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Abstract An analytical expression for arbitrary moments
of the cosh-Gaussian—Shell beam in turbulent atmosphere is
derived. As a special case, kurtosis parameters of collimated
and focused cosh-Gaussian beam with and without turbu-
lent atmosphere are studied in detail. It can be seen from the
study that the kurtosis parameters of Gaussian beam do not
remain constant in turbulent atmosphere. Similar to the kur-
tosis parameters of a cosh-Gaussian beam at source plane,
the kurtosis parameters at focal plane without turbulent at-
mosphere are independent of the propagation distance and
vary with the parameters of the beam. But the variation of
the kurtosis parameters at focal plane is different from that
at source plane. However, the kurtosis parameters of colli-
mated and focused cosh-Gaussian beam both vary with the
propagation distance and gradually converge to 3 along the
z-axis in turbulent atmosphere. Compared with a collimated
beam, the kurtosis parameters of a focused beam converge
more quickly.

1 Introduction

It is well known that a cosh-Gaussian beam can be regarded
as the superposition of decentered Gaussian beams [1-3].
Various intensity profiles which can be used in some im-
portant applications can be obtained by altering the para-
meters of a cosh-Gaussian beam [3-5]. The characterization
of the propagation and transform for a cosh-Gaussian beam
have been studied extensively [2—10]. Because the moments
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of laser beams are considered to be the important parame-
ters for describing their propagation, the properties concern-
ing the second and fourth moment of a cosh-Gaussian beam
have been investigated [11, 12].

In recent years, the propagation of many types of beam in
turbulent atmosphere has attracted more and more attention
due to its wide application [13—22]. As an important role, the
properties of cosh-Gaussian beam in turbulent atmosphere
have also been studied [2-7]. In the present paper, attention
is paid to the moment of cosh-Gaussian beam in turbulent
atmosphere. The paper is organized as follows. First, the an-
alytical formula for the moment of arbitrary order is derived.
As we know, the intensity profile of cosh-Gaussian beam is
not of circular symmetry, i.e., the intensity varies with re-
spect to the angle, and cannot be expressed as a function of
distance from a central point only. Therefore, the variation
of the moment with respect to the angle is then analyzed.
Third, the variation of any moment in turbulent atmosphere
is studied. As an example, the kurtosis parameter of a cosh-
Gaussian beam in turbulent atmosphere is investigated in de-
tail.

2 Moment of cosh-Gaussian—-Schell beam at source
plane

In general, a cosh-Gaussian—Schell beam is expressed in the
form that the variables x and y can be separated. Namely, its
cross-spectral density function can be denoted by [3-5, 23]

Wo(xo01, X02, Yo1, Y02) = Wo(xo1, x02) Wo(yo1, Yo2) (D
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where (xo1, yo1) and (xo2, yoz) are the coordinates of two beam can be expressed as
different points at source plane, and S iy as
(P0xpo Oox o )
Wo(xo1, x02) = cosh(£20 xo1) cosh(§20 x02) na ymi gma
) 5 =5 Pox Poyoy Oy
X exp _ Xo1 T+ Xo2
wi x ho(pox, Poy, Box, 90y) dpox dpoy dbox dboy, (6)

(xo1 — on)z}

X exp|:— 2002

ik(x3, —

2
on)
2Ry ] @)

X exp|:—

can be interpreted as one-dimensional cross-spectral density
function of a cosh-Gaussian—Schell beam. In (2), £29, which
has the units of m~!, is the parameter associated with the
cosh part, k = 2w /A and A is wavelength, wg, o9 and Ry
denote the waist width, spatial correlation length and phase
front radius of curvature of the beam, respectively.
Therefore, the two-dimensional Wigner transform of a
cosh-Gaussian—Schell beam can be taken as the product of
two independent one-dimensional Wigner transforms, i.e.

ho(pox, Poy» Oox» Boy) = A0(Pox, Oox) fo(poy. oy)- 3)

where pox = (xo1 + x02)/2, poy = (Yo1 + Y02)/2, qox =
x01 — x02 and goy = Yo1 — Y02; kBox and kb, are the
wave vector component along x-axis and y-axis. One-
dimensional Wigner transforms of cosh-Gaussian—Schell
beam can be written as

f0(poy, Goy)
q0
/ / Wo(pox > vPOx—TX)
X eXp(—ik(ZQXQ()X)quX. “)

