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Abstract We describe an algorithm for using a confocal
microscope for tracking single fluorescent particles diffus-
ing in three dimensions. The algorithm uses a standard con-
focal setup and directly translates each fluorescence mea-
surement into an actuator command. Through physical sim-
ulations, we illustrate 3-D tracking in both stage scanning
and beam scanning confocal systems. The simulated stage
scanning system achieved tracking of particles diffusing in
3-D with coefficients up to 0.2 µm2/s when the average flu-
orescence intensities was less than 1.84 counts per measure-
ment cycle (corresponding to less than 18,400 counts per
second) in the presence of background fluorescence with a
rate of 5,000 counts per second. Increasing the fluorescence
intensity to approximately 193 counts per measurement cy-
cle (1,930,000 counts per second) allowed the system to
track up to particles diffusing with coefficients as large as
0.7 µm2/s. The beam steering system allowed for faster mo-
tion of the focal volume of the microscope and successfully
tracked particles diffusing with coefficients up to 0.7 µm2/s
with fluorescence measurement intensities of approximately
0.189 counts per measurement cycle (37,570 counts per sec-
ond) and with coefficients up to 90 µm2/s when the fluores-
cence intensity was increased to 19 counts per measurement
cycle (3,807,500 counts/sec).

1 Introduction

The methods of single molecule spectroscopy and imag-
ing are a class of powerful techniques in molecular biol-
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ogy that allow the interrogation of individual labeled pro-
teins, viruses, and other dynamic actors important in living
processes at the molecular scale. There are a variety of meth-
ods yielding subdiffraction limit position accuracy in two
and three dimensions that have been described theoretically
and demonstrated experimentally [1, 2]. The wide-ranging
utility of such schemes can be seen in several recent review
articles, including [3–6].

While approaches based on wide-field imaging have been
used to great effect, they offer limited signal-to-noise ra-
tio (SNR) and are hampered by the lack of true three-
dimensional (3-D) information. As a result, several alter-
native methods for real-time 3-D single particle tracking
have been developed. These methods generally rely on
point detectors in single or multiphoton microscopes as
such systems typically provide better SNR than wide-field
approaches as well as 3-D sectioning capability. Informa-
tion about the position of the fluorescent particle is ob-
tained by rapidly steering the laser focus around a circle
(e.g., [7, 8]), by using a scanning stage to acquire fluores-
cence measurements at different positions [9, 10], or by
using multiple detectors to sample the fluorescence sig-
nal at different spatial positions (e.g., [11–13]). Recent re-
views of the state-of-the-art of this field can be found in
[5, 14, 15]. Most systems are typically able to track parti-
cles diffusing with constants of 0.1–1 µm2/s at high count
rates, though the system reported in [8] successfully tracked
quantum dots diffusing at 20 µm2/s (with count rates above
100,000 counts per second) while [16] tracked particles with
a signal-to-background ratio as low as 2 (though with a dif-
fusion constant of 0.5 µm2/s and count rates on the order of
40,000 counts per second).

These tracking schemes separate position estimation
from feedback control either in space, through the use of
additional hardware to sample the fluorescence intensity at
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different positions (as in [11]), in time, through the use of
multiple measurements inside each controller cycle (as in
[9]), or a combination of the two schemes (as in [8]). In
general, the use of additional hardware increases the com-
plexity of the system, thereby increasing the difficulty of
setup and operation. Approaches that servo on the estimated
position of the fluorescent particle slow down the tracking
process due to the need to collect enough data for accurate
estimation.

Motivated by these concerns, we introduced in [17] an
alternative scheme for planar tracking which uses a standard
confocal setup, requiring no additional hardware beyond a
dedicated controller. The method is computationally simple
and directly converts the intensity measurements into actu-
ator commands. This is achieved through use of a reactive
control law originally developed for mapping environmental
quantities such as temperature, substance concentration, and
radioactivity [18, 19]. The algorithm takes advantage of the
geometric features of the scalar field defined by the quantity
to be mapped. Its scale-invariant nature makes it well-suited
for application to systems with nanometer-scale features as
evidenced by its application to tracking of single particles in
magnetic force microscopy [20].

In this paper, we extend the method to full 3-D tracking
and, through simulation, illustrate its use. These results indi-
cate that the scheme has the promise to achieve high-speed
tracking even at low count rates, and thus at low SNR. The
point spread function (PSF) and its interpretation as a scalar
potential field is discussed in the next section while the
tracking controller itself is introduced in Sect. 3. The simula-
tion setup is described in Sect. 4. Because the tracking capa-
bilities of the controller are limited primarily by the closed-
loop bandwidth of the actuators, we consider both a slower
scanning stage system in which motion is typically achieved
using piezoelectric actuators and a faster beam steering sys-
tem in which motion in the focal plane is achieved using
acousto-optic modulators (AOMs) and motion along the op-
tical axis is performed using a piezo. In each case, realis-
tic dynamic models of the actuators are used and feedback
controllers are designed to provide a large closed-loop band-
width. The results of simulations of tracking a particle freely
diffusing in 3-D are given in Sect. 5.

