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Abstract A compact achromatic quarter-wave retarder
(QWR) operating in reflection mode is designed for using
in terahertz region. It is a composite device utilizing form
birefringence and Fabry–Pérot (FP) interference. Under il-
lumination of plane waves with incidence angle of 45°, from
1.8 THz to 2.8 THz, the QWR achieved only ±2° variation
around 90° phase retardation, enlarging the working band-
width of ordinary QWR greatly. An analytical model com-
bining transmission-line (TL) theory with effective medium
theory (EMT) is presented and results agree well with the
time-consuming numerical calculation. The 38 µm thick
construction is simple and easy for fabrication by the ex-
isting lithographic technique and a promising application in
terahertz or other frequency region is believed.

1 Introduction

Terahertz, as a newly exploited electromagnetic (EM) wave,
promises a bright future in a wide spread of application ar-
eas. It has potential uses for spectroscopic imaging, high
bandwidth communication and sensitive detection for med-
ical or biological issues [1, 2]. For these uses, various po-
larizing elements in this frequency range are demanding
[3], including tunable and fixed phase shifters, filters, split-
ters, wave plates and so on. Among them, quarter-wave re-
tarder(QWR) is one of the most fundamental ones, which
introduces 90° phase shift between two orthogonally polar-
ized electric components. Here, we focus our attention on
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the achromaticity of QWR, which is a often employed and
investigated character of QWR.

Typical QWR using natural birefringent material is
strongly dependant on wavelength. However, due to the dis-
persion of form birefringence [4], subwavelength gratings
(SWG) are tailored to perform achromatic phase retarda-
tion, with a fill factor being about 0.7 to 0.8 [5, 6]. Another
method for achromaticity is the use of total reflection, a kind
of which is the well known Fresnel rhomb [4]. Combining
SWG with total reflection, a reflective achromatic phase re-
tardation is designed in both visible and near-infrared re-
gions [7]. In addition, liquid crystal [8, 9] and multilayer
bicrystalline materials [10] are also widely investigated for
broadband operation. In fact, the most efficient and sophisti-
cated QWR is in the nature. By experimental measurements
and theoretical modeling, Roberts et al. discovered an ex-
cellent QWR in the eye of a stomatopod crustaceans, with
±2.7° variation in full visible range. This kind of achro-
maticity has proved to be the result of interplay between in-
trinsic and form birefringence in the eye [11]. More recently,
anisotropic metamaterial with H-shaped periodic metallic
pattern was designed successfully in manipulating polariza-
tion state of EM wave. Their theoretical calculation results
showed that a wide band for phase retardation of 90° was
achieved but the corresponding band for polarization con-
version ratio of 0.5 was sharply narrow [12].

In terahertz region, methods used to produce QWR was
various while discussion about achromaticity was limited.
Dielectric SWGs have been fabricated for use at discrete
frequencies [13, 14]. Birefringent negative-index metamate-
rial was creatively proposed to role as phase retarder. How-
ever, owing to the intrinsic resonant properties of metamate-
rial, the absorption of energy was severe and the working
frequency band was narrow [15, 16]. Also, birefringence
from electric resonance of metamaterial, as well as scaled
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Fig. 1 The schematic of cross
section of QWR (a) and the
representation of equivalent TL
model (b). In (a), the gray
section represents dielectric
medium while the dark section
represents metal

double-layer meanderline structure, were used to fabricate
terahertz quarter-wave plate working in narrow bandwidth
[3, 17]. Combining up six quartz plates together, a quarter-
wave plate operating from 0.25 to 1.75 THz was designed
and fabricated [18]. However, with the bulk thickness of
31.4 mm, the device was not suitable for use in compact
space. In study of generation of elliptically polarized ter-
ahertz pulses, Amer proposed a rough “quarter-wave plate”
by simply assembling a wire-grid polarizer with a metal mir-
ror, whereas the achromaticity was not achieved [19].

Inspired by the idea of Amer mentioned above [19] and
the dispersion property of form birefringence [5], in this let-
ter, we propose a new method of producing an achromatic
QWR. This QWR is supposed to work in terahertz region
in reflection mode, which is assumed to be illuminated by
plane waves with an incidence angle of 45°. Numerical sim-
ulation results show that phase retardation of 90° ± 2° in a
large frequency bandwidth is obtained. An approximate an-
alytical model is established also, resulting in a good agree-
ment with the numerical one. Further investigation reveals
that the FP interference is found to be responsible for the
achromaticity, which is helpful for the design of the achro-
matic QWR in other frequency region.