By using the equation cosh(x) = (¢* + ¢~*)/2 and sub-
stituting (2) into (4), we obtain

ka)()
ho(poy, Boy) = Z Z eXP{ 2 pOX + AT $£20 poy
11—012 0

2
. [2k(p0x +90X> +iA_.Qo] }

where AT = (=)' + (=1)2, A” = (=)' = (=1)" and
1 /a)é =1/ w% + 1 /ag. Because the moment for arbitrary

(&)
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where P is the total power. The moments for any beam
whose cross-spectral density function can be expressed
by (1), equal to the product of the moments along x- and
y-axis, i.e.,

(P0x P03 00 00y ) = {P0xB0x N P03 00y, ) o

Therefore, the moments along x-axis or y-axis can be
rewritten as

(PSX 6’; = f / Poy 90, 710(Poy , Box) dpoy dboy ,
®)

where P, = [% [ ho(poy, Ooy) dpoy dboy is one-di-
mensional power of cosh-Gaussian beam. Substituting (5)
into (8) and performing the integration, we get

(P0y 00y )

kw 2
= —Osech r
4w 4

n [v/2] 2= BmA2n+v=20)/2;mAn+2(0=1) 1)1

x Z ZZZ VI(n — )l —20)!1!

i 0]1—01) 0 =0

w(Z) v—2t wo m—v+2t+1
X — —
Ro kwo

i2G1+j1) 5
xAm”exp[ 1 y:|

A~ kaw?
Y_(2iat 4220
2Awg Ry

(i AT kw] — 2ARQ)}, 9)

X Hy—y [_
14

X Hyos [7

v ZﬁARowo

WhereA—(4 kw(’)l/2

teger part of v / 2 and H, (x) is Hermite polynomial.

= wo$20, [v/2] denote the in-

3 Variation of moment in different direction

There are many types of beams whose optical fields are cir-
cular symmetry, namely, all points on each circle take the
same value, such as fundamental Gaussian, super-Gaussian,
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Fig. 1 Rotation of coordinates in two dimensions

Bessel, annular and dark hollow beams. There also are many
types of beam whose optical fields can be expressed as
u(x,y) = u(x)u(y), namely, the optical fields can be ex-
pressed as the product of x and y parts, and the x part is the
same as the y part, such as fundamental Gaussian, cosh-
Gaussian, cos-Gaussian sinh-Gaussian and sin-Gaussian
beams. For the beams whose optical fields are not circu-
lar symmetry, their moments in different direction need to
be investigated.

The variable in arbitrary direction is denoted by X (see
Fig. 1). If the angle between x-axis and X-axis is «, X and
fx can be presented as

{X = x cos(a) + ysin(w), (10)

Ox =0y cos(a) + 0y sin(a).

From (9) we can find that (x"07") = 0 if n 4+ m is odd and
(x"0) = (y”@;”). From (9) and (10), any moment along X
can be obtained. For example,

(X% =) (x)=1(03) (1)
and

(x4 = %{<x4>[3 +cos(da) ] + 3(x2[1 — cos@a)]}. (12)
Namely, the second moments in any direction are equal to
each other, and the fourth moment varies with the angle «.

The kurtosis parameter can be used to describe the
sharpness of any beam and is defined as the ratio of the
fourth-order moment to the square of the second-order mo-
ment [24]. From (11) and (12) we can see that the kurtosis
parameter along X is

(X 1
(X2)2 "~ 4

Kx = {Kx[3+cos(4oz)] +3[1 —cos(4a)]}.

13)

where K, is the kurtosis parameter along x. Equation
(13) shows that the kurtosis parameter is different in differ-
ent direction. If a beam whose optical field can be denoted

6

T T T
0.0 /8 /4 38 w2

o

Fig. 2 The variation of Ky with angle « for different K,

by u(x,y) = u(x)u(y) is circular symmetry, for example
fundamental Gaussian beam, namely, Kx = K, from (13)
we can see that its kurtosis parameter equals 3 in any direc-
tion. If we set K, = 3 or Kx = 3, from (13) we can obtain
Kx =3 or K, =3. Namely, if the kurtosis parameter in any
direction equal 3, its optical field must be circular symmetry.
The variation of Kx with angle « for different K is plotted
in Fig. 2.

