ART solves Eq. (8) in the

iterative equation as follows [12]

f
!ðkÞ ¼ f

!ðk�1Þ
� a

L
!

i � f
!ðk�1Þ

� Ai

� �

L
!

i � L
!

i

L
!

i ð9Þ

where the superscript k represents the iteration index in

ART, the subscript i represents the beam (i = 1, 2, … M),

a is the relaxation parameter. To accelerate convergence,

the iteration equations are added to an automatically

changing relaxation parameter given by Ref. [30]

f
!ðkÞ ¼ f

!ðk�1Þ
� a!ðkÞ L

!
i � f
!ðk�1Þ

� Ai

� �

aðkÞj ¼ b� ðf k�1
j Li;jÞ=

XN

j¼1

f k�1
j Li;j

ð10Þ

where the subscript i represents the beam (i = 1, 2, … M)

and grid point (j = 1, 2, … N), b is a constant with value of

0.6. In this problem, the temperature and concentration
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reconstructions should be non-negative. Therefore, a

constraint is added to the reconstruction algorithms. As

expressed in Eq. (11), U denotes the projection onto the

positive image. Then, the projections are incorporated into

each step of the iterations [31]

U fð Þ½ �j¼
fj; fj� 0

0; else

	

f
!ðkÞ  U f

!ðk�1Þ
� ak L

!
i � f
!ðk�1Þ

� Ai

� �� � ð11Þ

Moreover, a smoothness regulation is applied to reduce

the discrepancy among the nearest grid points, which is

expressed as

f k
ðm;nÞ ¼ ð1� dÞ � f

ðk�1Þ
ðm;nÞ þ d�

Xnþ1

y¼n�1

Xmþ1

x¼m�1

f
ðk�1Þ
ðx;yÞ =8

 !

ð12Þ

where d is 0.006. The kth iterated result of f k
ðm;nÞ relates not

only to the k-1th result of f
ðk�1Þ
ðm;nÞ , but also to the nearby grid

points. The details are shown in Refs. [25, 35].

3 Numerical models

3.1 Original temperature distribution

Using a Gaussian function, a model of temperature distri-

bution between 300 and 1,300 K is created, as shown in

Fig. 3. Two beam geometries, fan- and parallel-beam, are

used to determine the effect of the ray number and pro-

jection angles in the tomography system.

3.2 Beam arrangement

The optical beam arrangements are shown in Fig. 4. For

the fan-beam projection, the fan-beam sources are placed

along a circle with the equal space. The radius of the circle

equals to the length of the reconstruction region. The angle

of each fan-beam source is 90�, which contains p rays

arranged with an equal angle. Each time the fan-beam

source rotates with angle h, the projection data of p rays are

calculated. For ART method, the region of interest can be

still reconstructed in the incomplete projection condition.

In our present study, a comparison of fan-beam with par-

allel-beam arrangement would be carried out. Therefore, an

equal rotation angle is used, and the total number of the

rays is M = 360p/h.

In the parallel model, the rotation angle is 45� distrib-

uting in 180�. As shown in Fig. 4b, Ddgrid represents the

length of the grid and Ddline is the interval between the two

rays. In addition, dline from the first ray to the last ray is
ffiffiffi
2
p

times to the edge of the square test dgrid. In this condition,

dline just equals to the length of the reconstruction region,
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and at least one ray crosses the grid point when the pro-

jection angle equals 45� or 135�.

4 Simulation results and discussion

4.1 Effect of number of rays

Using the parallel projection, the area of interest is sepa-

rated into 11 9 11, 21 9 21, and 31 9 31 grid points and

four projected angles (0, 45�, 90� and 135�) are used. For

each condition, four different numbers of rays are utilized

to determine the effect of the rays on the 2D temperature

reconstruction. Part of the reconstruction results are shown

in Fig. 5. Poor reconstruction usually appears on the corner

and the centre of the reconstruction area. Each projection

equation represents a path value of a ray, as expressed in

Eq. (8). Taking p0 = 16, 31 9 31 grids; for example, there

are 64 (4 projected angles 9 16 rays per projected angle)

projection equations, containing temperature unknowns of

961. In the iteration, an initial guess assigns the grids, and

then the grid value is changed when a ray crosses through

the grid. As shown in Fig. 5a–d, more projective rays

indicate a nearer reconstruction image to the origin. When

the area of interest is divided into a small number of grid

points, such as Fig. 5e, f, a rough description is shown.

