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Abstract Intense, well-controlled regular light pulse trains
start to play a crucial role in many fields of physics. We the-
oretically demonstrate a very simple and robust technique
for generating such periodic ultrashort pulses from a contin-
uous probe wave which propagates in a dispersive thermal
gas media.

1 Introduction

The invention of the optical frequency comb has revolution-
ized optical frequency metrology [1–4]. Today it is play-
ing an important role in high resolution spectroscopy [5],
the spectral purity and large bandwidth of optical frequency
combs provides also means for the precise control of generic
quantum systems such as laser cooling of molecules or ex-
otic atomic species [6, 7], and quantum state engineering in
molecules [8–10]. Optical frequency combs are becoming a
crucial component in the field of quantum information sci-
ence, where complex multilevel quantum systems must be
controlled with great precision [10, 11] and the frequency
comb technique promises to become an effective tool in as-
tronomical observations [12].

The usage of quantum interference effects in order to ma-
nipulate the optical properties of gaseous atomic or molec-
ular mediums has by now been established as a useful and
powerful method. In particular in [13] Harris and co-workers
have suggested and used a Raman-type three level interac-
tion scheme in D2-molecular gas to get series of femtosec-
ond pulses. In our recent paper [14], discussing propagation
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of radiation probe wave in a medium of dressed two-level
atoms initially prepared in a quantum superpositional state
of ground and excited energy levels, we showed that it splits
into a sequence of ultrashort pulses with easy and precise
tuning of possible control parameters. Later we will refer
to this scheme as QS (quantum superposition) generator. In
general this process can be accompanied by pulse ampli-
fication. It may be interesting, in addition, that the gas re-
fractive index in comparison with earlier known results con-
tains out of dipole approximation terms of resonant nature
which have no saturation in dependence on pump wave in-
tensity [15].

In this paper, we bring the QS generator problem dis-
cussion closer to real experimental settings. As a crucial
point on this path we see the manner of (superposition) state
preparation. The most convenient way to embody the super-
position, is rapid switching on of the dressing field. It does
not require additional perturbing sources in the experimental
setup and gives a number of parameters (such as the switch-
ing time, pump wave intensity and resonance detuning)
to regulate the superposition. Here, we present the whole
chain, starting from coherent state preparation and finishing
with incident wave modulation. We show that under appro-
priate conditions, spontaneous emission and Doppler broad-
ening have small impact on the comb generation process.

2 The model

So we consider a gas of two-level atoms with energy differ-
ence �ω0 between the excited and ground internal atomic
bare states |2〉 and |1〉 in a far off-resonance field of the
pump field

Epump(z, t) = εpump(z, t) exp[ikpumpz− iωpumpt]+c.c., (1)
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where ωpump is the carrying frequency of the pump field,
kpump = ωpump/c and εpump(z, t) is the slowly varying field
amplitude. The spin of relevant to optical transition electron
and the possible sublevel structures are not taken into ac-
count. For the pump field amplitude we will take a func-
tional form

εpump(z, t) = ε0

1 + e−(t−z/c)/T
, (2)

which means that the pump field has a switching front
characteristic duration T and travels from left to right
along the z axis. The pump field interaction Hamiltonian
V = −−→

d
−→
E pump in dipole and rotating wave approxima-

tions will reproduce the functional form given in (2). This
form is close to real experimental pulse turn-on process and
what is not less important the atom-field interaction problem
has an analytical solution for it [16]. The atomic wavefunc-
tion is given by

∣
∣Ψ (z, t)

〉

pump = f (z, t) |1〉 e− i
�
E1t + g(z, t) |2〉 e− i

�
E2t (3)

with

f (z, t) = (1 − u)σ F (a, b; c;u), (4)

g(z, t) = ei(kz+Δt)
(

(1 − u)σ F (a, b, c;u)

− (1 − u)σ+1F(a + 1, b + 1; c + 1;u)
)

, (5)

where E1 and E2 are energies of corresponding bare
states, F(a, b; c;u) is a hypergeometric function, Δ =
ωpump − ω0, σ = −iV0T , V0 = −−→

d ·−→ε0 /� is half the nor-
mal Rabi frequency, u = −e−t/T , a = (iT /2)(−Δ − 2V0 +
√

Δ2 + 4V 2
0 ), b = (iT /2)(−Δ − 2V0 −

√

Δ2 + 4V 2
0 ) and

c = −iΔT .
Propagation of a weak probe field through a medium of

atoms can be described by the wave equation

(

∇2 − 1

c2

∂2

∂t2

)

Eprobe(
−→
r , t) = 4πρ

c2

∂2

∂t2
〈d̂〉probe. (6)

ρ is the atom number density and 〈d̂〉probe is the atomic di-
pole moment induced by a probe field. To acquire the latter,
one has to find first the atomic state |Ψ (z, t)〉 in a combined
field of pump(dressing) and probe fields, then implement the
ordinary quantum mechanical averaging of the dipole oper-
ator by means of this state vector, and later select terms pro-
portional to the probe field Eprobe(

−→
r , t). The probe field

is Eprobe(
−→
r , t) = ε0(

−→
r , t) exp[i−→k −→

r − iωt] + c.c. with
slowly varying amplitude ε0(

−→
r , t).

