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Abstract In this paper we develop a new static model for

boron isotope separation by the laser assisted retardation of

condensation method (SILARC) on the basis of model

proposed by Jeff Eerkens. Our model is thought to be

adequate to so-called two-step iterative scheme for isotope

separation. This rather simple model helps to understand

combined action on boron separation by SILARC method

of all important parameters and relations between them.

These parameters include carrier gas, molar fraction of

BCl3 molecules in carrier gas, laser pulse intensity, gas

pulse duration, gas pressure and temperature in reservoir

and irradiation cells, optimal irradiation cell and skimmer

chamber volumes, and optimal nozzle throughput. A

method for finding optimal values of these parameters

based on some objective function global minimum search

was suggested. It turns out that minimum of this objective

function is directly related to the minimum of total energy

consumed, and total setup volume. Relations between

nozzle throat area, IC volume, laser intensity, number of

nozzles, number of vacuum pumps, and required isotope

production rate were derived. Two types of industrial scale

irradiation cells are compared. The first one has one large

throughput slit nozzle, while the second one has numerous

small nozzles arranged in parallel arrays for better overlap

with laser beam. It is shown that the last one outperforms

the former one significantly. It is argued that NO2 is the

best carrier gas for boron isotope separation from the point

of view of energy efficiency and Ar from the point of view

of setup compactness.

1 Introduction

Boron isotopes have a broad spectrum of applications in

industry. Naturally occurring boron consists of two stable

isotopes—19.9 % of boron-10 and 81.1 % of boron-11.

A useful property of pure boron-10 isotopes as large

thermal neutron absorption cross-section makes separation

of isotopes highly desirable. In nuclear plants, for instance,

boron-10 saturated compounds are used as control rods and

as reactor coolant additives due to their large thermal

neutron absorption cross-section (3837 barn for boron-10

and 0.005 barn for boron-11). Increased boron-10 to boron-

11 ratio in the boric acid solution, used as a chemical shim

in Pressurized Water Reactors (PWR), allows to reduce the

total amount of boron-based poison material in the primary

reactor coolant system, and, therefore to reduce corrosion

and wear on the other components of the reactor core [1].

boron-10 saturated compounds are also used in nuclear

reactors emergency shutdown systems. Boron is routinely

used in microelectronics for producing p-type domains in

silica. Use of isotopically pure boron minimizes the

thickness of boron acceptor layers, increases the heat

conductivity of the acceptor layer and increases the tran-

sistor switching power [2]. In spacecraft semiconductors

boron-10 enriched materials are used for radiation shield-

ing, while boron-11 can be used in semiconductors when

protection from cosmic and other kinds of radiation is

important. This protection is getting more important with

advancing miniaturization of electronic devices, and in

helioenergetics [3, 4]. In nuclear medicine boron-10 is used

in so-called boron neutron capture cancer therapy [5].
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There are a number of laser assisted methods: molecular

obliteration laser induced isotope separation (MOLIS),

chemical reaction by isotope selective laser activation

(CRISLA), separation of Isotopes by laser assisted retar-

dation of condensation (SILARC) (in [6] it is also called as

CRISLA-1), condensation repression by isotope selective

laser activation cold walls harvesting scheme (in [6] this

scheme is abbreviated as CRISLA-2), and atomic vapor

laser isotope separation (AVLIS). All these methods are

based on selective laser energy delivery to target isotopes.

Selectivity is provided by sharp photon energy dependence

of the photoabsorption cross section, that is specific for

different isotopes.

In MOLIS scheme clusters are formed via recombina-

tion of selectively dissociated BCl3 molecule with a scav-

enger gas. Apparently energy expenses for MOLIS are

more significant since it is necessary to break strong

intermolecular bonds to form new clusters selectively.

According to [7], in order to prevent target molecule dis-

sociation, this molecule should have been transferred, the

energy of at least one IR photon energy in excess to its

binding energy (this is so-called molecule dissociation

threshold). For instance in order to compare, decomposi-

tion of BCl3:NO2 dimer (corresponding van der Waals

binding energy is UvdW ¼ 510 cm�1 [8]) or to prevent

dimerization (as shown in [9] these processes are physi-

cally equivalent) requires only one a ¼ m3 vibrational mode

ir-photon energy, while BCl3 molecule dissociation(corre-

sponding binding energy is Da ¼ 38;000 cm�1 [10, 11])

requires absorption of at least 39 ir-photons. This suggests

a rather large laser energy pumping speed in the medium

when using the MOLIS scheme.

In the CRISLA harvesting approach energy expenses are

also substantial. These energy expenses include energy of

vibrational activation of the target isotope to enhance the

reaction rate through a specific co-reactant added to the

BCl3?CG mixture (CG denotes carrier gas), and energy

needed for molecular rearrangements in the newly formed

dimer [12]. These two schemes both require either multi-

photon or UV photon?IR photons absorption. Moreover,

formidable side reaction problem arises in that the enriched

products, that are formed in the gas phase, tend to form

product depleted heteroclusters in supercooled conditions.