To quantify the quality of the reconstructed temperature,

the normalized mean absolute distance measures DevT is

defined as

DevT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n� n

Xn

l¼1

Xn

s¼1

ðT cal
l;s � T
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l;s Þ

T
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max � T
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min

" #2
vuut ð13Þ
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Fig. 5 Reconstructed

temperature for different grid

points and ray numbers. Parallel

projection and four detection

angles are applied
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where up-script cal and orig denote the calculated and

original values, respectively. The down-script l and s rep-

resent the grid point number.

For the fan-beam projection, different rotation angles

(30�, 45�, 60�, 90�, and 120�) and three different numbers

of rays (10, 20, and 30) for each projection are selected in

the simulation.

The calculated results are shown in Fig. 6. DevT

decreases with the increased beam number for both paral-

lel- and fan-beam projections. Moreover, the trend tends

smooth when the beam number exceeds 100. The dense

31 9 31 grids perform better reconstruction than the other

two distributions for the same beam number. The parallel-

beam projection obtains a lower DevT than the fan-beam

projection because the parallel projection has to rotate only

half circle when the beam number is the same as that of the

fan-beam projection. The fan-beam forms a non-uniform

pattern, which causes a course grid in the region of interest.

Therefore, in cases where the object under investigation is

more or less homogeneously distributed over the detection

area (and not in the vicinity of the fan centers), parallel-

beam projection leads to better reconstruction results.

Besides, the parallel projection also allows for a simple and

compact assembly system.

The relationship between the number of grid points and

number of projection for each angle is important to opti-

mize the ray establishment. For the parallel-beam projec-

tion, we quantify the relationship by g as follows

g ¼ Ddline=Ddgrid ð14Þ

Figure 7 plots the relationship between DevT and g at

different grids. When g is between 0.6 and 1, DevT is

located at a low level, wherein the temperature

reconstruction achieves good results. As g exceeds 1,

DevT significantly increases because the small numbers of

rays result in few even number of rays crossing through

some grids. Therefore, the optimal ray–grid distribution of

g is between 0.6 and 1.

4.2 Virtual ray method

In reality, temperature fields are in a continuum of states.

Therefore, a higher number of the discrete grid points

enable, more details are to be known. In Sect. 4.1, an

improvement is observed when the number of rays and

number of grid points increase. However, the rays for each

projection are usually no more than 20 because of limited

experimental space and cost.

In this study, we propose a virtual ray method. Some

virtual rays are added to the reconstruction algorithms. As

shown in Fig. 8, two new rays i03nþ1 and i03nþ2 are inserted

in in and inþ1, so the interval between two rays Ddline

changes to Ddline/3 and the total number of rays changes to

3p - 2. According to the optimal ray–grid distribution, we

choose g equals 1 in this simulation, to make the number of

grid points which will be nine times the initial.

The absorbance for the new rays can be calculated from

the initial absorbance, which can be written as follows
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Ai03n ¼ Ain

Ai03nþ1 ¼
2

3
Ain þ

1

3
Ainþ1

Ai03nþ2 ¼
1

3
Ain þ

2

3
Ainþ1

Ai03nþ3 ¼ Ainþ1

ð15Þ

where Ain and Ainþ1
are the absorbance of ray in and in?1,

respectively. The reconstructed temperature by the virtual

ray method is shown in Fig. 9. 31 9 31 grid, 16 rays for

each projection are used in the simulation. Comparing with

Fig. 5a, e, f, the noise is significantly reduced. Meanwhile,

detailed flow field information can be obtained.

Three different numbers of rays (11, 16, and 21) and

three different grids (11 9 11, 21 9 21, and 31 9 31) are

selected to test the virtual ray method. Moreover, 100

random Gaussian phantoms with off-centering are used in

the test. To ensure the high temperature region in the area

of interest, the maximal temperature in the borer of the area

is no more than 476 K. One of the random phantoms and

the reconstruction are shown in Fig. 10, in which 31 9 31

grids and 16 rays are chosen.

The results of the simulations are summarized in

Table 1, where ‘31-revise-centre’ represents the results

based on model in Fig. 3, ‘31-revise-random’ means the

results of 100 random Gaussian phantoms. The last two

conditions are tested using the virtual ray method with

31 9 31 grid. We found that a lower DevT is apparently

obtained by the virtual ray method compared with other

simulations. For the non-axisymmetric temperature distri-

bution, the virtual ray method is still efficient for the

reconstructions.

5 Experiment on the combustion test

An optical layout used for temperature and concentration

measurements in the horizontal plane is shown in Fig. 11.

