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Abstract In strong atmospheric turbulence, the asymptotic
on-axis scintillation behaviors of Laguerre Gaussian (LG)
beams are examined. To arrive at the strong-turbulence
solution, we utilize the existing filtering approach for
weak-turbulence solutions and our recently reported weak-
turbulence scintillation index formula for LG beams. In the
limiting case, our solution correctly predicts the asymptotic
strong-turbulence behavior of Gaussian beam wave scintil-
lation. Investigation of the scintillations versus the propaga-
tion distance, source size, wavelength and refractive index
structure parameter lead to the conclusion that the LG beams
with higher order radial modes can provide less scintillation.
The results are applicable to long-haul atmospheric optical
communication links.

1 Introduction

The scintillation indices are found for different types of in-
cidences [1–6], also for LG beams [7] in weak turbulence.
These results are well accepted for horizontal atmospheric
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optical links having spans of only several kilometers. In
telecommunication networks, these applications are known
as access networks through which the high speed telecom-
munication core network is connected to the end users. Con-
sidering the core network, atmospheric optical links can be
candidates to function as a high rate transport medium like
optical fiber links of several tens of kilometers. In such a
link span, one should consider scintillation solutions that are
valid in strong turbulence.

Strong-turbulence effects have been studied for a long
time [1, 8–18]. The first experimental evidence [8] and the
first theoretical findings [9–12] of scintillations in strong at-
mospheric turbulence are reported long ago. The first evi-
dence of applicability of phase approximation for describ-
ing the strong scintillation regime is provided in [13]. In
the last decade, several investigations in strong turbulence
are reported. Numerical simulation is applied to understand
the irradiance variance variations [19] in strong atmospheric
turbulence. Monostatic lidar [20], aperture averaging ef-
fects [21, 22] and communication system performance [23]
in strong turbulence are reported. Recently, some literature
has appeared, reporting the scintillation reductions obtained
from the use of new beam types such as Airy beams [24],
combined Gaussian vortex beams [25] and the use of multi-
wavelength sources over extremely long (149 km) propaga-
tion distances [26]. To arrive at some of these results, sim-
ple tests are conducted using the computer modeled versions
of atmospheric turbulence. Providing a complimentary ap-
proach to experiments, these models constitute a convenient
way of verification for theoretical derivations. We hope to
use such methods in our next series of studies.

In the current paper, we have formulated and evaluated
the on-axis scintillation index of LG beams in strong turbu-
lence by employing the extension of weak-turbulence scin-
tillations through appropriate filtering [1]. Our motivation is
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to understand whether the use of LG beams in long-haul at-
mospheric optical links will bring any advantage in terms of
intensity fluctuations. As explained in Sect. 2, the asymp-
totic strong-turbulence treatment is basically derived from
that of weak-turbulence formulation. The adoption of this
basic formulation to the case of LG beams in strong tur-
bulence and the incorporation of the appropriate filtering
arrangement are the essential new elements of this study.

2 Strong-turbulence treatment for LG beam

Examining the structures in (46) of Chap. 4, (14) of Chap. 8
and in (13), (14), (20) of Chap. 9 in [1] and the composition
of the formulations in our previous studies [2–6], it is possi-
ble to deduce that the asymptotic on-axis scintillation index
under strong-turbulence conditions is related to the one in
weak turbulence in the following manner

m2
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wt
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where m2
st and m2

wt( ) respectively stand for the scintilla-
tion index formulation of strong and weak turbulence with
m2

wt( ) still in integral form, hence κ and θκ are the spa-
tial frequency variables, η is the distance variable, DS[ ]
is the phase structure function of plane wave containing in
its argument the distance between transmitter and receiver
z, κ, k = 2π/λ with λ representing the wavelength of the
source and a low pass filter function X(τ,η) associated with
the radius of curvature of the beam in question. In this study,
we shall adopt LG beam, which is defined on the source
plane as
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In (2), Ei(ri, θi) is the optical field with radial and angular
coordinates of ri and θi, αi is the Gaussian source size, p is
the radial mode number for the Laguerre polynomial Lp( ).