One can see that the kurtosis parameter in any direction
keeps invariant when K, = 3. If 0 < K, < 3, the kurtosis
parameter along x or y is smallest. If « has values in the
interval [0, /4], the kurtosis parameter increases with the
increase of «. The largest kurtosis parameter is in the direc-
tion of @« = /4 and equal to (K, + 3)/2. If K, > 3, the
kurtosis parameter along x or y is the largest. If o has val-
ues in the interval [0, 7t /4], the kurtosis parameter decreases
with the increase of «. The smallest kurtosis parameter is in
the direction of « = /4 and equal to (K + 3)/2.

4 Propagation of moment in turbulent atmosphere

The propagation of the cross-density of arbitrary beam at
any plane can be calculated by using the Huygens—Fresnel
diffraction integral relating to random inhomogeneous me-
dia as follow [25]:

W(va py7 qx; CIy’ Z)

k 2 oo [e'e) 0o 00
— (2—> / / / / dex dq0x dey dq0y
TZ —00 J—00 J—00 J—00

40 40 qoy qoy
X WO(pOx + 7)67 Pox — 7)67 Poy + 7, poy — 7,0)
ik
X exXp ?[(Px — pox)(gx — qox)
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+(py — poy)(qy — q0y)] — H(qx. 4y qox- q0y) } (14) By using the properties of the Dirac delta function
8™ (s) = L (—ix)" exp(—isx)dx
where py = (x1 + x2)/2, py = (y1 + y2)/2, gx = x1 — x2 27 oo ’
and gy = y1 — y2, H(qx., qy, qox, qoy) represents the effects 012 19
of turbulence and is given as [26] R It
and
H(qX9 Qy, QOx, CIOy)
o
() — (n)
— a2z [ ag [ (1= wleledo+ 0 - 633 | s was= .
0 0
n=0,1,2,..., (20)

X @ (k) dk. (15)

Here « is the spatial wave number, (x1, y;) and (x2, y2)
are the coordinates of two different points at z-plane;
do = (qox-q0y) and g = (¢x.qy); Jo and @ (k) are the
Bessel function of zero order and the spatial power spectrum
of the refractive index fluctuations, respectively. Because
H(qx,qy, qox, qoy) cannot be expressed as H(qy, qox) X
H(qy, qoy), the moment of arbitrary beam through turbu-
lence is expressed as

(pﬁlp;lzgznlg;nz>
| R Bl Bl ny _nypmpgm
- pxlpyzgx 19y2
PJ oot ool
X h(Px»Pya Gx’ey)dpx dpdex dey (16)

where h(py, py,0x,0y) is WDF of W(pyx, py,qx, gy, 2).
Substituting (14) into (16) we can derive

(P21 P20716772) = (G (pox. poy. Box, foy)) (17)
where [27, 28]

G (pox, Poy, B0x » QOy)

IRYARN
T2\ 2%

X 9;”‘9;"2

x exp[—ik(Bxqx + Oyqy — Boxqox — Boyqoy) ]
ik

X exp ;[(Px — Pox)(@x — qox)

+ (py — poy)(gy — QOy)]

— H(qx, 4y, q0x, qu)}

X dpxdpyd6,doydq; dqydqox dqoy. (18)
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(18) can be simplified as [27, 28]

G(p0X7 POya GOX’ 90y)
— in1+n2+m1+m2k—(n1+n2+ml+m2)znl+n2

o0 o0 o0 o0
x / / / f 5 (gox — 4x)
—00 —00 —00 —00

x 82 (qoy — 4,)8"" (908" (qy)

ik
X CXP[?(—CIxPOx ~+ qox pox — gy poy + C]prOy)

+ ik(90xq0x + 00yq0y) — H(qx, dy> q0x, 610)7)}

x dqy dqy dqox dqoy- 21

With the help of (21), any moment of cosh-Gaussian—Shell
beam in turbulent atmosphere can be obtained.