2 Fluorescence intensity as a spatial potential field

In a confocal microscope, fluorescence is generated by fo-
cusing an excitation source to a diffraction-limited spot in
the sample. A pinhole in the conjugate focal plane spatially
filters the output light, blocking the signal arising from out-
side the focal volume of the microscope. A detector such as
an avalanche photodiode is used to measure the output fluo-
rescence. For a single particle with a size below the diffrac-
tion limit and located at the center of the focal volume, the

spatial pattern of the fluorescence is described by the point
spread function (PSF),

I (μ, ν) = (
hdet(μ, ν)h∗

det(μ, ν)
)(
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ill(μ, ν)

)
, (1)

where ill (det) denotes the illumination (detection) light [21].
Here, the amplitude point spread function is given by
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where n is the refractive index of the medium in which the
fluorophore is embedded, n sinα is the numerical aperture
(N.A.) of the objective lens, A is a scaling factor, λ is the
illumination or emission wavelength, J0 is the zeroth-order
Bessel function of the first kind, and (μ, ν) are the normal-
ized optical coordinates given by
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If the fluorescent source is at (�μ,�ν) relative to the center
of the focal volume, the spatial intensity is given by shifting
the appropriate amplitude point spread function,

I (μ, ν;�μ,�ν)

= (
hdet(μ, ν)h∗

det(μ, ν)
)(

hill(μ − �μ,ν − �ν)

× h∗
ill(μ − �μ,ν − �ν)

)
. (4)

With the pinhole in the plane defined by μ = 0, the light col-
lected by the detector, denoted Idet, is the integral of the in-
tensity over the area of the pinhole combined with the back-
ground rate. That is, with rPH denoting the pinhole radius,

Idet(�μ,�ν) =
∫ rPH

0
I (0, ν;�μ,�ν)dν + IB, (5)

where IB is the background signal. Due to shot noise, the
actual measured signal is a Poisson process with rate Idet.

The sampling process can be interpreted as measuring the
value of a spatial potential field defined by the relative po-
sition of the focal point and the fluorescent particle and de-
scribed by Idet. In the next section, we describe a controller
designed to converge to a steady trajectory at a given radius
from an extremum point of such a spatial potential field.

3 Tracking controller

The basic block diagram of the tracking scheme is shown in
Fig. 1. For the purposes of developing a tracking controller,
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Fig. 1 Basic block diagram of
the tracking scheme. The
high-level tracking controller
translates intensity
measurements into a trajectory
for the detection volume of the
microscope. The low level
controller should have a high
bandwidth to ensure the volume
accurately follows the
prescribed path

we assume the existence of a low-level, high-bandwidth ac-
tuator controller and focus on trajectory determination. This
low-level controller, however, should not be ignored since
its speed directly limits the tracking capabilities of the over-
all system. Even in a beam steering system, motion along
the optical axis is achieved using a piezoelectric actuator
by moving either the objective lens or the sample. Because
the speed of tracking is directly related to the actuation
bandwidth, it is important to control the actuators with the
largest possible bandwidth. While piezoelectric devices can
be challenging to control due to high-order dynamics and
nonlinearities such as hysteresis, there is a growing body of
literature on efficient and effective controllers for these sys-
tems (see, e.g., [22–24] and discussions in [25], as well as
the controller design discussed in Sect. 4.2 below).

For high-level control, we assume the motion of the cen-
ter of the focal volume with respect to the sample can be
modeled as

ẋ = u = (ux uy uz)
T . (6)

That is we assume that the low level controller will faithfully
follow the trajectory commanded by the tracking controller.

Consider first tracking in the plane. To take advantage of
the methods developed in [18, 19], we choose the controller
form to artificially implement a nonholonomic system,
(

ux

uy

)

= v

(
cos θ

sin θ

)

, (7a)

θ̇ = vω. (7b)

Here, the steering rate, ω, is viewed as the control input. This
form forces the controller to move the detection volume at a
constant speed v, thereby forcing it to explore the potential
field defined by Idet. It is shown in [19] that the control law
given by

ω = 1

ro

(
1 − K

d

dt
Idet

)
, (8)

with the gain K sufficiently large, converges to a distance
ro of an extremum of the potential field. Note that the time

derivative is along the trajectory of the sensor (the focal
point of the system in the confocal setting) and can thus be
calculated directly from the measured data.

The planar tracking law converges to a periodic orbit in
a plane. The first term in (8) sets the curvature, and thus the
radius, of the final steady state trajectory. The second term is
in essence a proportional control in which the rate of change
of the intensity along the trajectory is the error that is being
driven to zero.

To achieve tracking in all three dimensions, we slowly ro-
tate the plane of the steady state trajectory about the x-axis.
That is, we define the full control law as
⎛
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θ̇ = v
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d
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)
, (9b)

φ̇ = ωz, (9c)

where ωz is a new parameter to be chosen. To maintain sta-
bility of the overall scheme, the rotation rate of the plane
should be kept slow relative to the rate of convergence of
the planar control law, thereby imposing a two-time scale
assumption on the controller.