In the AVLIS scheme energy expenses are even more

higher. They include energy spent for the laser pumping

system, and energy consumed by vaporizer/separator plus

isotope ionization energy [2].

Our choice of SILARC as an objective for current study

is motivated by its relatively high selectivity and substan-

tially lower energy consumption. Viability of this scheme

for SF6 isotope separation was confirmed experimentally in

[13, 14]. This separation approach is based upon selective

excitation of target isotopes in an overcooled gas flow by a

specifically tuned laser frequency. Overcooled gas flow can

be produced either by Laval nozzle or by orifice plate. In

order to gain better gas flow and laser beam overlap gas

pulse repetition rate should be synchronized with a

sequence of laser pulses. The separation principle is based

upon selective condensation of dimers that are mainly

composed of unexcited isotope molecules and carrier gas

molecules [6]. Another one is based on the concentration of

heavier dimers that has a smaller diffusion rate compared

to the excited isotopic molecules in the jet core region.

Boron isotope separation in SILARC can be schematically

represented as: At T [ Tc : BCl3 þ CG! BCl3 : CG!
BCl3 þ CG; where BCl3:CG denotes dimer, Tc is gas

condensation temperature. At T\Tc :10 BCl3 þ CGþ
hm! 10BCl�3 : CG! 10BCl3þ CGþ DE; 11BCl3 þ CG!
11BCl3 : CGþ 11BCl3 : CG : open surface: Gas expansion

from the reservoir chamber to the inlets of vacuum pumps

in this scheme can be described by hydrodynamic equa-

tions with an ideal gas equation of state, where selective

dimerization in a laser field is treated within the transport

equations framework, as shown in [8, 17]. In this paper we

found the most optimal carrier gas from N2;Ar, NO2; and

SF6 carrier gases.

Boron isotope enrichment factor has an essential

dependence on the laser intensity. The higher laser inten-

sity is the larger enrichment factor, that saturates, however,

rapidly after some limit as will be shown later. Moreover, if

laser fluence is high enough, caution must be exercised

because multiphoton absorption can take place [7]. In this

case applying of static approach is questionable. However,

laser pulses of rather small intensities or continuous wave

mode can be as much effective as sequence of laser pulses

of high intensity. In this case weakness of interaction with

laser field is compensated by longer interaction time that

leads, according to definition of excitation rate given in

[17], to the same probability of selective excitation as for

pulsed mode. IC is designed as a multi-pass cavity, dis-

cussed in this paper, can significantly extend reaction

volume, and therefore significantly reduce laser energy

needed. In such IC, the walls that are placed cross-wise to

laser beam and along the gas flow can be polished for high

reflectivity.

In the CRISLA-2 scheme, gas flow is irradiated coax-

ially to the IC axis. This is conditioned by cylindrical

geometry of IC most suitable for selective condensation of

target isotopes on its walls employed in this method [6].

Another important aspect is selectivity. It can be quan-

titatively estimated by widening of photoabsorption spec-

tral lines, basically caused by thermal (Doppler) and

pressure (collisional) broadening. For CRISLA-2 power

broadening is negligible due to rather small laser intensity
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required. Doppler and collisional broadening can be

reduced by letting the gas to supersonically expand through

Laval nozzle. However, as shown in [17], gas cooling

below some temperature is not desirable because product

cut from selective excitation of isotopes, residing mainly in

dimers, is very small. Furthermore, collisional broadening

can be reduced either by diminishing nozzle throughput or

by increasing pumping speed in order to reduce gas density

in IC. However, for our case of interest—boron isotope

separation, broadening effects are rather small compared to

large isotopic shift � 39 cm�1 [15]. Indeed, for instance,

Dopplers shift at optimal temperature for NO2 used as a

carrier gas *80 K, is very small DmD� 10�2 cm�1: In

SILARC-2 scheme, in order to gain better selectivity, tar-

get molecules have to be substantially diluted in carrier

gas, so that laser excitation of one isotope in the collisional

region of the free jet expansion is not followed by signif-

icant, nearly resonant, intermolecular vibrational energy

transfer [9].

As shown in [8] on example of UF6 dissolved in

nitrogen, clusters of critical size in SILARC scheme

conditions form at some time after the boiling tempera-

ture of gas mixture is achieved. However, if the overco-

oling time is larger than critical size cluster formation

time, then irreversible cluster growth takes place. It is

rather undesirable because clusters are normally ionized

in external electromagnetic field but not decouple [18].