5 Numerical calculation

Many characteristics of beam can be expressed by its mo-
ment. Different moments have different meanings. As an
example, the variation of the kurtosis parameter of a cosh-
Gaussian beam is studied in the present paper. From (9) we
can obtain the kurtosis parameter at source plane as

Koy =

[1+exp(y?/2)113 +exp(y?/2)3 + 6y% + y*)]
[1+ (1 +y2)exp(y?/2)]?

(22)

It can be seen from (22) that Ko, is determined by the prod-
uct of £29 and wyg. The variation of Ko, with y is shown in
Fig. 3. It can be seen from Fig. 3 that Ko, equals 3 when
y = 0 (fundamental Gaussian beam) and decreases with in-
creasing y. When y is large enough Ky, trends to 1.
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I.f the .spa}tial power spectrum of the re'fracti\./e index fluc- " in 4.6 o & ()3 di 2
tuations is independent of the propagation distance, from 3 0
(17) and (21) the moments at z-plane can be derived as 25 o
3m°z 5
+ 3 D (k)k> dk (25)
2 2) 2 2.3 * 3 d 23 10k 0
Px)={(pox + 260x)7) + 37 Z‘/ P (k) dk, (23) , . , .
( x> ( * * 3 0 Before proceeding with calculations of the kurtosis pa-
w275 [o° rameters in turbulent atmosphere, we examine the varia-
(Pipi) = (P)%)(Pf) + 1062 ® (k) dk (24)  tion of the kurtosis parameters in vacuum. For collimated
0 (Ryp — 00) and completely coherent (o9 — 00) beam, the
and kurtosis parameters in vacuum can be expressed as
A - _ {(pox +2600)%)
(px>—((p0x + z60x) ) x ((pox + 260x)%)?
o0 2
+ 47223 ((pox +z90x)2)/ @ (k)K? dic _ 1+ exp(%)
0 [K2wd + 422 — y222 + exp(%z)(kzwé + K2y 2wg + 4212
2
3.0 x {k4w§[3+e><p<7>(3+67/2+J/4)]
2
+ 24k*wg 7> |:1 -y 4 exp(—) (1+ yz)i|
2.5 2
2
+16z4[3—6y2+y4+3exp<7>:|} (26)
& 201
When z is large enough, from (25) we can derive
2 2
154 1 +exp(5)13 — 672 + y* + 3exp(%
lim K, I p(H)II Y VZ p(3 )]' o7
e [1—y?+exp(5)P?
1.0 : : : : : : : We can find that the kurtosis parameters of a completely co-
0 2 4 6 8 10 12 14

Qw,

Fig. 3 Fig.3 Variation of the kurtosis parameter with the parameters
of a cosh-Gaussian beam at source plane

0 100 200 300 400

a z (km)

herent (o9 — 00) beam at focal plane (Rgp — z) in vacuum
can also be expressed by (27). The variation of the kurto-
sis parameters of a collimated cosh-Gaussian beam along
x-axis with the propagation distance is shown in Fig. 4a. It

2 T T T T T
0 1 2 3 4 5 6

b Qw,

Fig. 4 Variation of the kurtosis parameter of a completely coherent cosh-Gaussian beam in vacuum; (a) collimated beam along z-axis; (b) focused

beam at focal plane
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Fig. 5 The variation of the kurtosis parameter of a completely coherent cosh-Gaussian beam in turbulence where A = 1.06 x 107 m,
C,% =107 m=2/3, wy=0.1 mand /p = 0.1 m; (a) collimated beam along z-axis; (b) focused beam at focal plane

can be seen from Fig. 4a that kurtosis parameters of a col-
limated cosh-Gaussian beam increase at the beginning for
any y. When y is small, for example y = 1, the kurtosis
parameters then decrease. If z is long enough the kurtosis
parameters trend to a constant. The variation of kurtosis pa-
rameters with y at focal plane (or z is large enough) is shown
in Fig. 4b. The comparison between Fig. 4b and Fig. 3 shows
that the variation of the kurtosis parameters with y at focal
plane (or z is large enough) is different from that at source
plane. When z is large enough or z = R (at focal plane), the
kurtosis parameter decreases slightly at the beginning and
reaches a minimum value of 2.88 where y = 1.05. When
y > 1.05, the kurtosis parameter increases until it reaches
a maximum value of 7.49 where y = 1.97. With further in-
crease of y, the kurtosis parameter decreases. From (27) we
can see that when y is large enough, the kurtosis parameter
equals 3.