To implement this law in the digital setting, we integrate
(9b) and (9c) over a time step �t to obtain the exact dis-
cretization of the angular variables

θ(t + �t) = θ(t) + v

ro

(
�t − K�I (t)

)
, (10a)

�I (t) = Idet(t + �t) − Idet(t), (10b)

φ(t + �t) = φ(t) + ωz�t, (10c)

and then input the current values into the control law in (9a).
This control law is explicitly defined by five parameters:

the update rate �t , the speed v, the gain K , the convergence
distance ro, and the rate of rotation ωz. Implicit to the con-
troller is the choice of an integration time on the intensity
measurement. This integration time can be set to any time
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up to the update rate. In general, it should be much shorter
than the expected time scale of the motion to be tracked.
Such a choice ensures that each intensity measurement re-
flects a single position of the particle rather than a sweep of
positions. Shorter integration times, however, lead to a lower
signal to noise ratio due to shot noise. As a result, there is
a tradeoff between the speed of the controller and the accu-
racy of the tracking. Increasing the controller speed will lead
to more variance in the trajectory due to the increased shot
noise but will also allow the system to react more quickly to
the motion of the particle being tracked.

The control law does not depend on any modeling pa-
rameters and thus implementation does not require detailed
knowledge about the specific optical setup, about the wave-
lengths of light used, or about intensity levels.

3.1 Discussion

If the time scales defined by the tracking control law in (9a)
and of the motion of the particle are well separated, then
the trajectory of the focal point will converge to a periodic
trajectory in a slowly rotating plane, essentially sweeping
out a spherical shell centered on the particle (cf. Fig. 4f). The
controller then reacts to the motion of the particle, shifting
to keep the pattern centered on the particle.

As the two time scales become closer, this pattern breaks
down and the controller reacts more directly to the motion of
the particle. At high enough diffusion rates, the particle will
move away from the detection volume faster than the con-
troller can react, leading to loss of tracking. Due to the sto-
chastic nature of Brownian motion, the time for the particle
to diffuse away is a random variable. To determine whether
tracking is effective, we require on average that it keep the
particle in the detection range for a time longer than the ex-
pected first passage time for the particle to diffuse out of a
fixed focal volume. Approximating the focal volume as an
ellipsoid, this first passage time is given by

E[T ] = 1

2D( 1
r2
x

+ 1
r2
y

+ 1
r2
z
)
, (11)

where D is the diffusion coefficient and (rx, ry, rz) are
the radii of the ellipsoid approximating the detection vol-
ume [26].

Under this tracking scheme there is no explicit estima-
tion of the position of the particle. Such estimation can be
done offline, however, using a variety of known methods.
In particular, the fluoroBancroft algorithm developed by the
author [27] is designed to work well with only a few mea-
surements and is well-suited to this application.

The tracking law also assumes that the low-level con-
troller faithfully steers the focal point along the commanded
trajectory. The actuator closed-loop bandwidth, then, is one
of the primary limiting factors for the speed of tracking.

4 Simulation setup

To illustrate the scheme and to explore the effects of actuator
dynamics and fluorescence intensity on tracking limits, the
algorithm was simulated in Matlab. In all simulations, the
position of the fluorescent particle, denoted xm, was updated
at a time step of δt according to a discrete time random walk
given by

xm(k + 1) = xm(k) + √
2Dδtw(k), (12)

where D was the modeled diffusion coefficient and w(·) was
a Gaussian white noise process with zero mean and unit vari-
ance. The initial position was chosen from a uniform distri-
bution in a cube with 100 nm edges centered at the origin.
The value of δt was selected in each simulation run to be
faster than the update rate of the controller.

4.1 Generation of fluorescence measurements

The optical parameters of the system were set to a N.A.
of 0.8, a pinhole size of 20 µm, an excitation wavelength
of λill = 408 nm, and an emission wavelength of λdet =
505 nm. The surrounding media was assumed to be water
and so the index of refraction was set to n = 1.333. The
background rate was set to 0.2 of the peak intensity level
selected for the run. These parameters (except for the back-
ground rate) were used in (5) to generate the noise free-
intensity at a given relative displacement of the center of the
focal spot and the position of the particle. The radius to the
first minimum of the PSF in the plane (denoted rx and ry )
and along the optical axis (denoted rz) were given by [28]

rx = ry = 0.61λdet

N.A.
= 0.3851 µm, (13a)

rz = 2λdetn

N.A.2
= 2.105 µm. (13b)

As seen in (5), the intensity depends only on the relative
separation in the plane and along the optical axis. To speed
up the simulation, noise-free intensity values were precom-
puted along a grid spanning 0 to 1.5rx in the longitudinal
direction and 0 to 1.5rz in the axial direction, with 5 nm res-
olution in the planar axis and 10 nm resolution along the op-
tical axis. Intermediate values were calculated using interpo-
lation based on Delaunay triangulation. At run time, the dis-
tance between the focal point and the particle was calculated
and the noise free sample was determined by scaling the in-
terpolated values. To model shot and background noise, the
simulated intensity was generated by sampling from a Pois-
son distribution with a rate given by the sum of the noise-
free intensity and the background rate. Simulated images of
the noise free and noisy PSF are shown in Fig. 2.
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Fig. 2 Simulated PSF images generated from (5) using the parame-
ters: N.A. = 0.8, pinhole = 20 µm, n = 1.333, λill = 488 nm, and
λdet = 505 nm. The noise-free intensity in these images was scaled
to produce a peak of 20 counts and the background rate was set to
4 counts. The PSF is shown in the (a) focal plane and (b) in a plane

along the optical axis. In each case the left image is the noise-free PSF
and the right image is the noisy PSF generated by sampling from a
Poisson distribution with a rate given by the noise-free values plus the
background rate

4.2 Actuators

Simulation were performed with two different styles of actu-
ation, a scanning stage system in which a three-axis nanopo-
sitioning stage was used to move the sample relative to the
focal point of the microscope and a beam scanning system
in which relative motion in the focal plane was achieved by
steering the excitation beam using AOMs and motion along
the optical axis was achieved by using a piezoelectric actua-
tor to move the sample.