For IC length LIC� 50� 70 cm, the transition time of

molecules across IC (residence time) is quite short com-

pared to critical size cluster formation time. However,

residence time can become much longer if gas evacuation

rate is not high enough. Another side effect of too long

residence time is that pressure and temperature growth in

IC will also deteriorate selectivity. Then in order to dilute

gas, provided pumping down rate stays the same, a

combination of harvesting methods can be useful. For

instance, as pointed out in [17] dimers can be deposited

on zigzag or wavy plates or scrubbers that can be placed

just before skimmer blade.

To summarize, optimal gas pressure in IC can be pro-

vided by appropriate nozzle throat area, number of nozzles,

IC volume, valve opening time, and gas evacuation rate.

Enrichment factor depends on efficiency of the harvesting

scheme, which is directly related to the laser intensity, gas

evacuation rate, and skimmer placement. Obviously, the

correct answer for the question which enrichment facility

design is most effective should be a compromise between

selectivity, energy expenses, performance and the total

volume of the system. As shown in this paper all these

parameters are interrelated, and they should provide global

minimum of total energy expenses in order to achieve

desired production rate.

2 Irradiation conditions

In this section, we introduce major parameters attributed to

laser field influence on effectiveness of enrichment. Accord-

ing to experimental data from [19], near resonant cross sec-

tion of BCl3, corresponding to m3 ¼ 997 cm�1vibrational

mode, [15], is rather small: rA ¼ 7:1� 10�20 cm2:

This suggests using a rather large laser intensity to provide

larger laser excitation rate, and, therefore, larger enrich-

ment factor in accordance with its definition given in [17].

Laser excitation rate of molecules by selective photoab-

sorption is given by:

kA ¼ /LrA; s
�1 per molecule; ð1Þ

where photon flux is:

/L ¼
5:035� 1022ILðW= cm2Þ

�3ð cm�1Þ ; photons� cm�2 s�1;

ð2Þ

where laser photon energy �3 ¼ hm3 corresponds to m3 mode

of 10BCl3 absorption band. Due to a very small frequency

shift, the same photon energy can be used for selective

dimer excitation. However, dimer photoabsorption cross

section is about 10 times smaller than that of monomers

[17]. Then an early start for the gas flow cross-wise

irradiation, when the monomer fraction is still large, is

preferable. Laser beam energy density is IL ¼ I0=ðpR2Þ;
where R is laser beam radius. Effective laser pulse intensity

can be introduced as

I0 ¼ jIP: ð3Þ

Under term ‘‘effective laser pulse intensity’’ we assume

that only a fraction of overall gas expansion time gas flow

is affected by laser field. This fraction is directly related

with reaction volume Vint by the factor j

j ¼ tint

t
¼ Vint

V
; ð4Þ

where Vint ¼ Af Lint is the volume of overlap region

between laser beam and gas flow, V = AfL is the gas

flow volume, Af is the cross-sectional area of gas flow, L is

the gas flow length, and Lint ¼ Ustint is the overlap region

length. In cross-wise gas flow irradiation overlap region

length can be introduced as

Lint ¼ Ntrl; ð5Þ

where Ntr is the number of laser beam and gas flow

intersections. For laser beam and gas flow, intersecting

under angle a; intercept length apparently is l ¼ 2R
sin a : The

number of laser beam passes across the gas flow (laser

beam radius is R) is given by
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Ntr ¼
L

H tan aþ l
; ð6Þ

where H is IC height. Therefore the factor j is given by

j ¼ l

lþ H tan a
: ð7Þ

Apparently, in order to use laser energy more efficiently

number of intersections should be made as large as

possible. The relation between acceptable laser energy

loss j ¼ j0; laser intensity per pulse IP, IC geometry, and

angle a follows from Eq. (7):

sin a ¼ 1

j0
� 1

� �
2R

H
: ð8Þ

3 The static model for two-step iterative scheme

of isotopes enrichment

The answers for questions, which carrier gas is most opti-

mal, which gas flow pressure and temperature are optimal,

and what is the optimal IC volume to gain necessary

production rate by enrichment setup, can be given on the

basis of the model developed in [8, 17]. This model can be

described as a material and kinetic balance equations

approach for four (three for dimers excitation) fractional

population groups for target isotopes in a selectively acting

laser field. These groups include 10BCl�3 excited, 10BCl3

non-excited monomers, ð10BCl3Þi epithermals, and 10BCl3 :

CG dimers, or the same groups except excited monomers

for dimer excitation case. After isotope-selective excitation

of 10BCl3 the 10BCl�3 will dimerize briefly as 10BCl�3 : CG;

that rapidly dissociate with VT conversion, creating epi-

thermals. Boron-11 isotopes are distributed over the groups

of thermal monomers and slower moving dimers. To reduce

resonant photon exchange probability between already

selectively excited isotopes, these isotopes should be

strongly diluted in carrier gas. In our calculations we used

the value from [16] for the optimal molar fraction of SF6 or

UF6 molecules dissolved in N2 carrier gas, that is l = 0.02.

This value can be decreased even more in order to increase

enrichment factor, but at the same time it will also induce

undesirable product cut reduction.