To study the variation of the kurtosis parameter in turbu-
lence, in the present paper the Tatarskii spectrum is adopted,
i.e.,

2
@ () = 0.033C2 1173 exp(—K—2> (28)
Km
where k,,, = 5.92/1y (Ip being the inner scale of turbulence),
C? is the structure constant and is assumed to be constant
over the propagation path. From (9), (23) and (25) the vari-
ation of the kurtosis parameter of cosh-Gaussian beam in
turbulence can be calculated. Figures 5a and 5b show the
variation of the kurtosis parameter of collimated and fo-
cused beam in turbulent atmosphere, respectively. It can
be seen that the kurtosis parameter of a collimated cosh-
Gaussian beam increases with z when £2o9 # 0. If £29 =0,
the kurtosis parameter varies slightly. Namely, the kurto-
sis parameter of a Gaussian beam does not keep constant
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in turbulence. With the increase of z, the kurtosis parame-
ter gradually converges to 3 for any £2¢. The variation of
the kurtosis parameter of a focused cosh-Gaussian beam
is more complex than that of a collimated cosh-Gaussian
beam. For some £2(, such as 29 = 0, 10, 30, 40 m~! the
kurtosis parameter increases at the beginning. After reach-
ing the maximum value it decreases and gradually con-
verges to 3. But for £20 =20 m~!, the kurtosis parame-
ter decreases with z and converges to 3 when z is large
enough.

From (10), (23)—(25) we can obtain the kurtosis parame-
ter along X as

1

Ky = Z{Kx[3 +cos(da) | +3(1+ T)[1 —cos(da) ]}, (29)
where
7'[225 o0 5
- e /0 (1) dic. (30)

If we set Kx = K, = K (foundational Gaussian beam),
from (29) we can obtain
K=3(14+T). (€20)
Namely, the kurtosis parameter of a Gaussian beam in tur-
bulence can be expressed by (31). The variations of 7 with
different propagation distance and §2y are plotted in Fig. 6.
It can be seen that T increases at the beginning, and then
decreases along the z-axis. When z is small, T is different

with different £2¢. With the increase of z, the values of T
with different £2p approximately equal each other. The value
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Fig. 6 The variations of T with different propagation distance and 29 where A = 1.06 x 107% m, C2 = 10~* m~

(a) collimated beam; (b) focused beam at focal plane

of T for a focused cosh-Gaussian beam is much larger than
that for a collimated beam.

6 Conclusion

An analytical expression for arbitrary moments of a cosh-
Gaussian—Shell beam in turbulent atmosphere is derived.
With the help of the formula, the kurtosis parameters of col-
limated and focused cosh-Gaussian beams in turbulent at-
mosphere are studied. The specific conclusions derived from
the study can be listed as follows.

1.

Kurtosis parameters equal 3 in vacuum and 3(1 + T') [see
(31)] in turbulent atmosphere for a Gaussian beam.

. Kurtosis parameters of a cosh-Gaussian beam decrease

with the increase of 2pwq at source plane. Its kurtosis
parameters equals 3 (maximum) when £2pwo = 0 and
trends to one (minimum) when £2pwy is large enough.

. In vacuum, the variation of the kurtosis parameters of a

collimated cosh-Gaussian beam along the z-axis is dif-
ferent with different 2gwg. But the kurtosis parameters
of a focused cosh-Gaussian beam at focal plane are inde-
pendent on z. The variation of the kurtosis parameters at
focal plane is different from that at source plane.

. Kurtosis parameters of collimated and focused cosh-

Gaussian beam gradually trend to 3 along the z-axis in
turbulent atmosphere. The kurtosis parameters of a fo-
cused beam converge more quickly than those of a colli-
mated beam.

. The variation of the kurtosis parameters of a focused

beam with angle is much bigger than that of a collimated
beam in turbulent atmosphere.

23 wo=0.1mandly=0.1m;
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