4.2.1 Stage-scanning system

The stage scanning system was modeled after a Mad City
Labs Nano-PDQ nanopositioning stage. The stage dynam-
ics in open loop of the physical scanner were identified in
each axis using a swept-sine approach (due to the frame-in-
frame design of the stage, the three directions operate nearly
independently). The system identification toolbox in Matlab
was used to fit transfer function models to the data.

Closed-loop controllers for each axis were designed
based on the identified models. In each case, the two
main resonances were cancelled using a tuned proportional-
integral-derivative (PID) controller (described in [24]), a
lead controller was added for stability (see, e.g., [29]), and
a high-order low pass filter was included for adequate high-
frequency roll-off. In the case of the y-axis, an additional
term was added to cancel the highest-frequency zero and
pole. The controllers achieved closed-loop bandwidths of
1.68 kHz in the x-, 1.57 kHz in the y- and 501 Hz in the
z-directions. The Bode plots of the plant, controller, and
closed-loop systems for the three axes are shown in Fig. 3.

4.2.2 Beam-scanning system

The beam scanning system was modeled on the use of a
pair of AOMs to steer the beam in the focal plane and a
single axis piezoactuator to move the sample along the op-
tical axis. The bandwidth of an AOM is typically in the
MHz range and so for the purposes of these simulations
we assigned them a unity transfer function. Commercially
available z-axis piezoactuators have high resonant frequen-
cies. Examples include the NanoHSZ from Mad City Labs
(Madison, WI, USA) with an unloaded resonant frequency
of 7.5 kHz and the NPZ25A from nPoint (Middleton, WI,
USA) with an unloaded resonant frequency of 4 kHz. To
capture the dynamics of such actuators, we utilized a stan-
dard second-order transfer function model

Gzfast(s) = ω2
n

s2 + 2ζωns + ω2
n

(14)

with a resonant frequency of ωn = 5.00 kHz and a damping
ratio of ζ = 0.01. The closed-loop controller was designed
using a tuned PID controller [24], yielding a closed-loop
bandwidth of 25 kHz.

5 Simulation experiments

5.1 Sample run with a fixed particle

To illustrate the motion of the focal point generated by the
tracking control law, a 200 millisecond tracking run based
on the stage-actuated system was simulated. The particle
was held fixed at an initial position chosen randomly from
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Fig. 3 Bode plots of nanopositioning stage and controllers in the
(a) x-, (b) y-, and (c) z-directions used in the stage-scanning system
simulations. In each case the top plot shows the actuator model (blue),
the designed controller (red), and the combined (open loop) model, and
includes the crossover frequency and phase margin of the controller

and actuator. The bottom plot shows the closed loop response and in-
cludes the closed loop bandwidth and peak gain. The actuator models
were identified from a Mad City Labs Nano-PDQ 3-axis nanoposition-
ing stage

a uniform distribution on a cube centered at the initial lo-
cation of the focal point and with 100 nm sides. The in-
tensity scaling was set to yield a noise-free peak intensity
of 100 counts/ms and the background fluorescence rate was
set to 20 counts/ms. The controller update period was set
to �t = 100 µs (for a controller sampling rate of 10 kHz).
The simulator was updated every δt = 5 µs. The steady state
radius was set to ro = 0.155 µm. The speed of the motion
of the focal point was set to v = 115 µm/s, corresponding
to 118 revolutions/s around the steady-state circle, while
the speed of rotation of the plane of convergence was set
to ωz = 350 rad/s, corresponding to 111 revolutions/s. The
gain was set to K = 0.11. (For a discussion on selecting the
controller parameters, see Sect. 5.4.) The results of the sim-
ulation are shown in Fig. 4.

The 3-D trajectory of the focal point in Fig. 4(f) illus-
trates the steady-state motion about the fluorescent particle.
The convergence of the overall pattern to the desired ra-
dius from the particle can be seen clearly in the x-trajectory
in Fig. 4(a). Over the first few cycles, the entire oscilla-
tory pattern shifted upward until the particle position was at
the center. Due to the rotation of the plane of convergence,
the trajectory in the y- and z-axes, shown in Figs. 4(b, c)
was more complicated. As expected, the convergence of the
z-trajectory to an average position centered on the particle

was significantly slower than in the other two directions.
Note that the plots show the actual actuator trajectories and
not the commanded values. They therefore reflect the dy-
namics of the piezoelectric actuators captured by the trans-
fer function models as well as the motion commanded by
the tracking control law.

The rotation of the plane of convergence was also re-
flected in oscillations in the distance between the focal point
and the particle, shown in Fig. 4(d). The mean distance
over the simulation run was 0.1927 µm, somewhat larger
than chosen radius of 0.155 µm. This difference was driven
primarily by the shot and background noise in the inten-
sity measurements. Note also that the rate of convergence
of the radius was limited by that of the slowest axis, the
z-direction.