(a)

(b)

Fig. 1 a Enrichment factor as a

function of temperature at

different laser pulse intensities.

BCl3 is mixed in NO2 with

molar fraction l = 0.02.

Nozzle orifice area, IC and

skimmer chamber lengths, and

valve opening time correspond

to local minimum evaluated by

routine ‘NLPSolve’ from

Optimization Toolbox of

Maple15 [23]. Values of these

parameters are gathered in

Table 1 in the Sect. 6. Sequence

of laser intensities was chosen

for best resolution of curves.

b Product cut for the same

parameter set
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We assume that laser fields are relatively weak. As

shown later they are produced as a sequence of pulses of

rather long duration ([1 ns). In this case time dependence

of the field amplitude does not play an essential role [20].

Gas flow is also assumed steady so that pressure in feed

chamber evolves as a step-like function (it remains con-

stant over all the time period, when valve is open). Then

the system of transport equations derived in [17] reduces

to the system of algebraic equations. By solving these

equations one can find enrichment factor band product cut

h for given carrier gas, nozzle throat area, IC length,

skimmer location, gas/laser pulse duration and periodicity,

temperature and pressure inside the gas flow. At calcu-

lation of these quantities we consider only monomer

excitation.

In Fig. 1 it is seen that increasing laser intensity

increases enrichment factor up to some limit but practically

does not affect product cut. This saturation is of course

explained by normalization condition for laser-pumped

excited fraction of isotopes. The first thing that is seen is

that all curves for product cut practically coincide.

According to the definition of product cut given in [17] it is

practically unaffected by intensity of laser radiation pro-

vided boron-10 isotope abundance is xi � 1: This isotope

abundance is introduced as

xi ¼
ni

nQ
	 ½10

BCl3

½11

BCl3
 þ ½10
BCl3


: ð9Þ

The second remarkable feature is that it gets almost zero at

some critical temperature. This minimum is explained by

strong dependence of product cut on nozzle throat area.

Namely, the larger the nozzle throat area the smaller is the

product cut. The same result follows as well from behavior

of recycling factor as a function of nozzle throat area, that is

discussed in the Section 5. At the critical temperature, that

can be derived from its definition, Eq. (35), factor x

becomes singular. The factor x is related to the nozzle throat

area as At ¼ xD2: This factor behavior in the close vicinity

of critical temperature is displayed below in Fig. 2. At

T\Tc; it gets negative, and, therefore, leads to negative

sign of nozzle throat cross section. Thus, it is just an artefact

of our model. We found that the same situation takes place,

but for different critical temperatures, for all other carrier

gases considered—N2;Ar, SF6:

We assume that gas flow pressure in two downstream

chambers, IC and skimmer chamber, evolves as a two-

stage process. In the first stage gas expands into IC through

the nozzle throat while control valve is open. Gas influx

leads to pressure build up in IC and skimmer chamber from

the initial one Pin to the final one Pfin, so that pressure

varies inside interval Pin � Pfin ¼ DP around �P ¼ 0:01

torr. This variation should be small enough in order to

preserve selectivity and minimize collisional excitation

loss (in calculations we assume DP ¼ 0:01 torr). This stage

occupies the time interval equal to gas pulse duration sp ¼
DP
A : Parameter A is related to pressure increment in IC

produced by collective throughput Q from all nozzles that

can be calculated by Eq. (16),

DP ¼ kBT0DC; DC ¼ Q
sp

V1ð1þ CÞ ) A

¼ kBT0

Q

V1ð1þ CÞ : ð10Þ

Thus the pressure increment reads

DP ¼ Qsp
kBT0

V1 þ V2

: ð11Þ

The second step corresponds to gas evacuation stage from

Pfin to Pin: Duration of this step can be estimated as

tout ¼ g0qðV1 þ V2Þ; q ¼
ln Pin

Pfin

� �
Nin

dUA

dt

� ��1

; ð12Þ

where V1 is the IC volume, V2 is the skimmer section

volume, Nin is the number of vacuum pumps, and dUA=dt is

(a) (b)

Fig. 2 Factor x as a function of

temperature (a) on the left-hand

side, and (b) on the right-hand

side from its singularity,

corresponding to the critical

temperature Tc = 83.588 K,

provided NO2 is used as a

carrier gas. Parameter set is

fixed to the values gathered in

Table 1
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the performance of each vacuum pump, factor g0 takes into

account outgassing that is important in the pressure range

operated Pfin�P�Pin [24]. Volume of skimmer chamber

is introduced as V2 ¼ CV1; where value of parameter C is

defined by optimization procedure described in the last

section. Gas evacuation time is much longer than thermal

equilibrium time between these chambers and their walls.

This explains our assumption that pressure and temperature

in both chambers are the same. Shortly afterwards gas is

equilibrated with walls that are maintained at room tem-

perature T0.

