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Abstract With the help of the angular spectrum represen-
tation and the Gaussian function expansions of the hard-
edge aperture function, the vectorial structure of a linearly
polarized Gaussian beam (GB) diffracted by a rectangular
aperture is analyzed in detail. It is found that the sizes of
the energy flux density spots and the energy fluxes of the
TE and TM terms depend on the aperture configuration and
the polarization direction of the incident GB. The far fields
may have smaller spots and larger energy fluxes for a GB
diffracted by a rectangular aperture compared to that by a
square aperture with the same beam intensity. And another
potential application in information encoding and transmis-
sion for free-space communications is also proposed in ad-
dition to re-focusing to enhance the optical storage density.
This encoding scheme has the benefit of easy implementa-
tion without modulating any properties of the light source.

1 Introduction

The Gaussian beam (GB) is often encountered in laser op-
tics and its propagation has been studied extensively within
the framework of the paraxial approximation [1]. In practical
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optical systems, apertures are the most fundamental optical
elements and commonly applied; therefore, the aperture ef-
fects on the beam propagation have received a large amount
of attention and have been studied using a great number
of different methods [2–8]. Within the non-paraxial frame-
work, the far-field properties of an apertured GB have been
analyzed using the scalar angular spectrum method [9, 10].
Since Lax et al. [11] pointed out the incompatibility of the
paraxial solution with the exact Maxwell equations, a vari-
ety of non-paraxial approaches have been developed to de-
scribe the beam propagation beyond the paraxial approxi-
mation [12–16]. Based on the vectorial Rayleigh diffraction
integral, the approximate analytical expression for the prop-
agation equation of an apertured vector GB has been de-
rived [17, 18]. Recently, by means of the vectorial angular
spectrum method, vectorial structures of a few propagation
beams have been revealed in the far field [19–31]. For exam-
ple, the effect of a circular aperture on the vectorial structure
of a GB was analyzed in detail [31]. Moreover, the equiva-
lence between the vectorial angular spectrum representation
and Rayleigh–Sommerfeld diffraction formulae was demon-
strated [32].

In this paper, by expanding the aperture function as a sum
of finite-term complex Gaussian functions [33] and with
the help of the vectorial angular spectrum representation,
the vectorial structure of a GB diffracted by a rectangular
aperture is represented as an integral form. By means of the
method of stationary phase, the analytical expressions of the
TE and TM terms are obtained in the far field. The influence
of the rectangular aperture and a linearly polarized angle on
the vectorial structure of an apertured GB is investigated in
the far field. In Sect. 2, analytical expressions of a linearly
polarized GB diffracted at a rectangular aperture are derived.
Numerical results of the energy flux densities of TE and TM
terms and the whole field are presented in Sect. 3 to illus-
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trate how the rectangular aperture configuration and the po-
larization direction of an incident GB affect the propagation
properties of diffracted fields. In Sect. 4, the energy fluxes
of TE and TM terms are calculated and a comparison be-
tween them for a rectangular aperture and for a square aper-
ture is performed. And, an encoding scheme is proposed to
implement information transmission and communication in
free space. Finally, a brief summary of the main results con-
cludes this paper.

2 Analytical expression for GBs diffracted by a
rectangular aperture

In the Cartesian coordinate system, assuming that a rectan-
gular aperture is placed at the plane z = 0 and an incident
plane wave is linearly polarized, the field of such an inci-
dent beam just behind the aperture reads
(

Ex(x, y,0)

Ey(x, y,0)

)
=

(
cosα

sinα

)
exp

(
−x2 + y2

w2
0

)
�(x,y), (1)

where the window function of the rectangular aperture
�(x,y) is expressed as

�(x,y) =
{

1 |x| ≤ a, |y| ≤ b,
0 otherwise.

(2)

Here w0 is the beam width, a and b are respectively the
width and height of the rectangular aperture, the Jones vec-
tor

(cosα
sinα

)
describes the linearly polarized state of the inci-

dent plane wave, α is the linearly polarized angle with the
x-axis and k = 2π/λ, with λ representing the wavelength
of the incident plane wave. Here the time-dependent factor
exp(−iωt) (ω being the circular frequency) and the constant
amplitude factor are suppressed in (1).

In order to arrive at the analytical expression of the prop-
agation field, as done in Ref. [33], the hard-edge aper-
ture function �(x,y) is expanded as the sum of complex
Gaussian functions with finite terms [33–35]:

�(x,y) =
M∑

j=1

M∑
l=1

BjBl exp

(
−Clx

2

a2
− Cjy

2

b2

)
, (3)

where the complex constants Bj and Cl are the expansion
and Gaussian coefficients, respectively, which can be ob-
tained by optimization computation directly, while M is the
number of complex Gaussian terms. Their values can be
found in Table 1 of Ref. [33].