2 Numerical simulation

Shown in Fig. 1(a) is the cross section of the composite
QWR. The whole structure is supposed to be infinite and
not varying along x-direction. Covered on the metal ground
plane are a dielectric grating with a depth of dm, a thin
metal-strip grating and another layer of dielectric grating in
sequence. The total depth of the three-layered grating is dt,
with period of P and width of (P −w). The QWR is illumi-
nated obliquely by plane waves with an incidence angle of
θ . Since the incident plane is in the y–z plane, the incident
wave could be divided simply into transverse electric (TE)
mode and transverse magnetic (TM) mode. The polarization
of TE wave is along x-direction while the polarization of
TM wave is perpendicular to x-direction.

Fig. 2 Optimized performance of QWR by numerical calculation. The
bandwidth with phase retardation between 88° and 92° is from 1.8 THz
to 2.8 THz. The parameters are such that P = 40 µm, w = 20 µm,
dt = 38 µm, and dm = 15.8 µm. Grey zone in (a) denotes the range of
phase retardation from 88° to 92° while in (b) the range of frequency
from 1.8 THz to 2.8 THz

Considering the feasibility of fabrication, we choose
polyimide as the dielectric medium, with a refractive index
of 1.8 − 0.04i in the terahertz region [20]. We select Au as
the material of metal-strip grating whose thickness is fixed
as 200 nm. Numerical calculation based on finite element
method was carried out by a commercial software named
COMSOL Multiphysics. In its RF module, we use in-plane
scattered hybri-mode as field type. A rectangular domain in-
cluding eight unite cells is calculated, with eight periods as
the width and 600 µm as the length. Two boundaries along
the propagation direction are set periodic and the anther two
are set matched. By simulated annealing algorithm, an opti-
mized QWR was obtained as shown in Fig. 2. The parame-
ters are such that P = 40 µm, w = 20 µm, dt = 38 µm, and
dm = 15.8 µm. Figure 2(a) exhibits phase retardation while
Fig. 2(b) depicts reflectivities. Obviously, from 1.8 THz to
2.8 THz, about 1 THz of bandwidth for phase retardation
of 90° ± 2° is achieved, which is nearly ten times of that
achieved by the electric split ring resonator [17]. However,
in the corresponding frequency range, the reflectivity of TE
component is evidently unequal to that of TM component,
which will reduce the degree of circular polarization. In our
simulation, when the imaginary part of index of polyimide
is set zero, the reflectivities of both TE and TM waves will
turn to be unity. So, this kind of unequal reflectivities just re-
sults from the absorption of dielectric medium, which could
be solved by choosing a material with lower or none absorp-
tion.
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3 Analytical model

In order to verify the achromaticity obtained by numeri-
cal simulation, we established an analytical model based on
transmission-line (TL) theory to calculate the reflection co-
efficients of TM and TE wave, respectively. As shown in
Fig. 1(b), the equivalent TL model for QWR is depicted.
For the grating period P being much smaller than the inci-
dent wavelength λ, it is reasonable to substitute the dielectric
grating with an anisotropic homogeneous medium, whose
permittivity could be obtained by effective medium theory
(EMT) [21]. Considering the large imaginary part of per-
mittivity of metal in terahertz region, metal components are
approximated as perfect conductor with zero depth in our
model. Following the dynamic modeling method introduced
by Tretyakov et al. [22], the equivalent surface impedance
could be easily found as the impedance of a parallel con-
nection of the grid impedance Zg and the input impedance
Zs of the grounded slab beneath the grids. The characteristic
impedance along the TL is ηd in effective dielectric medium
and ηa in air, respectively.

According to EMT, in effective dielectric medium, the
permittivities are different for the fields parallel and per-
pendicular to the grating grooves. Here we have εx = εz �=
εy , where εi (i = x, y, z) is the permittivity for the field
along corresponding axis. Derived from the basic vector
transmission-line equations, for plane waves, the boundary
conditions of a planar dielectric slab on an ideally conduct-
ing surface could be written out exactly [23]. Then accord-
ing to the definition of incidence impedance [24], the equiv-
alent surface impedance at the surface of the grounded ef-
fective slab Zs could be derived as for the TM wave:

Zs_TM = jωμβTM
tan (βTMdm)

k2
(1)

and for the TE wave:

Zs_TE = jωμ
tan (βTEdm)

βTE
(2)

where ω is the angular frequency, k denotes the wave num-
ber and μ is the permeability of effective dielectric medium.
Notice that βTM and βTE are the propagation constant along
z-axis for TM wave and TE wave, respectively, which could
be written as [23]

βTM =
√

εy

εz

(
ω2εzμ − kt

2
)
, (3)

βTE =
√

ω2εxμ − kt
2 (4)

Here, kt is the tangential component of the wave number
k. From the Snell equation [4], we could easily have kt =
k0 sin(θ) = sin(θ)

√
ω2ε0μ0, in which k0, ε0 and μ0 are the

wave number in air, the permittivity of air and permeability
of air, respectively.