The measured counts, shown in Fig. 4(e), ranged from
zero to 20 in each measurement cycle, with an average in-
tensity measured per controller period of 8.07 counts/100 µs,
corresponding to 80,700 counts/s. The stochastic nature of
the signal was driven primarily by the shot noise and back-
ground noise.

5.2 Sample runs with D = 0.1 µm2/s

To illustrate the system tracking a diffusing particle, a five-
second tracking run was run based on the stage-scanning



A nonlinear controller for three-dimensional tracking of a fluorescent particle in a confocal microscope 167

Fig. 4 Simulation run on a fixed particle using the stage scanning sys-
tem. The controller parameters were set to ro = 0.155 µm, K = 0.11,
v = 115 µm/s, and ωz = 350 rad/s. (a–c) show the actuator (blue) and
particle (red) trajectories in each of the three directions. The result-
ing 3-D trajectory of the focal point is shown in (f). The trajecto-
ries illustrate fast convergence in the (x, y)-directions and somewhat
slower convergence in the z-direction and illustrate the rotation of the

focal point around the fluorescent particle. The distance between the
focal point and the particle is shown in (d). The mean distance was
0.1927 µm, somewhat larger than the designed ro = 0.155 µm, driven
both by the rotation of the plane of convergence and the shot and back-
ground noise in the measurements. The measured intensity, shown in
(e), averaged 8.07 counts/100 µs sampling period, corresponding to
80,700 counts/s

system with a particle freely diffusing in 3-D with a co-
efficient of diffusion of D = 0.1 µm2/s. The intensity and
controller parameters were set as in the fixed-particle case.
The results are shown in Fig. 5. The x- and y-trajectories
in Figs. 5(a, b) showed good tracking performance, with
the particle kept at the center of the focal point trajectory.
The tracking in the z-axis, shown in Fig. 5(c), was poorer.
A 400 ms portion of the particle trajectory and the trajec-
tory of the focal point are shown in Fig. 5(f). The track-
ing error along the optical axis was directly reflected in
the fluctuations in the focal-point particle distance, shown
in Fig. 5(d). The measured fluorescence intensity, shown
in Fig. 5(e), ranged from 0 to 25 counts per measurement
cycle and the average fluorescence intensity per controller
period during the run was 7.987 counts, corresponding to
79,865 counts/s. The untracked motion of the particle led to
increased variance in the measured intensity with respect to
the fixed-particle case.

There are likely two causes for the poorer tracking along
the optical axis. The first is that the feedback bandwidth of
the actuator in this direction was significantly slower than
those of the actuators in the planar axes, 501 Hz as opposed

to 1.68 kHz in x and 1.57 kHz in y. As a result, the actuator
was unable to respond as quickly to the intensity variations
in this direction. This can be overcome through the use of
faster actuators (cf. Sect. 5.3).

The second reason is the fact that the PSF was broader
along the optical axis then in the planar directions (see
Fig. 2). This implies that the rate of change of the inten-
sity along the optical axis was slower than in the lateral
directions, leading to a smaller value of the derivative of
the intensity along this direction. As seen from the control
law in (9b), this produces a slower response along this axis.
Tracking performance could likely be improved by adapting
the radius of the steady-state trajectory based on the current
orientation of the plane in which the trajectory lies, so as to
maximize the derivative of the intensity as the focal point is
moved off the steady-state trajectory.

5.3 Sample run with the beam scanning system

When tracking faster particles, the performance can be im-
proved by increasing the control rate and using faster ac-
tuators. To illustrate this, a five second tracking run with
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Fig. 5 Simulation run using the stage scanning system to track a par-
ticle freely diffusing in 3-D with D = 0.1 µm2/s. The controller pa-
rameters were set to ro = 0.155 µm, K = 0.11, v = 115 µm/s, and
ωz = 350 rad/s. (a–c) show the actuator (blue) and particle (red) tra-
jectories in each of the three directions. Tracking performance was
good in the planar directions but poorer in the axial direction due to
the slower dynamics in that axis and to the differences in the PSF of
the optical system. This increased error was directly reflected in the

distance between the particle and focal point, shown in (d). The mean
distance over the run was 0.213 µm, significantly larger than the de-
signed distance of 0.155 µm. The measured counts are shown in (e).
The mean measured value in the run was 7.99 counts/100 µs sample
period, corresponding to 79,865 counts/s. A 0.4 second-portion of the
3-D particle trajectory (red) and focal point trajectory (blue) is shown
in (f). As with the fixed particle, the circular trajectory of the focal
point as well as the rotation of the plane of convergence can be seen

a particle moving with the same diffusion coefficient as in
the previous simulation (D = 0.1 µm2/s) but using the beam
scanning system was performed. The controller update pe-
riod was reduced to 5 µs (corresponding to 200 kHz) and the
simulator update period was reduced to 2.5 µs (correspond-
ing to 400 kHz). Given the extremely fast dynamic response
of the AOMs for beam steering, the speed of the focal point
was increased to 7800 µm/s, corresponding to 7,760 revolu-
tions/s. Similarly, the z-actuator of the beam steering system
was much faster than that of the stage scanning system and
thus the speed of rotation of the plane of convergence was
increased to ωz = 10000 rad/s, corresponding to 3183 revo-
lutions/s. The gain was set to K = 0.00145 and the steady-
state radius to ro = 0.16 µm. The results of the simulation
are shown in Fig. 6.