For the LG beam described by (2), the formulation of m2
wt

via Rytov method is provided in [7]. Therefore, to determine
m2

st, we need to specify the function X(τ,η) present in (1).
To do that, the radius of curvature expression of an LG

beam propagating in free space is required [1]. Here we sim-
plify matters and equate the radius of curvature of the beam
in (2) to that of a collimated fundamental Gaussian beam.
Thus, the radius of curvature F(z) at an axial transmission
point of z will be given by

F(z) = −k2α4
i + 4z2

4z
. (3)

Subsequently, by employing (14) of Chap. 9 of [1], X(τ,η)

will appear as
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By inserting (4) into (1) and performing the integration
by taking the phase structure function incorporating Kol-
mogorov spectrum, we get

DSκ(κ, η)

=
∫ 1

0
DS

[
zκ

k
X(τ, η)

]
dτ

= 0.3638C2
nk1/3z(κη)5/3

{
3

(
η

z

)(
1 − 4zη

k2α4
i + 4z2

)5/3

+ 0.75
k2α4

i + 4z2

z2

[(
1 − 4zη

k2α4
i + 4z2

)8/3

−
(

1 − 4z2

k2α4
i + 4z2

)8/3]}
. (5)

Finally, combining (6) of [7] with (1) and (5) of this study
and rearranging will deliver m2

st as
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In (5) and (6), C2
n denotes the refractive index structure pa-

rameter and j = (−1)0.5. Equation (6) reduces to (20) in
Sect. 9.3.2 of [1] at the Gaussian limit.

3 Graphical illustrations

We illustrate in this section, the variations of on scintillation
index against propagation distance, source size, wavelength
and the refractive index structure parameter at different ra-
dial mode numbers. This is done by numerically evaluating
the double integral in (6) by using a modified version of a
previously introduced integral routine [27]. To effectively
use the capabilities of the double integral routine in ques-
tion, it is important to realize that in (6) a big portion of the
integrand over κ is concentrated in close proximity to zero.
Therefore to allow a proper evaluation of the inner integral
in (6), we have subdivided the total integration range from
zero up to infinity into tiny steps around zero and rather large
steps around infinity represented by the number 10 000.

It should be kept in mind that the formulation offered in
(6) is valid for the scintillation behavior in an asymptotic
form and under strong-turbulence conditions. To ensure that
we are always in the strong-turbulence region, in the follow-
ing graphs, the source and propagation parameters are cho-
sen such that 1.23C2

nk7/6z11/6 � 1 is always satisfied. All
throughout the graphs, a single set of radial mode numbers
is used, that is, p = 0,1,2,5,8.

First we analyze in Fig. 1, the dependence of scintilla-
tions against propagation distance. From Fig. 1, we note
that all beams act nearly in the same way, i.e. their scin-
tillations will experience a fall with rising propagation dis-
tance, eventually merging toward the same saturation value.
Bearing in mind that in Fig. 1, p = 0 refers to the funda-
mental Gaussian beam, we see that the behavior displayed
in Fig. 1 is in conformity with the one exhibited in [1];
furthermore, the LG beams p ≥ 1 have similar scintillation
property, but their higher radial mode numbers will help re-
duce scintillations. It is seen from the illustrations in [7],
greater p values of LG beams lead to the creation of side
lobes nearer to the on-axis position. As the propagation of
the beam advances, the intensity of these side lobes ini-
tially tend to concentrate around on-axis, thereby increasing
the intensity levels at this position. Since scintillation index
acts inversely proportional to intensity levels [28], rising p

values would inevitably cause scintillation reductions. Note
that these statements are valid for relatively shorter propa-
gation distances, because as the propagation distance is in-
creased indefinitely, all beams converge into a Gaussian pro-
file [29], thus eliminating the initial differences. This effect
is also clearly visible in Fig. 1. As already pointed out, the
behavior seen in Fig. 1 is in conformity with [1], in partic-
ular with the graphical illustrations of Figs. 9.14 and 9.15
in Sect. 9.6 of [1] and similar curves of [20], where the-
oretical curves as well as experimental results are exhib-
ited. We should of course bear in mind that our formulation
covers the asymptotic treatment of the scintillation index in
strong-turbulence region. Therefore it is not possible to ob-
serve in Fig. 1, the weak scintillation parts and the bending
transitions from the weak region to strong region. To plot
the scintillation index variation across the whole range of
weak, moderate and strong-turbulence regions, a complete