Under the condition of P � λ, through averaging bound-
ary condition, the averaged current density and the averaged
x-component of total electrical field at the position of aver-
aged grids could be connected by impedance operator [23].
Since the metal is perfectly conducting and the azimuth an-
gle ϕ = π/2, the grid impedance for TE wave could be sim-
plified as

Zg_TE = j
η

2
α (5)

where the wave impedance in dielectric medium for TE
wave η = √

μ/εx . The grid parameter α could be given as
[23]

α = kP

π

[
log

2P

πw
+ ζ(3)

2

(
kP

2π

)2

+ 3ζ(5)

8

(
kP

2π

)4

+ · · ·
]

(6)

where ζ(x) is the Riemann zeta function. The higher-order
terms must be included if the period P is not much smaller
than λ. For a subwavelength grating, from distances larger
than P, the scattering field could be ragarded as plane waves.
However, when dm < P , the influence of Floquet modes
diffracted by metal-strip gratings could not be ignored.
Treating the ground plane as a mirror for both incidence field
and averaged current density, Wait found that the only influ-
ence of the evanescent modes to the reflection coefficient is
the substitution (α + γ ) instead of α [25].

For TM wave, the situation is a little complicated because
the metal grid is imbedded in an anisotropic medium here.
According to Šantavý’s theorem about the Babinet principle
used in electrically anisotropic medium [26], the field of TM
wave could be transformed to its complementary filed of TE
wave by transforming the coordinate system (assuming the
mesh is along x-axis):

x = x′, y =
√

εx

εz

y′, z =
√

εx

εy

z′ (7)

where x, y, z are coordinates for TM wave and x′, y′, z′
are coordinates for TE wave. Then, using the Babinet prin-
ciple [24], the grid impedance for TM wave could be deter-
mined as

Zg_TM = η2
avg

4Z′
g_TE

(8)

where η2
avg = μ/

√
εxεy and the grid impedance for comple-

mentary TE wave Z′
g_TE could be obtained by solving (5),

with the parameters P , w and k being adjusted accordingly.
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Since now the loading impedance at point B is ZL =
1/( 1

Zg
+ 1

Zs
), from TL theory we obtain

Zin = ηd
ZL + jηd tan(βl)

ηd + jZL tan(βl)
(9)

as incidence impedance at point A, where the propagation
length along the TL l = dt − dm, the propagation constant
β could be obtained from (3) or (4), and the characteristic
impedance of dielectric under oblique illumination ηd is [23]

ηd_TM =
√

μ

εy

√
1 − k2

t

ω2εzμ
(10)

for TM wave and is

ηd_TE =
√

μ

εx

/√
1 − k2

t

ω2εxμ
(11)

for TE wave. Finally, the reflection coefficient of a plane
wave impinging obliquely on the structure could be written
as

R = Zin − ηa

Zin + ηa
(12)

where ηa is the characteristic impedance in air and has the
same form as ηd in (10) or (11).

4 Results and discussion

Using the analytical model descried above, we obtained the
properties of QWR and compared them with the results cal-
culated by numerical simulation. To avoid propagation of
higher-order Floquet modes, the grating period P was cho-
sen smaller than about 40 µm, by which the second-order
effective indices obtained by EMT is qualitatively validated
in the range concerned [27]. Making a tradeoff between
the absorption and working bandwidth, the total depth dt

was chosen. Considering the facility of fabrication process,
the geometrical parameters here are such that P = 30 µm,
dt = 40 µm, f = 0.44, and fd = 0.43, where the fill factor
f is defined as f = (P − w)/P and the depth ratio fd is
as fd = dm/dt. Shown in Fig. 3(a) and (c) are the results of
both analytical and numerical calculation, with phase retar-
dation in (a) and reflection in (c), respectively. Comparison
between the results by two methods exhibits disagreement to
some extent, where an obvious departure in high frequency
region is observed. Investigation shows that there are mainly
two points responsible for this in our analytical model. The
first one is the use of EMT, which is just an approximate
method even under the condition of long-wavelength limit.
The second one is the effect of higher-order Floquet modes