According to the vector angular spectrum representation
of Maxwell’s equations [20, 26–28], the diffracted plane
wave propagating toward the half free space z ≥ 0 is ob-
tained from

E(r) =
∫ ∫ ∞

−∞
A(p, q) exp(iks · r)dp dq. (4)

Here r = xi+yj+zk is the location vector, s = pi+qj+mk
and m = √

1 − p2 − q2. And, the vector angular spectrum is
represented as

A(p, q) = Ax(p,q)

(
i − p

m
k
)

+ Ay(p,q)

(
j − q

m
k
)

, (5)

while
(

Ax(p,q)

Ay(p,q

)
=

(
cosα

sinα

)
A0(p, q), (6)

where

A0(p, q) = 1

λ2

∫ ∞

−∞

∫ ∞

−∞
exp

(
−x2 + y2

w2
0

)
�(x,y)

× exp
[−ik(px + qy)

]
dx dy

= w2
0

4π

M∑
l

M∑
j

BlBj√
wlawjb

× exp

[
−k2w2

0

4

(
p2

wla

+ q2

wjb

)]
, (7)

with wla = 1 + Clw
2
0/a

2 and wjb = 1 + Cjw
2
0/b

2.
The longitudinal component originates from the transver-

sality condition of the optical field ∇ · E(r) = 0, where the
dot denotes the scalar product. According to the vectorial
structure of the electromagnetic wave [20, 26–28], two unit
vectors e1 and e2 can be defined in the frequency domain:

e1 = q√
p2 + q2

i − p√
p2 + q2

j,

e2 = pm√
p2 + q2

i + qm√
p2 + q2

j −
√

p2 + q2k.

(8)

In this system, the vector angular spectrum A(p, q) can be
decomposed into two terms:

A(p, q) = [
A(p, q) · e1

]
e1 + [

A(p, q) · e2
]
e2. (9)

Based on the vectorial structure of a non-paraxial elec-
tromagnetic beam, the propagating electric field of non-
paraxial vectorial beams can be written as a sum of two
terms, that is,

E(r) = ETE(r) + ETM(r), (10)

where

EX(r) =
∫ ∞

−∞

∫ ∞

−∞
AE

X(p,q,m) exp(iks · r)dp dq

for X = TE,TM (11)
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and

AE
TE(p, q,m) = (A · e1)e1

= (q cosα − p sinα)

p2 + q2
(qi − pj)A0(p, q),

(12)

AE
TM(p, q,m) = (A · e2)e2

= (p cosα + q sinα)

m(p2 + q2)

× [
m(pi + qj) − (p2 + q2)k

]
A0(p, q).

(13)

Similarly, the propagating magnetic field of vectorial
beams can also be divided into the corresponding TE and
TM terms:

H(r) = HTE(r) + HTM(r), (14)

where

HX(r) =
√

ε

μ

∫ ∞

−∞

∫ ∞

−∞
AH

X exp(iks · r)dp dq

for X = TE,TM (15)

and

AH
TE(p, q, γ ) = (A · e1)e2

= (q cosα − p sinα)

p2 + q2

× [
γ (pi + qj) − (p2 + q2)k

]
A0(p, q),

(16)

AH
TM(p, q, γ ) = (A · e2)e1

= (p cosα + q sinα)

γ (p2 + q2)

× (qi − pj)A0(p, q). (17)

As stated in (12) and (17), the TE or TM term represents
that the longitudinal component of the electric field ETE(r)
or the magnetic field HTM(r) is equal to zero, respectively.

It is well known that, provided that z is large enough,
i.e. in the far-field regime, the evanescent plane waves com-
pletely disappear. Although in (11) and (15) the integrand
functions have a sum form consisting of complex functions
of finite terms, as pointed out in Ref. [30] in the far-field
regime the condition kr = k

√
x2 + y2 + z2 → ∞ is satis-

fied and the method of stationary phase is still applicable
[15, 26]. Therefore, the analytical electromagnetic field of
the TE and TM terms in the far-field regime can be ex-

pressed as

EX(r) = − iλz

r2
AE

X

(
x

r
,
y

r
,
z

r

)
exp(ikr),

X = TE,TM (18)

HX(r) = −
√

ε

μ

iλz

r2
AH

X

(
x

r
,
y

r
,
z

r

)
exp(ikr),

X = TE,TM. (19)