The total area of the test is 33 9 33 cm. A circular infrared

gas-field furnace with a diameter of 14 cm is mounted onto

a stepped motor to be scanned by the laser. The height of

the laser beam plane is 1 cm above the plane of the fur-

nace. Two DFB lasers at 1,344.9 and 1,388.1 nm (NEL)

are separately mounted into two thermo-electric cooler

controller mounts (ILX, LDC-3908; ThorLabs, ITC502),

respectively. The two lasers are coupled by a single mode

fiber to a 50/50 Oz Optics 1 9 2 fiber splitter. One beam

passes through the area of interest, and is collected by a

multimode fiber. The other passes through the etalon

(ThorLabs, SA200-12A) with a free spectral range of

0.05 cm-1. Time division multiplexing technology is

adopted to obtain each laser signal. The direct scanning

in in+1
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Fig. 8 Scheme of the virtual ray method. The dash line i03nþ1 and

i03nþ2 represent two virtual rays inserted in in inþ1, and the marks in
and inþ1 change to i03n and i03nþ3 to avoid confusing in the virtual ray

method
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Table 1 Normalized mean absolute error (DevT) for different grid

numbers

n p0

11 16 21

31 0.0531 0.0354 0.0277

21 0.0558 0.0394 0.0355

11 0.064 0.0475 0.0419

31-revise-centre 0.0522 0.0271 0.0207

31-revise-random 0.0444 0.0283 0.0221
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functions of time division are generated by DAQ computer

using a 12-bit National Instruments PCI-6115 A/D board.

Under the control of the program, the furnace is moved

with a distance of 0.5 cm at the speed of 2 cm/s.

100-period signals (100 ms) are recorded at each furnace

position to collect statistics of the projection signals. After

recording the detector signal, the furnace is transferred to a

new position. When the furnace has been scanned along the

horizontal direction, the plane of the furnace is rotated 90�
and the above procedure is repeated. A LabView code is

developed for data acquisition and analysis. The raw

projection data are stored in the computer for further pro-

cessing and 2D temperature reconstruction. The experi-

mental spectra are fitted by Voigt line shape functions. In

principle, a more accurate analysis of the integrated

absorption areas for the non-uniform temperature distri-

bution can achieve by a hybrid Voigt fit scheme [9] or the

standard Humliček algorithm [36].

The reconstructed value through four projection angles

(0, 45�, 90�, and 135�) is shown Fig. 12. Each angle has 97

rays, and the distance between the first and the last ray is

48 cm. The projection value is ignored when the ray does

not pass through the area of interest. A low temperature

area appears in the middle of the furnace because of the

existence of a 3 cm diameter hole. To demonstrate the

virtual ray method, we calculate four cases: cases 1 and 2

have the intervals between the two rays (1 and 1.5 cm);

case 3 has one virtual ray added between two rays based on

case 1; and case 4 has two virtue rays added between two

rays based on case 2. For each case, the distance between

the first and last rays at 48 cm, and the numbers of pro-

jection rays are 49, 33, 97 (containing 48 virtual rays), and

97 (containing 64 virtual rays), respectively.

The reconstructed temperature and concentration results

are shown in Fig. 13. For case 1 and 2, the reconstructed

temperature and concentration are lower than case 0

condition in high temperature area. The reconstruction

quality significantly improves for case 3 when 48 virtual

rays are added to the reconstruction procedure. However,
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nearly 15 % remains in the middle-low temperature area

for case 4, because the gradient of the temperature in this

area is large. Despite the fact that the number of rays for

reconstructed calculation is 97, the number of real rays is

very small to reveal the real distribution. This finding

indicates that the virtual ray method can improve the

reconstruction quality, but applications with large gradient

are unsuitable.

6 Conclusion

Using Gaussian function, a model of temperature distri-

bution between 300 and 1,300 K is reconstructed using

ART. Parallel- and fan-beam projections are chosen to test

the influence of the numbers of rays and grid points. The

normalized mean absolute distance DevT that represents

the reconstruction quality, decreases with increased beam

number for both beam projections. Moreover, the trend is

smooth when the total number of beams exceeds 100. The

reconstruction value also depends not only on the number

of rays, but also on the number of grid points. An optimal

ray–grid establishment shows the distance from between

two nearby rays to the length of the grid ranges from 0.6 to

1. A virtual ray method is proposed and experimentally

demonstrated to improve the reconstruction quality effi-

ciently. The reconstruction noise is found to be signifi-

cantly decreased, and the detailed flow field information

can be obtained.
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