The tracking in the planar directions, shown in
Figs. 6(a, b), was again good, with the particle kept in the
center of the focal point pattern. Tracking along the optical
axis, shown in Fig. 6(c) was slightly improved relative to
the stage actuated system, though still poorer than in the
lateral directions. A 10 ms snapshot of the trajectory of

the particle and the motion of the focal point, shown in
Fig. 6(f), clearly indicates the circular motion of the fo-
cal point around the particle. (Note that the 10 ms time
contains the same number of sample points as the 200 ms
snapshot shown in the stage-actuated system example run
in Fig. 5(f).) The improved tracking reduced the mean dis-
tance between the focal point and the particle, Fig. 6(d) to
0.201 µm as compared to the 0.213 µm in the stage scan-
ning case. The measured intensity, shown in Fig. 6(e), had
an average counts per period of 0.4339 counts/period, cor-
responding to 86,780 counts/s.

The ability to improve tracking performance by increas-
ing the controller rate is limited by the fluorescence inten-
sity. As the controller rate is increased, the sampling time is
decreased, reducing the measured intensity in each sample
period. This can be compensated by increasing the power of
the excitation source to increase the fluorescence intensity at
the cost of an increased rate of photobleaching.

It should be noted that a controller rate of 200 kHz is
quite fast. While the control laws presented here are compu-
tationally simple, to achieve such rates would likely require
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Fig. 6 Simulation run using the beam scanning system tracking a
particle freely diffusing in 3-D with D = 0.1 µm2/s. The controller
parameters were set to ro = 0.16 µm, k = 0.00145, v = 7800 µm/s,
and ωz = 10000 rad/s. (a–c) show the actuator (blue) and particle
(red) trajectories in each of the three directions. As before, tracking
performance was poorer in the axial direction than the lateral direction
due to the slower dynamics in that axis and to the differences in the
PSF of the optical system. The distance between the particle and focal
point is shown in (d). The mean distance over the run was 0.201 µm,

significantly larger than the designed distance of 0.155 µm but closer
than when the stage-actuated system was used (see Fig. 5). The mea-
sured counts are shown in (e). The mean measured value in the run was
0.4339 counts/5 µs sample period, corresponding to 86,780 counts/s.
A 10 ms-portion of the 3-D particle trajectory (red) and focal point
trajectory (blue) is shown in (f). Since the controller dynamics are now
significantly faster than those of the particle, the circular trajectory,
and the rotation of the converging plane are clearly evident

the use of a field programmable gate array (FPGA) system
or similar high throughput system.

5.4 Parameter selection

The performance of the tracking control law is influenced by
the choice of the parameters. To illustrate the effect of vary-
ing these parameters, simulations were performed in which
one parameter was varied while the others were held fixed.
Because it is expected that the optimal choice of values with
respect to the ability to track diffusing particles depends in
part on the speed of the tracking algorithm, two sets of sim-
ulations were performed, one for the stage-actuated system
and one for the beam-scanning system.

For the stage-actuated system, the controller sample rate
was set to 10 kHz, the diffusion coefficient of the par-
ticle to 1.0 µm2/s, the peak noise-free intensity rate to
500 counts/ms, and the background noise rate to
100 counts/ms. Each simulation was run until tracking was
lost. Five simulation runs were performed for each pa-
rameter value and the tracking time averaged over those

runs. The results are shown in Fig. 7. From these simu-
lations, the control parameters for the stage-actuated sys-
tem were set to ro = 0.155 µm, K = 0.11, v = 115 µm/s,
and ωz = 350 rad/s. These parameters correspond in steady
state to 118 revolutions/s of the focal point in the plane and
111 revolutions/s of the plane of convergence.

For the beam-actuated system, the controller sample rate
was set to 200 kHz, the diffusion coefficient to 15 µm2/s,
the peak noise-free intensity rate to 5000 counts/ms, and
the background noise rate 1000 counts/ms. As before, five
simulation runs were performed for every parameter value.
The results are shown in Fig. 8. From these simulations, the
control parameters were set to ro = 0.16 µm, K = 0.00145,
v = 7800 µm/s, and ωz = 10000 rad/s. These parameters
correspond in steady state to 7,760 revolutions/s of the fo-
cal point in the plane and 3183 revolutions/s of the plane of
convergence.

While here the parameters were varied individually, the
optimization of the parameter values should be done jointly
as one expects their effect to be coupled. Similarly, the op-
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Fig. 7 Effect of control parameter selection on tracking with the stage-
actuated system. The maximum tracking time (averaged over five runs)

change as each parameter was varied. In each case, other control para-
meters were held fixed. The diffusion coefficient was set to 1.0 µm2/s

Fig. 8 Effect of control parameter selection on tracking with the
beam-actuated system. The maximum tracking time (averaged over
five runs) change as each parameter was varied. In each case, other

control parameters were held fixed. The diffusion coefficient was set
to 15 µm2/s

timal values are likely to depend upon system parameters
such as the intensity level and the diffusion coefficient. In
general, a theoretical understanding of the role of the con-
trol law parameters is needed to best guide their selection.