3 Energy flux densities in the far field

The energy flux densities at the z = constant plane are given
by the z component of their time-average Poynting vector.
The energy flux densities at the far-field z = constant plane
turn out to be

STEz = 1

2
〈E∗

TE × HTE〉z

= λ2

2

√
ε

μ

z3

r5

∣∣∣∣A0

(
x

r
,
y

r

)∣∣∣∣
2

sin2(θ − α), (20)

STMz = 1

2
〈E∗

TM × HTM〉z

= λ2

2

√
ε

μ

z

r3

∣∣∣∣A0

(
x

r
,
y

r

)∣∣∣∣
2

cos2(θ − α), (21)

where θ = tan−1(y/x), the angle brackets indicate a time
average and the asterisk * denotes a complex conjugation.

At first, making use of (19) and (20), the numerical eval-
uations are done and it is found that, for a linearly polarized
GB, when the aperture size is larger than the beam width,
the far-field patterns of STEz and STMz are always two-lobe
or eight-figure structures with the same size whose origins
are always mutually orthogonal. The pattern of the total en-
ergy flux density Sz = STEz + STMz is similar to the input
GB spot. Besides, it is also true that the influence of a rec-
tangular aperture with much larger size compared with the
beam width on the vectorial structure of GBs is negligible,
which will be put aside in the remaining part.

When the aperture size is smaller than the beam width,
the long side of the larger patterns of STEz or STMz is always
perpendicular to the long side of the rectangular aperture,
while the pattern of Sz closes to an elliptical GB spot, which
can be seen from Fig. 1. We can also see that the spot sizes
associated with TE or TM terms sensitively depend on the
aperture parameters a and b for a given beam width. For
example, for a square aperture (a = b) the spot sizes of STEz

and STMz seem alike except for their origins. However, the
pattern of STMz becomes larger for b > a but is smaller for
a > b compared with that of STEz when α = 0.

Next, the energy flux density patterns in the far-field
regime also rely on the polarized angle α. In fact, α also
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Fig. 2 Energy flux densities
STEz (upper row) and STMz

(lower row) of a GB at
z = 500λ, w0 = 3λ, a = 2λ,
b = 10λ and α = 0, π/6, π/4,
π/2 (from left to right),
respectively

Fig. 1 Energy flux densities STEz (left), STMz (middle) and Sz

(right) of vectorial GBs with z = 3000λ, α = 0, w0 = 30λ and
(a, b)/w0 = ( 1

2 ,2), ( 1
2 , 1

2 ), (2, 1
2 ) (from top to bottom), respectively

represents the relative origin between the long side of the
rectangular aperture and the polarization direction of the in-
cident GB. α = 0 or α = π/2 respectively corresponds to
these directions being mutually orthogonal or parallel. The
far-field pattern of STMz is larger for α = 0 and the spot of
STEz becomes larger for α = π/2, as well as the origin of
the larger figure of eight and the long axis of the total en-
ergy flux spot being always perpendicular to the long side of
the rectangular aperture. Moreover, for other polarization di-
rections, the spots of STEz and STMz are twisted and the spot
sizes change with α variation. Especially, when α = π/4 the
sizes of the twisted spots associated with TE and TM terms
are alike for a linearly polarized GB diffracted by a rectan-
gular aperture except for their origins, as shown in Fig. 2.

4 Energy fluxes in the far field

In order to accurately measure the energy fluxes associated
with TE and TM terms, the quantities

PX =
∫∫

SXz dx dy∫∫
(STEz + STMz)dx dy

X = TE or TM (22)

Fig. 3 Variations of PTM with
b for α = 0, z = 3000λ.

w0 = 30λ (solid line) and
w0 = 10λ (dashed line)

are calculated, which represent the ratios of the energy
fluxes related to TE or TM terms in the whole energy flux.
The evaluations performed indicate that the energy fluxes
associated with TE and TM terms rely on the rectangular
aperture configuration and the angle α. Like a circular GB
without an aperture, PTE = PTM = 0.5 always holds true for
a square aperture (a = b), that is, the field components of
TM and TE terms have the same share in the whole far field.