The atomic state vector in combined (pump+probe) field
has the form

∣
∣Ψ (z, t)

〉 = ∣
∣Ψ (z, t)

〉

pump + ∣
∣ΔΨ (z, t)

〉

= (

f (z, t) + C1(z, t)
)|1〉e− i

�
E1t

+ (

g(z, t) + C2(z, t)
)|2〉e− i

�
E2t , (7)

where f (z, t) and g(z, t) are the above determined proba-
bility amplitudes in pump laser field. The additional terms
C1(z, t) and C2(z, t) arise due to interaction with probe ra-
diation and are proportional to the probe field intensity in
frame of linear theory. Note that in distinction from [14],
where the pump field was assumed to be strictly monochro-
matic, here the problem of atomic states in the field of pump
radiation is time dependent.

Also it should be noted here that in the asymptotic case
when t − z/c � T

f (t − z/c) ≈ exp
[

i(t − z/c)
(

Δ −
√

Δ2 + 4V 2
0

)

/2
]

h1

+ exp
[

i(t − z/c)
(

Δ +
√

Δ2 + 4V 2
0

)

/2
]

h2,

g(t − z/c)

≈ e−iΔ(t−z/c) exp
[

i(t − z/c)
(

Δ −
√

Δ2 + 4V 2
0

)

/2
]

× (h1 − h3)

+ exp
[

i(t − z/c)
(

Δ +
√

Δ2 + 4V 2
0

)

/2
]

(h2 − h4)

with h1 = Γ (c)Γ (b − a)/Γ (b)Γ (c − a), h2 = Γ (c)Γ (a −
b)/Γ (a)Γ (c − b), h3 = Γ (c + 1)Γ (b − a)/Γ (b + 1)Γ (c −
a), h4 = Γ (c + 1)Γ (a − b)/Γ (a + 1)Γ (c − b). So the
switching on of the field brings to formation of four adia-
batic terms, which have different energies in distinction to
the case discussed in [14] where we assume only two terms
with different energies.

The Hamiltonian in dipole approximation is

Ĥ = Ĥ0 − −̂→
d

−→
E pump − −̂→

d
−→
E probe. (8)

After standard calculations in the framework of the
Schrödinger equation, for C1(

−→
r , t) and C2(

−→
r , t) ampli-

tudes we obtain

C1(
−→
r , t) = i

�

−→
d 12

(

ei
−→
k

−→
r σ1(t)

−→ε 0(t)

+ e−i
−→
k

−→
r σ2(t)

−→ε ∗
0(t)

)

(9)

and

C2(
−→
r , t) = i

�

−→
d ∗

12

(

ei
−→
k

−→
r θ2(t)

−→ε 0(t)

+ e−i
−→
k

−→
r

2 θ1(t)
−→ε ∗

0(t)
)

, (10)

where
−→
d 12 = 〈1|−̂→d |2〉,

σ1 =
∫ t

t0

g(z, t ′)e−i(ω+ω0)t
′
dt ′,
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θ1 =
∫ t

t0

f (z, t ′) ei(ω+ω0)t
′
dt ′,

σ2 =
∫ t

t0

g(z, t ′)e−i(ω−ω0)t
′
dt ′,

θ2 =
∫ t

t0

f (z, t ′)ei(ω−ω0)t
′
dt ′.

Insertion of found state vectors (7) into 〈d̂〉probe = 〈Ψ (z, t)×
|d̂|Ψ (z, t)〉 determines the right-hand side of wave equa-
tion (6) as an explicit function of system parameters, pro-
portional to the probe wave amplitude.

In the next step we apply the well known slowly vary-
ing approximation to the left-hand side of (6) and thus ar-
rive to its reduced form, which is a first order differential
equation for the probe wave amplitude ε0(

−→
r , t) with par-

tial derivatives in both, space and time variables. Some of
the right-hand side terms of obtained reduced wave equa-
tion (rwe) are responsible for hyper-Raman scattering, para-
metric down conversion and four-wave parametric amplifi-
cation, respectively. However in this paper these processes
will not be considered and we will focus our attention on the
main nonparametric propagation process. In familiar formu-
lation this approach, as is well known, leads to determina-
tion of the medium refractive index.