5.5 Tracking limits

To explore the effectiveness of the proposed control law, we
performed simulations for particles diffusing at a range of
different diffusion coefficients using both the stage scanning
and beam scanning systems and for low and high intensity
levels. The values of the controller parameters were selected
based on the results of Sect. 5.4. At each value of the dif-
fusion coefficient, 10 tracking runs were performed. Each
simulation was run until tracking failed, up to a maximum
of five seconds of simulated time. Tracking in a run was de-
clared failed if the particle moved out of the ellipsoid defined
by the radii rx , ry , and rz given in (13). In each run, the ini-
tial position of the particle was chosen randomly from a uni-
form distribution on a cube with 200 nm sides and centered
at the initial position of the focal volume.

At each value of D, the tracking time, the measured
counts, and the distance between the particle and the focal
point were averaged over the 10 runs. The algorithm was
considered to have successfully tracked a particle at a given
value of D if the averaged tracking time was greater than

the expected first passage time for the particle to diffuse out
of a fixed ellipsoidal volume (defined by the radii in (13)),
calculated from (11).

5.6 Stage scanning system

For the stage scanning system, the controller update rate was
set to 10 kHz and the simulation rate to 200 kHz. The speed
of the focal point was set to 115 µm/s (corresponding to
118 revolutions/s in steady state) and the speed of rotation of
the plane of convergence was set to 350 rad/s (correspond-
ing to 111 revolutions/s). The gain was set to K = 0.11 and
the radius to ro = 0.155 µm. For the low intensity case, the
peak noise-free rate from the particle was set to 25 counts
per ms and the background rate to 5 counts per ms. For the
high intensity case, the peak noise-free rate from the parti-
cle was set to 2500 counts per ms and the background rate to
500 counts per ms. The results based on the stage scanning
system are shown in Fig. 9.

The average tracking time as a function of diffusion co-
efficient is shown in Fig. 9a. Also shown on the plot is the
expected first passage time for the particle to diffuse out of
the (fixed) focal volume, calculated according to (11). Un-
der both intensity levels, the system successfully tracked for
the full five seconds at low values of D. At the lower inten-
sity level, the total tracking time began to fall off at a value
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Fig. 9 Simulation results for the stage scanning system. (a) Track-
ing time as a function of diffusion coefficient for both low (blue solid
line, left) and high (red solid line, red) fluorescence intensities. The ex-
pected first passage time (black dashed line) is also shown. (b) Mean
intensity as a function of diffusion coefficient. Arrows indicate the

mean intensity at the highest values of D at which successful tracking
was achieved. (c) Mean distance between the particle and the center of
the focal volume as a function of diffusion coefficient. Arrows indicate
the mean distance at the highest values of D at which tracking was
achieved. See text for discussion

of approximately D = 0.05 µm2/s and remained above the
expected first passage line up to D = 0.2 µm2/s (with a dip
at D = 0.09 µm2/s). Tracking performance was slightly bet-
ter with the higher intensity. The total tracking time began
to fall off at a value of D = 0.07 µm2/s and remained above
the expected first passage line up to D = 0.7 µm2/s. The
shape of the two curves was quite similar, indicating that in-
creasing the intensity directly increased the tracking time at
a given value of D. The performance increase was not large,
however, given the two orders-of-magnitude increase in the
fluorescence level, indicating that this tracking system is be-
ing limited primarily by the dynamics of the actuators.

The average intensity across the 25 tracking runs at each
value of D is shown in Fig. 9b, with the left vertical axis
corresponding to the low intensity runs and the right verti-
cal axis to the high intensity runs. The behavior of the mea-
sured intensity was similar in both cases, falling off as D

was increased until tracking failed, reflecting the fact that
the particle was not kept at the center of the focal volume
(see also the mean distance shown in Fig. 9c). At values of
D larger than the tracking limit, the mean intensity remained
relatively constant or even increased with increasing D. This
was due to the fact that the particle diffused away from the
focal volume faster, yielding fewer measurements before the
particle diffused out of the detection volume. Since on aver-
age, the particle began at the center of the detection volume,
the average intensity was higher.

The average distance between the center of the focal vol-
ume and the particle during the tracking runs is shown in
Fig. 9c. The mean distance initially increased with increas-
ing D, indicating a decrease in tracking performance. At
larger values of D, the mean distance began to decrease due
to the fact that the particle was more likely to diffuse away
from the volume within the controller update time, prevent-
ing the system from reacting to the motion and causing loss

of tracking earlier. Similar to the intensity results, since the
average initial particle position was at the center of the fo-
cal volume, the reduced number of measurements led to the
decrease in the average distance.

In the low intensity case, successful tracking was
achieved with average measured counts of less than 2 counts
per 100 µs sampling period or, equivalently, less than
20,000 counts/sec. Tracking at even lower counts can be
achieved by trading off fluorescence intensity for tracking
time and tracking error.