Gas flow rate across orifice between reservoir with ini-

tial gas pressure P0 and downstream chamber with initial

gas pressure Pin ¼ �P for isentropic gas expansion can be

estimated as

Q ¼ NnozzCf AtS; S ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P0n0

m0

2c
c� 1

�P

P0

� �2
c

�
�P

P0

� �cþ1
c

" #vuut ;

n0 ¼
P0

kBT0

; ð13Þ

where Nnozz is the number of nozzles and m0 is the molar

mass of gas mixture used. Specific heat ratio for gas

mixture is given by

c ¼
ð1� lÞCG

p þ lCQ
p

ð1� lÞCG
v þ lCQ

v

; ð14Þ

where l is the molar fraction of BCl3 in carrier gas, and

CQ;G
p ;CQ;G

v are specific heats at constant pressure and

volume, respectively, for corresponding gas fractions. Flow

(a)

(b)

(c)

Fig. 3 a Factor x, b enrichment

factor, and c product cut as

functions of temperature for

different carrier gases.

Corresponding optimal

parameters are gathered in

Tables 1 and 2
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coefficient Cf depends on the boundary layer width. Nozzle

throat area is At = DH, where D, H are nozzle height and

width, respectively. In the formula (16) initial pressure in

reservoir is not known. It can be found from relation

between upstream and downstream pressure and

temperature for one-dimensional isentropic gas expansion:

T

T0

¼
�P

P0

� �c�1
c

: ð15Þ

The initial value of gas pressure in downstream chamber

should be chosen to provide required gas cooling, and, at the

same time, to minimize gas flow overexpansion, which

takes place when initial pressure in IC is significantly

smaller than pressure at the nozzle outlet [21]. Downstream

gas flow optimal temperature is assumed corresponding to

the minimal value of objective function introduced in the

last section, Eq. (40). However, until now we were able to

find a only a local minimum by using nonlinear program-

ming routine ‘NLPSolve’ from Optimization Toolbox of

Maple15 [23]. Our calculations for enrichment factor and

product cut as a function of temperature are shown in Fig. 3.

The largest value of enrichment factor for NO2, used as a

carrier gas, can be explained by that, in addition to conclu-

sion made in [17] about influence of carrier gas molecular

mass on enrichment factor, it also depends strongly on het-

ero-dimer binding energy. Indeed, enrichment factor

depends mostly on the availability of monomers at lower

temperatures and dimer decay rate at higher temperatures.

According enrichment factor asymptotic at xi � 1; evalu-

ated in [17], if dimer decay rate is small, but nevertheless

temperature is large enough for sufficient monomer avail-

ability, it can be increased by increasing binding energy that

corresponds to decreasing dimer decay rate. We esti-

mate binding energy of BCl3 with carrier gas (CG) as

DðCG:BCl3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DaðBCl3ÞDbðCGÞ

p
; where DaðBCl3Þ ¼

104 cm�1 is the binding energy of dimer formed from two

BCl3 molecules (monomers). According to calculations

based on the dimerization model proposed in [8], NO2 has

the largest binding energy among other considered carrier

gases: DaðNO2Þ ¼ 2;500 cm�1:

Gas flow rate across orifice between feed chamber with

gas pressure P0 and IC with initial gas pressure Pin ¼ �P for

isentropic expansion case can be estimated by

Q ¼ NnozzAtS; S ¼ Cf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P0n0

m0

2c
c� 1

�P

P0

� �2
c

�
�P

P0

� �cþ1
c

" #vuut ;

n0 ¼
P0

kBT0

;

ð16Þ

where Nnozz is the number of nozzles. Flow coefficient Cf

depends on the boundary layer, that is effectively reducing

orifice area. Nozzle throat area is At = DH, where D, H

are nozzle height and width, respectively.

4 Basic operational principles

After finishing two-step process described above, product

enriched gas component reiterates back to the feed cham-

ber, where it mixes with new and leftover portions of gas in

the chamber, so that reservoir pressure returns to its ori-

ginal level. This procedure goes on until isotope content in

reservoir chamber achieves required enrichment level. This

level(degree) can be introduced as selected isotopomer and

isotopomer mixture ratio of concentrations by the end of

enrichment operation t = tf:

c0 ¼
niðtf Þ
nðtf Þ

: ð17Þ

Therefore, according to definition of factor xi given by Eq.

(9), it is related with c0 as

c0 ¼ xiðtf ¼ ntcÞ; ð18Þ

provided it remains constant on each enrichment iteration

(in our calculations we assume that c0 = 0.9). Therefore

corresponding number of recyclings is given by

n ¼ logb
c0

xi

� �
: ð19Þ

Time interval of one enrichment cycle can be introduced as

tc ¼ sL þ tout; ð20Þ

where sL ¼ sp þ ttr is laser pulse duration. Gas flow

transition time across IC is given by ttr ¼ L=Us;where Us

is gas flow average velocity

Us ¼ Us0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

c� 1
ð1� T=T0Þ

s
þ

ffiffiffiffiffiffiffiffiffiffiffi
2

cþ 1

s" #
=2;

Us0 ¼ 9116:5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cT0=M ðamuÞ

p
; cm=s

ð21Þ

with M being atomic mass of the gas molecules in amu, and

T0 gas temperature in reservoir conditions.