Fig. 3 Phase retardation and reflectivities of both analytical and nu-
merical calculation. (a), (b) Display phase retardation while (c), (d)
display reflectivities. Circle-, triangle- and asterisk-marks represent
the results of numerical calculation while solid line and dash-dotted
line represent the results of analytical calculation. Geometric parame-
ters are as follows: dt = 40 µm, f = 0.44, fd = 0.43 and P = 30 µm
for (a), (c) while P = 10 µm for (b), (d)

diffracted by subwavelength periodically arranged metal-
strip grating. As we illustrated in the analytical model sec-
tion above, when the metal-strip grating is close enough to
the metal ground plane, the evanescent higher-order Floquet
modes will be reflected back and forth between them. For
TE wave, this effect could be solved by a mirrored method.
However, for TM wave where the Barbinet’s complementary
principle is used, this effect could not be included in model
because Barbinet’s principle is just valid in situation of a sin-
gle plane construction. Hence, the ignorance of higher-order
Floquet modes for TM wave will introduce impreciseness to
the model. This is verified by the results shown in Fig. 3(b)
and (d), where only the period P is changed from 30 µm to
10 µm. In this case, the satisfied condition dm > P makes the
Floquet-mode effect negligible while the condition P � λ

makes the EMT more accurate. So, good agreement between
two results are achieved, shown as in Fig. 3(b) and (d). This
validates both the numerical and analytical model.

In order to investigate the basic principle of achromaticity
for QWR, we examined the phase change ΔTE and ΔTM oc-
curring on the interface of reflection for TE and TM waves,
respectively. As we all know, metal-strip grating with sub-
wavelength period is almost transparent for TM wave and
opaque for TE wave. Therefore, the QWR proposed here
could be approximated as two grounded slab, one for TE
wave and the other for TM, with different refractive index
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Fig. 4 Reflection phase change spectra from a grounded slab for both
TE and TM waves, with εr = 9 and h = 38 µm. Thin line represents
TE wave, thick line represents TM wave while dashed line represents
the phase change of Δr

and different slab thickness. For simplicity, we started our
investigation on a single grounded slab for both, with the
same relative permittivity εr and the same thickness h. The
incidence angle θ is assumed to be π/4. Using TL theory, we
obtained the spectra of phase change ΔTE and ΔTM shown
in Fig. 4. Obviously, both of them exhibit oscillation char-
acter with the same cycle. Moreover, we found that the bal-
ance line of those oscillating curves happens to be the phase
change of the first order reflection Δr as the function of fre-
quency, which is written as

Δr = 4π

λ0

√
εrh cos θt + π (13)

where λ0 is the wavelength in free space, θt is the refraction
angle. Hence, it is reasonable to attribute this kind of oscil-
lation to the interference of multi-order reflections, which
is also called the Fabry–Pérot interference [4]. To realize
the achromaticity, we need to keep the phase retardation
δ = ΔTE − ΔTM invariant over a certain frequency range,
which means that the spectra of ΔTE and ΔTM should have
different amplitudes but the same slope. If we only take into
account the first order reflection, obviously from (13), the re-
quirement for achromaticity will never be fulfilled. Thanks
to the oscillation character induced by Fabry–Pérot interfer-
ence, by choosing both proper εr and proper h for TE and
TM wave, respectively, the requirement could be achieved
thus the achromatic phase retarder could be realized. That
is the basic principle of achromaticity of QWR proposed in
this paper. However, it is not right to investigate the QWR
just through the simple approximated grounded slab, since
the subwavelength metal-strip grating for TE wave is not ab-
solutely opaque. Take the corresponding SWG of optimized
QWR in Fig. 2 for example, the transmission of TE wave at
2.8 THz is above 5%.

5 Conclusion

In summary, we proposed a new method of designing an
achromatic QWR in terahertz region. The large working fre-
quency bandwidth of the QWR was demonstrated by both
numerical and analytical calculation. That is, from 1.8 THz
to 2.8 THz, the phase retardation remains around 90° with
variation of only ±2°. Further more, with the thickness of
about 38 µm, this QWR has in its possession both the char-
acter of achromaticity and compactness, which may give it
a promising application in various terahertz technologies.
With the help of our analytical model and the basic work-
ing principle investigated, this QWR will be easy to design
in other frequency region.
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