In this paper, only the variation of PTM is studied in detail
because PTE = 1 −PTM can be similarly treated. The devia-
tion of PTM from 0.5 mainly depends on the aspect ratio b/a

of the rectangular aperture and the angle α. For example,
for α = 0 and given a being the short side of the rectangu-
lar aperture, PTM (> 0.5) increases with an increase of the
long side b of the rectangular aperture when b is sufficiently
small, as shown in Fig. 3. Roughly, after b > 2w0 PTM

seems unchanged, which is reasonable because the contri-
bution from the farther regime than 2w0 is negligible due
to the distribution feature of GBs. However, the variation of
PTM just reverses when b is the short side of the rectangular
aperture. In other words, in the far-field regime the TE com-
ponent is dominant when the polarization direction and the
long side of the rectangular aperture are parallel and the TM
component becomes the leading one when they are mutually
orthogonal. Figure 4 displays the dependence of PTM on the
polarization angle α and we can see that PTE = PTM = 0.5
always occurs when α = π/4 or 3π/4 even for a rectangular
aperture, at which the corresponding density patterns shown
in Fig. 2 seem alike, too.

Additionally, the parameters

Cb
Y =

∫ ∫
S

b≥a
Y dx dy/

∫ ∫
Sa=b

Y dx dy

(Y = TE z, TMz and z) (23)
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Fig. 4 Variations of PTM with
the polarization angle α for
b/a = 4, z = 3000λ, w0 = 30λ

Fig. 5 Relations of Cb
Y with b for z = 3000λ, a = w0/3, α = 0.

(a) w0 = 6λ and (b) w0 = 30λ

are also calculated in order to determine the far-field energy
flux difference between a rectangular aperture (b ≥ a) and a
square aperture (a = b) with the same incident field ampli-
tude. Figure 5 shows the calculation results. From this figure
and in combination with the energy flux distributions plot-
ted in Figs. 1 and 2, it can be seen that the larger energy
fluxes associated with Sz and STM and smaller spots can be
achieved for a rectangular aperture with a larger b. The en-
ergy flux increase is rational because the light energy rises
with an increase of the aperture area compared with a square
aperture for small b. Therefore, by making use of the rec-
tangular aperture diffraction of GBs, it is possible to obtain
an isolated TE or TM field with a smaller spot and a larger
energy flux so as to further enhance the density of optical
storage.

Finally, the fact that the spot sizes of the energy flux den-
sities or the energy fluxes of TE and TM terms depend on the
aperture configuration may be applied to implement infor-
mation encoding and transmission in free space. The same
or different spot sizes or energy fluxes of TE and TM com-
ponents may be designated as a bit ‘1’ or ‘0’, respectively
(the notation S and D is used to indicate the same and dif-
ferent sizes or energy fluxes in the row under the data row
in Fig. 6). Thus, by properly adjusting the aperture shape,
whether the spot sizes or the energy fluxes are the same or
not can be controlled accordingly, as indicated in the bottom
row of Fig. 6. Actually, this method is direct and easier to
implement, and no incident light source’s properties need to
be modulated to control the energy flux density spot sizes
or the energy fluxes, which is very similar to that advanced
in Ref. [36]. We consider that the spot sizes or the energy
fluxes are more suitable to be determined because they are

Fig. 6 Illustration for the data encoding and information transmission
by controlling the aperture shape. Comparison of the energy flux den-
sity spot sizes or the energy fluxes of the TE and TM terms; the same
size or energy flux (S) is associated with a bit of information such as
‘1’ and the different size or energy flux (D) is associated with a bit ‘0’,
where ‘Sq’ or ‘Re’ respectively represents a square or a rectangular
aperture

easy to be measured with a spot meter or an optical power
meter, as in some experiments.

5 Conclusions

With the help of the angular spectrum representation and
the Gaussian function expansions of the hard-edge aperture
function, the vectorial structure of a GB diffracted by a rec-
tangular aperture is analyzed in detail. Based on the numer-
ical calculations it is found that, like the beam propagation
without an aperture, the TM and TE component fields are
not affected when the aperture size is larger than the beam
width and share the same component in the whole far field.
They also hold equal shares when the aperture is a square
one with arbitrary α or a rectangular one with polarization
angle α = π/4 and 3π/4 even when the aperture size is
smaller than the beam width. Compared with the TE field,
the TM field is a major component when the polarization
direction and the long side of the rectangular aperture are
mutually orthogonal but reverses when they are parallel. Be-
cause the far-field patterns bear information concerning the
rectangular aperture configuration and polarization direction
of an incident GB, smaller spots and larger energy fluxes can
be achieved with a rectangular aperture in comparison with
a square aperture; therefore, the discussion is helpful to un-
derstand the theoretical aspects of apertured GBs. Other po-
tential applications of the TE and TM terms deserve further
investigation besides the fact that an isolated TE or TM term
may be re-focused to improve the density of optical storage.
For example, a scheme is proposed to implement informa-
tion encoding and transmission in free space.
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