In some sense such recycling loop system can be

thought as an open system with positive feedback. We call

it as open system because it is connected to mixing tank via

negative feedback, responsible for reservoir pressure res-

toration until predefined initial level.

Let us consider this recycling process in more detail. We

assume that there are N0 molecules in reservoir. This

number is conserved because of admixing with fresh por-

tions of gas before start of new iteration as described earlier.

Then after the first stage the following equality is valid

N0 ¼ xilbhN0 þ N1; N1 ¼ N0ð1� xilbhÞ: ð22Þ
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Then on the second stage we have

N0 ¼ xilbhN0ð1� xilbhþ bhÞ þ N2;
N2 ¼ N0½1� xilbhð1� xilbhþ bhÞ
; ð23Þ

and so on until the necessary level of enrichment is

reached. This process requires n recyclings. The number of

isotopes, that are collected in reservoir on the last iteration,

can be deduced by induction from the previous formulas

Nn ¼ N0@; @ ¼ xil
1� xil

z� zn

1� z
; z ¼ bhð1� xilÞ;

ð24Þ

where factor @ we will call as a recycling factor.

5 Comparison between single and multi-nozzle

industrial enrichment setups

In this section, we introduce two types of industrial scale

enrichment schemes. In the first one gas expands across a

large throughput slit nozzle (Fig. 4a). In the second one

it is divided among a collection of parallel to each other

rows of slit nozzles (Fig. 4b). Laser beam impinges gas

flows produced by nozzles from the same row many

times cross-wise as shown in the schemes below. For

effective use of laser energy, gas flow should be irradi-

ated in multi-pass cavity. For instance advantages of

Herriott cavity or LMPC can be taken in order to provide

larger irradiation volume [22].In what follows we dem-

onstrate that performance of one nozzle gets smaller with

increasing throat area. According to formulas (16, 24),

recycling factor should be used to show this. We calcu-

lated this factor as a function of throat height D for

different carrier gases. This function is displayed in

Fig. 5. Corresponding set of parameters was found by

applying nonlinear programming routine ‘NLPSolve’

from Maple15 [23], for minimization of objective func-

tion introduced in the last section, Eq. (40). This result

suggests that application in industry of one large

throughput nozzle is meaningless.

Fig. 4 a Industrial scale IC

with single nozzle. b Multi-

nozzle industrial scale IC
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6 Irradiation cell volume

In this section we present a method to calculate IC volume,

which meets requirements of production rate and corre-

sponds to minimum of spent energy

Etot ¼ ðNinEWtout þ IPsL=gÞmn; ð25Þ

where Nin is the number of vacuum pumps and g is the CO2

laser efficiency (we assume that g = 0.1). Vacuum pump

motor rating can be estimated by formula from [24]

EW ¼
dUA

dt
ðPin � PfinÞg�1

mech: ð26Þ

In the pressure diapason operated, Roots blower is more

appropriate. As illustrated in our calculations we take its

pumping speed to be dUA

dt
¼ 5;000l=s that corresponds to

‘Okta 18000’ model issued by Pfeiffer Vacuum. Mechan-

ical efficiency of Roots pump is gmech = 0.85.

Minimum of energy expenses can be provided by

shortening gas residence time in downstream chambers,

that is equivalent, according to Eq. (12), to reducing their

volume. This volume, as shown later, depends on carrier

gas choice, valve opening time, laser pulse intensity, noz-

zle throat dimensions, IC and skimmer chamber volumes,

distance between skimmer holes (factor r in Eq. (31)),

temperature and pressure inside the gas flow, and number

of vacuum pumps.

As far as it was demonstrated in the previous sec-

tion, using of multi-nozzle IC is significantly more

advantageous, we assume that gas flow is divided by nozzle

wall into set of sub-flows so that dimers, that are formed

gradually from molecules unaffected by laser irradiation,

from one nozzle do not interfere with dimers from neighbor

nozzles. In another words bunch of dimer trajectories, that

belong to sub-flow from one nozzle are assumed as confined

within the same elementary volume, or cell, along its travel

path. Apparently length of this volume corresponds to IC

length and its cross-sectional area should be larger than the

area of skimmer hole, because its central part is occupied by

gas flow core and remaining part should be sufficient to

minimize interference between subflows from neighbor

nozzles. We assume that skimmer hole, corresponding to

slit nozzle, is rectangular. Thus IC volume can be calculated

by

V1 ¼ Nnozzvcell; vcell ¼ D0H0LIC; D0 ¼ xDþ 2d;