Fig. 1 Scintillation index
variation versus propagation
distance at different radial mode
numbers and at αi = 1 cm,
C2

n = 10−13 m−2/3,
λ = 1.55 µm
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Fig. 2 Scintillation index
variation versus propagation
distance at different radial mode
numbers and at αi = 4 cm,
C2

n = 10−13 m−2/3,
λ = 1.55 µm

Fig. 3 Scintillation index
variation versus source size at
different radial mode numbers
and z = 10 km,
C2

n = 10−13 m−2/3,
λ = 1.55 µm

different approach, i.e., a return to the very beginning of
the scintillation formulation is required as detailed in [1,
18, 20, 30]. And this is not the intention in the present pa-
per. In its present form, however, our formulation yields the
correct scintillation values at the limiting case of p = 0
for strong-turbulence cases. To this end, a test was made
by inserting the source and propagation parameters used in
Figs. 9.14 and 9.15 in Sect. 9.6 of [1] into (6) and it was
seen that (6) would produce identical results as displayed
in Figs. 9.14–9.15 in Sect. 9.6 of [1] for strong-turbulence
regimes.

Next, in Fig. 2, the case of a larger source size is exam-
ined for the beams of Fig. 1. Comparison of Fig. 1 and Fig. 2
shows that as the source size becomes larger, we will wit-
ness an increase in scintillations for LG beams with lower
radial mode numbers, while the scintillations of beams of

higher radial orders will drop. Joint examination of Figs. 1
and 2 further illustrates that the ordering of beams will not
change with rising source size, that is, scintillations will still
be the smallest for the LG beams of highest radial mode
number.

The dependence of the scintillation index on the source
size is explored in Fig. 3, where it is seen that there will
be little amount of scintillations for source sizes up to ap-
proximately 4 cm, but from then onwards there will be high
rises, in particular for beams with small radial mode num-
bers. It is also revealed by Fig. 3 that, within a range of
small source sizes up to 4 cm, scintillations will slightly de-
crease, particularly at higher radial mode numbers. Such de-
creases are in conformity with the situation encountered in
Fig. 2.
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Fig. 4 Scintillation index
variation versus wavelength at
different radial mode numbers
and αi = 5 cm, z = 10 km,
C2

n = 10−13 m−2/3

Fig. 5 Scintillation index
variation versus refractive index
structure parameter at different
radial mode numbers and
αi = 5 cm, z = 10 km,
λ = 1.55 µm

Scintillation index variation with wavelength is investi-
gated in Fig. 4. The trend of scintillations falling at longer
wavelengths as found in Fig. 4 matches with the weak
scintillation behaviors observed in [2, 4]. It is also noted
from Fig. 4 that the case of LG beams with higher ra-
dial mode numbers offering least scintillations is applica-
ble all throughout the wavelength range considered. Finally
the variation against the refractive index structure parame-
ter is examined in Fig. 5 which shows that scintillations will
increase in a logarithmic manner with increases in C2

n val-
ues. It is important to point out that this kind of behavior is
somewhat different from the one found for weak scintilla-
tions and it is possible to see from (5) and (6) that such a
behavior in strong turbulence arises due to the presence of
low pass filtering function.

4 Conclusion

The scintillation index of LG beams in strong turbulence
is formulated and evaluated. Examining the scintillations
versus the propagation distance shows that the higher ra-
dial modes will exhibit lower scintillations, but will merge
to the same saturation value as the propagation distance is
greatly extended. At larger source sizes the same situation
holds with scintillations of lower radial order beams attain-
ing rather large scintillation levels. Similar to the weak-
turbulence case, scintillations of strong turbulence will also
have a falling trend against rising wavelengths. Increasing
values of the refractive index structure parameter will cause
scintillations to increase in a logarithmic manner. In all the
cases considered, it is found that LG beams of higher radial
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order will uniformly create less scintillation under strong-
turbulence conditions.
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3. H.T. Eyyuboğlu, Y. Baykal, Appl. Opt. 46, 1099 (2007)
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