5.7 Beam scanning system

The results based on the beam scanning system are shown in
Fig. 10. The controller update rate was set to 200 kHz and
the simulation rate to 400 kHz. The speed of the focal point
was set to 7800 µm/s, corresponding to 7760 revolutions/s,
and the speed of rotation of the plane of convergence was set
to ωz = 10000 rad/s, corresponding to 3183 revolutions/s.
The gain was set to K = 0.00145 and the radius to ro =
0.16 µm. Two intensity levels were considered, one with a
peak rate of 50 counts per ms (with a background rate of
10 counts per ms) and one with a peak rate of 5,000 counts
per ms (with a background rate of 1,000 counts per ms).

The average tracking time as a function of diffusion co-
efficient is shown in Fig. 10a. With the lower intensity,
tracking was achieved for the full five seconds up to D =
0.2 µm2/s and the tracking time remained greater than the
expected first passage line up to D = 0.7 µm2/s. (These
numbers are not a significant improvement over the stage
scanning case, indicating that in the low intensity case track-
ing was being limited not by the actuator dynamics but by
the signal level.) At the higher intensity level, tracking was
achieved for the full five seconds at diffusion coefficients up
to D = 6 µm2/s and the tracking time remained greater than
the expected first passage time up to D = 90 µm2/s.
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Fig. 10 Simulation results for the beam scanning system. (a) Track-
ing time as a function of diffusion coefficient for both low (blue solid
line, left) and high (red solid line, red) fluorescence intensities. The
expected first passage time out of the focal volume (black dashed line)
is also shown. (b) Mean intensity as a function of diffusion coefficient.

Arrows indicate the mean intensity at the highest values of D at which
successful tracking was achieved. (c) Mean distance between the par-
ticle and the center of the focal volume as a function of diffusion coef-
ficient. Arrows indicate the mean distance at the highest values of D at
which tracking was achieved. See text for discussion

The average measured intensity as a function of diffu-
sion coefficient is shown in Fig. 10b. For the low inten-
sity case, the average measured intensity for the lowest val-
ues of D considered was 0.22 counts/5 µs sampling pe-
riod, corresponding to 44,000 counts/s. At loss of tracking,
this had dropped to 0.189 count/5 µs sampling period, cor-
responding to 37,750 counts/s. In the high intensity case,
the mean intensity remained constant at 22.2 counts/5 µs
(4,440,000 counts/s) up to approximately D = 0.4 µm2/s,
indicating good tracking across this range of diffusion coef-
ficients. As D was increased, the mean intensity began to
fall. At loss of tracking, the mean intensity was approxi-
mately 19 counts/5 µs (3,800,000 counts/s). As before, these
values reflect the background noise as well as the source in-
tensity. The intensity results are reflected also in the average
distance between the center of the focal volume and the par-
ticle during the tracking runs is shown in Fig. 10c.

5.8 Discussion

While a rate of 4.4 million counts/s is extremely high, the re-
sults serve to illustrate the tradeoff between tracking speed
and fluorescence intensity. In essence, the controller must
be fast enough to react to the particle motion and must re-
ceive enough photons within each cycle to infer information
about that motion. For faster moving particles, it is impor-
tant to have fast controller update rates so as to react to the
particle motion and keep it inside the detection volume. As
the controller rate is increased, and correspondingly as the
measurement integration time is decreased, the number of
counts per measurement decreases. If the measurement time
becomes too small, then there will not be enough informa-
tion in the signal to drive the tracking algorithm.

Such a tradeoff is common across any tracking tech-
nique. The results found here compare favorably in terms
of tracking speed to the results in the literature. It should be

noted, however, that there are several effects not modeled in
these simulations that would likely have a detrimental effect
on the tracking performance. These include differences be-
tween the ideal PSF modeled here and the PSF of real objec-
tive lenses [30], nonlinear effects in the piezo actuators [22],
and additional noise sources in the electronics. Because the
control law (10c) depends explicitly on differences in the
measured intensity, fluctuations in the power of the excita-
tion laser [31] will also be directly coupled into the tracking
commands. Furthermore, in many applications, the source
particle is a quantum dot. These particles blink on and off
with a power law distribution of off and on times [32]; an
effect not captured by the Poissonian statistics modeled here
and which leads to higher noise in the measurements.

Tracking of freely diffusing particles also be limited by
the range of travel of the actuators. Typically, the optical
axis is the one with the shortest travel. For an actuator with
a travel on the order of 10 µm, the expected first passage
time is T = 100/(2D) where D is the diffusion coefficient.
For large values of D, this time may be much shorter than
the expected tracking times of the algorithm.

6 Conclusions

In this paper, we have introduced a nonlinear algorithm for
tracking single fluorescent molecules in a confocal setup.
The method is entirely algorithmic and does not rely on any
a priori knowledge about the optical setup, making it easy to
implement. Simulation results indicate that the method can
track reliably at low signal levels and, with sufficient fluores-
cence intensity, can track particles with very high diffusion
coefficients. The effect of control parameter choice was ex-
plored in simulation, though a theoretical understanding of
these parameters on the tracking efficacy is needed to opti-
mize their selection.
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The algorithm can be further improved by optimizing the
choice of controller parameters to achieve the best tracking
performance. Given the tradeoff between fluorescence inten-
sity, photobleaching, and tracking ability, it is likely that an
adaptive approach in which both excitation power as well as
controller parameters are updated based on estimated values
of parameters such as the diffusion coefficient will increase
the effectiveness.
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