H0 ¼ H þ 2d;
ð27Þ

where LIC is the IC length. Factor x takes into account

nozzle shape geometry. This value is nothing but the ratio

of nozzle outlet area to the nozzle throat area

x ¼ Ae

At
: ð28Þ

This ratio can be expressed in terms of Mach number

according to the standard formula for adiabatic 1D

expansion

Ae

At
¼ 1

M

1þ c�1
2

M2

cþ1
2

 ! cþ1

2ðc�1Þ

: ð29Þ

In order to cool gas flow down to the temperature, that is

optimal for given carrier gas, one has to use nozzle

specifically designed to the appropriate Mach number on

the axis at the nozzle outlet. As well known, Mach number

is related to temperature as follows:

T ¼ T0

1þ c�1
2

M2
: ð30Þ

Optimal gas flow pressure on nozzle outlet is assumed

fixed to the same value for all considered gases ptot = 0.01

torr. Optimal gas pressure in reservoir conditions can be

obtained by the Poisson adiabat, Eq. (15), and optimal

temperature in downstream gas flow temperature can be

derived from calculations based on the Eerkens’s model

that are displayed in Fig. 1.

Let us introduce a new variable r in order to find relation

between distance from the skimmer hole edge to the nearest

cell border and cell characteristic dimensions. This variable

is introduced as r ¼ vrest

vcell
; where vrest = vcell - vflow is the

part of cell volume unoccupied by gas low. Gas flow vol-

ume can be estimated as vflow = xDHL. By applying

Fig. 5 Recycling factor @ as a function of nozzle throat height D for

NO2 used as a carrier gas. Corresponding optimal values of

parameters are gathered in Table 1
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formula (27) for cell volume, this distance takes the fol-

lowing form

d ¼ � z

4
þ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ 4xHD

r

1� r

r
; z ¼ xDþ H: ð31Þ

Equation (10) can be used to find relationship between

dimensions of slit nozzle by combining it with Eq. (27) as

follows:

D0H0

DH
¼ kBT0Ssp

DPLð1þ CÞ : ð32Þ

It can be rewritten as

kBT0Ssp

DPLð1þ CÞ ¼ xþ 2d
x
H
þ 1

D

� �
þ 4d2

DH
: ð33Þ

By introducing a new variable x ¼ D
H ; this equation is

reduced to the following

1

2x
ðx2 � 1Þ þ 3

2
þ r

1� r

� �
x� 1

2
¼ kBT0Ssp

DPLð1þ CÞ : ð34Þ

Therefore

x ¼ x2 � 1

h1 þ h2

; h1 ¼ 1� x 3þ 2
r

1� r

� �
;

h2 ¼
2kBT0Ssp

LICDPð1þ CÞ :
ð35Þ

On the other hand as follows from Eqs. (16, 24), nozzle

throat area needed to produce a certain amount of isotopes

Mtot by the end of enrichment operation tf can be evaluated

by

At ¼
Mtot

zGð@=nÞNnozzSðmi=NAÞtf
; ð36Þ

where mi is boron-10 molar mass. Factor zG = mBsp takes

into account gas flow intermittency caused by pulsed valve

operation, where mB is repetition rate of sequence of gas

pulses. Number of pulses in each sequence is equal to

number of recyclings n that is required in order to achieve

desired enrichment level in gas portion emitted per pulse.

Repetition rate of these sequences is mB ¼ m
n ; where m is gas

pulse repetition rate (apparently gas pulse repetition rate

should coincide with laser pulse repetition rate). It can be

also rewritten as

mB ¼
m

tf
: ð37Þ

Therefore, number of such gas pulse sequences produced

over all enrichment operation time tf is given by

m ¼ tf

ntc
: ð38Þ

Our next step in order to calculate IC volume is to find

time necessary to evacuate gas from downstream cambers

until required pressure level. By using Eqs. (12, 27, 35, 36)

this time can be written as

tout ¼ sp
x

ne
� 1

� �
� ttr; j ¼ D2tf Sðmi=NAÞ

MtotN
; e ¼ 1

Nnozzj
:

ð39Þ

In these equations we introduced a new parameter that

corresponds to global minimum of objective function

N ¼ min
X
fn=@g ð40Þ

over the set of parameters listed in the beginning of this

section

X ¼ fCG; l; sp; r;D; LIC;C; �P; Tg: ð41Þ

Number of nozzles Nnozz and laser pulse intensity IP

remain unknown. We find them from condition of

minimality of total energy expenses and that pumpdown

time should not be longer than gas molecule transition time

across the IC 0 \ tout B ttr. If gas molecule residence time

is longer than this time, then it collides with walls and loses

its excitation and selectivity deteriorates. Nonnegativeness

condition of pumpdown time is also important because

minimum of spent energy can be found at such IC volume,

that this time gets negative. Apparently, the most efficient

carrier gas should provide the lowest energy consumption

and volume. As seen from Table 2, NO2-carrier gas is the

most energy efficient, while from the point of view of setup

compactness using Ar is more advantageous.