Introducing new variables τ = t − (
−→
k

−→
r )/ω and η =

(
−→
k

−→
r )/k, we transform our reduced wave equation into an

ordinary equation relative to η variable where τ appears as a
parameter and thus rwe can be easily integrated. Assuming
that the incident probe wave repeats the form of the pump
one and propagates along the pump direction (η = z) we ar-
rive at the following simple expression for the seeking probe
field amplitude ε0(z, τ ):

ε0(z, τ ) = ε0

(1 + e−τ/T )
exp

[
2πρω2

0

�cω
|d12|2

×
∫ z

0

(

f ∗(τ )θ1(̃z, τ ) − g(τ)σ1(̃z, τ )
)

× ei(ω−ω0)(τ +̃z/c)dz̃

]

. (11)

Expression of ε0(z, τ ) is the main product of this paper.
It concretizes the result of [14] in case of time dependent
pumping field creating the necessary for QS generator quan-
tum superposition of ground and excited states from the ini-
tial state. The imaginary part of (11) stipulates a phase mod-
ulation, while the real part introduces amplitude modulation
and intensity variance of the probe laser beam during the
propagation in the medium. On the other hand, the exponent
is a periodic function of time and spatial coordinate, which
results in a periodic-type modulation of the probe field inten-
sity, accompanied by amplification or weakening in average.

3 Results and conclusion

To conceive roughly the picture of probe wave modulation
developing by (11) lets turn to the two-level model of al-
kali metal gases. The characteristic values of |d|2 for dipole
allowed transitions are around 2 × 10−34 CGSE and sam-
ple concentration can be varied in a wide range of 1012–
1016 cm−3. Typical line broadening is 107–108 Hz and
therefore the lowest allowed in frame of this model value for
resonance detuning is Δ = 2 × 108 Hz. The laser intensity
needed for a Rabi frequency around 1011 Hz is 1 W/cm2.
A picture of probe wave modulation under some possible
conditions is given in Fig. 1. In particular here we have
presented the case when t � T , that is, when the incident
field has stabilized. It shows the ability of the QS generator
scheme to juxtapose the composition of high repetition ul-
trashort pulses with essential amplification in the frame of
chosen manner of state preparation.

A close consideration of the exponential in (11) shows
that the regularities of QS generator are very simple and
convenient from experimental/applied viewpoint. The rate
of probe wave modulation, for instance, is determined solely

by the generalized Rabi frequency Ω =
√

Δ2 + 4V 2
0 . This

rate in fact determines the space and time repetition distance
between the pulses: Δtrepetition = 2π/Ω and Δzrepetition =
c · Δtrepetition. The regime of propagation, amplification or
weakening, is determined by the detuning ω − ωpump (see
Fig. 1 in [14]). This dependence is especially sharp near
the scattering resonances. The product of gas density on a
single-photon scattering cross section determines the mod-
ulation depth. Thus, when in amplification regime, increase
of the gas density deepens the modulation and thus results
in narrowing of peaks in the train.

To incorporate the damping phenomena into theory we
will use a simple method, that is, we will add to the transition
frequency ω0 in (11) the complex quantity iγ where γ for

Fig. 1 Modulation and amplification of the probe wave in a two-level
media. Here Δ = −5 × 1012 Hz, ω0 = 1015 Hz, ω − ω0 =
5.004 × 1011 Hz, ρ = 1015 cm−3 z = iπc/(b − a) and switching char-
acteristic duration T is 10−12 s
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discussed parameters is of the order of 107 Hz. As long as
we have a resonance detuning greater than the line broaden-
ing, this procedure describes the damping phenomena very
well. Our approach takes into account also the spontaneous
damping of excitation. Another factor which should be taken
into account is the Doppler or inhomogeneous broadening
of optical transition. In a dilute gas at room or higher tem-
peratures the Doppler linewidth prevails the natural and col-
lisional linewidths. We assume a Maxwell–Boltzmann ve-
locity distribution in laser propagation direction. To actually
calculate the influence of Doppler broadening we should add
ΔDoppler to the detuning and then average over the velocity
distribution [17]. The results of these calculations carried
out for the same conditions as in Fig. 1, and including the
relaxation process and the Doppler broadening, prove our
assertion that relaxations have minor role in QS generator
when far from homogeneous broadening of spectral lines
and that the Doppler broadening cannot destroy the pulse
train formation under appropriate conditions.

In conclusion, we have shown that the rapid switching
on of the pump field intensity in a two-level atomic medium
may ensure a mixing of adiabatic terms in a way sufficient
for formation of the QS generator. The repetition rate and
duration of pulses are easily regulated by means of smooth
changing of the pump field resonance detuning and atomic
concentration, respectively. Numerical calculations (for al-
kali metal vapors) show that the presented mechanism of QS
generator of ultrashort pulses is robust against the homoge-
neous and inhomogeneous broadening of spectral lines in a
very wide range of parameters, as well as parameter fluctu-
ations.
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