Our results for optimal initial gas pressure in reservoir,

downstream gas flow temperature for given carrier gas

choice, and all other important parameters are summarized

in Tables 1 and 2.

The second column of the last table from the right

corresponds to the local minimum of the function, defined

Table 1 Optimal set of parameters for given carrier gas

CG P0, torr T, K D, lm H, mm LIC, cm Lsk, cm r sp, ms

N2 82.954 23.736 10 15.7 20.6 2.57 0.73 19.28

Ar 7.66 22.95 100 38.1 125.6 13.8 0.95 91

NO2 4.61 83.758 100 53.3 139 61 0.82 189.3

SF6 3 9 1013 12.22 10-12 0.04 5 9 10-8 5 9 10-10 0.74 2726.2
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by Eq. (40), that was evaluated by Optimization Toolbox

subroutine ‘NLPSolve’ in Maple 15 [23]. We present our

calculations of N as function of temperature for different

carrier gases in Fig. 6a–d. It is seen that the smallest value

of this function corresponds to NO2-carrier gas.

By equating gas evacuation time defined by Eq. (39) to

gas evacuation time defined by Eq. (12), one can deduce

relationship between number of nozzles and number of

vacuum pumps. It is seen that the value of latter is not

necessarily an integer. This means that individual pumping

speed should be adjusted. After substitution of Eq. (27) for

IC volume into Eq. (12) the latter takes the next form

K ¼ Ning0qvcellð1þ CÞ; tout ¼ K
Nnozz

Nin

: ð42Þ

Thus the final relationship is the following

Nin ¼ K
Nnozz

tout

; ð43Þ

where tout is given by Eq. (39). We calculated numbers of

nozzles and vacuum pumps for different carrier gases,

corresponding to annual production of 20 tons of enriched

BCl3, by this formula. Our results are shown in Table 2.

7 Summary

We introduced a new model for two-step iterative scheme

of laser assisted isotope enrichment. The basic ingredient of

this model is transport model proposed in [17]. This scheme

can be represented as an iterative process, each stage of

which corresponds to gas pulse emission followed by its

irradiation, mechanical separation by skimmer blade, and

pumping down. Isotopes are separated by selective action of

the laser field on target molecules that triggers gas flow

separation, caused by different diffusion rates of excited

and non-excited (more heavier) species. We have argued

that a static approximation can be applied for such scheme.

We compared two types of designs for industrial scale

multipass cavities (IC), where gas flow is irradiated cross-

wise. The first one corresponds to irradiation of the whole

gas flow from one large throughput nozzle. The second one

is when gas flow is divided into many sub-flows produced

by relatively small nozzles that form rows parallel to each

other. In this case more complete overlap between laser

beam and gas flows can be implemented by laser beam

extension via its reflection from collection of mirrors

installed on the opposite walls along gas flow direction. We

have also demonstrated that enrichment performance of slit

nozzle reduces dramatically with increase of its throat area.

Therefore, only the last scheme should be considered.

(a) (b)

(c) (d)

Fig. 6 Temperature dependence of an objective function N for a N2,

b Ar, c NO2, and d SF6 carrier gases. Corresponding optimal values of

parameters are gathered in Table 1

Table 2 Optimal set of parameters for given carrier gas

CG Nnozz Nin I0,W V1,m3 N Etot, J

N2 9.53 9 107 5.08 9 106 2.45 9 103 2.27 9 103 303.13 2.51 9 1013

Ar 4.86 9 106 2.15 9 106 2.41 9 103 0.75 9 103 301.85 2.54 9 1013

NO2 8.15 9 106 3.94 9 106 942.2 1.02 9 104 294.5 1.755 9 1013

SF6 1.73 9 1023 3.24 9 109 10.9 2.2 9 105 295.14 1.7315 9 1013
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We propose a general procedure to select optimal carrier

gas, and calculate IC volume from the condition of mini-

mum of energy spent to produce necessary amount of

isotopes over given time interval, Eq. (25). The first task in

order to satisfy this condition is to find optimal values of

physical parameters that deliver global minimum of some

objective function. This objective function is introduced as

a number of iterations required for enrichment level to be

achieved divided by recycling factor, Eq. (40). These

physical parameters include carrier gas, valve opening

time, nozzle throat height, IC length, skimmer chamber

volume, distance between skimmer holes parameterized by

factor r, temperature and pressure inside the gas flow. The

minimal value of objective function after being found had

been used to find downstream chambers pumpdown time,

number of nozzles, number of vacuum pumps, and finally

to find IC volume. It is also observed that NO2 is the best

carrier gas for boron isotope separation among others

considered.
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