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Abstract The concept of the Rayleigh range of partially co-
herent beams is extended from free space to the turbulent
atmosphere. The general analytical expression for the effec-
tive Rayleigh range of partially coherent beams propagating
through the turbulent atmosphere is derived. It is shown that
the longer the free-space Rayleigh range is, the more the ef-
fective Rayleigh range is affected by turbulence, which is
illustrated by numerical calculation examples.

1 Introduction

It is very important to study the propagation of laser beams
through the turbulent atmosphere for many practical appli-
cations such as the remote sensing and atmospheric op-
tical communication etc. [1, 2]. However, the turbulence-
induced spatial broadening of fully coherent beams is a
limiting factor in most applications. Recently, the spread-
ing of partially coherent beams propagating through the tur-
bulent atmosphere has been studied extensively [3–10]. In
those studies, the beam width, angular spread, turbulence
distance, power in the bucket (PIB) and β parameter (i.e.,
β = √

S/S0, where S,S0 is the measured area of 63% of
the power in a real beam and a ideal beam respectively)
have been taken as the characteristic parameters of beam
spreading in turbulence. In 2007, a criterion has been in-
troduced for testing whether a beam retains its beam-like
form after it propagates any particular distance through the
turbulent atmosphere [11]. On the other hand, the Rayleigh
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range is used in the theory of lasers to characterize the dis-
tance over which a beam may be considered effectively non-
spreading [12]. The Rayleigh range of fully and partially co-
herent beams in free space has been studied in Refs. [12–14].
However, the above-mentioned studies are only restricted
to the Rayleigh range of laser beams propagating in free
space. The aim of this paper is to extend the concept of the
Rayleigh range of partially coherent beams from free space
to the turbulent atmosphere, which is called the effective
Rayleigh range. The general analytical expression for the
effective Rayleigh range of partially coherent beams propa-
gating through the turbulent atmosphere is derived by using
the definition of the effective curvature radius of an arbitrary
field [15] and analogy method.

2 Theoretical model

Based on the extended Huygens–Fresnel principle, the
cross-spectral density function of the partially coherent
beam propagating through the turbulent atmosphere reads [2]

W(r, rd, z)

=
(

k

2πz

)2 ∫ +∞

−∞

∫ +∞

−∞
W(r ′, r ′

d ,0)

× exp
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where k is the wave number related to the wave length λ by
k = 2π/λ, r ′ = (r ′

1 + r ′
2)/2, r ′

d = r ′
1 − r ′

2, r = (r1 + r2)/2,
rd = r1 − r2, r ′

1 and r ′
2 are the two-dimensional position

vectors in the incident plane z = 0, and r1 and r2 are the
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two-dimensional position vectors in the plane z. The first
term in the integrand of (1) is the cross-spectral density func-
tion W(r ′, r ′

d ,0) of the incident partially coherent beam.
The last term in the same integrand represents the effect of
turbulence, and it can be written as [2]

H(rd, r ′
d, z) = 4π2k2z

∫ 1

0
dξ

∫ ∞

0
κΦn(κ)

× [
1 − J0

(
κ
∣∣ξr ′

d + (1 − ξ)rd

∣∣)]dκ, (2)

where J0 being the Bessel function of the first kind and or-
der zero, and Φn(κ) being the spatial power spectrum of the
refractive-index fluctuations of the turbulent medium.

The WDF of field is very useful for handling partially
coherent beams, which can be defined in terms of the cross-
spectral density as [16]

h(r, θ , z)

=
(

k

2π

)2 ∫ +∞

−∞
W(r, rd , z)exp(−ikθ · rd)d2rd . (3)

In (3), θ = (θx, θy), kθx and kθy are the wave vector com-
ponents along the x-axis and y-axis respectively. Integration
of function h over the angular variables θx and θy gives the
beam intensity, and its integral over the spatial variables x

and y is proportional to the radiant intensity of the field.
The moments of the order n1 + n2 + m1 + m2 of WDF

are given by the expression [16]

〈
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= 1
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y h(r, θ , z)d2r d2θ, (4)

where P = ∫ +∞
−∞

∫ +∞
−∞ h(r, θ , z)d2r d2θ is the total irradi-

ance of the beam.
We assume, for simplicity, that the beam waist is located

in the plane z = 0. On substituting from (3) into (4), after
very tedious integral calculations, we obtain the second mo-
ments 〈r2〉 and 〈r · θ〉 of a partially coherent beam propagat-
ing through the turbulent atmosphere, which are given by

〈
r2〉 = 〈

r2
0

〉 + 〈
θ2

0

〉
z2 + 4T z3/3, (5)

〈r · θ〉 = 〈
θ2

0

〉
z + 2T z2, (6)

where 〈r2
0 〉 and 〈θ2

0 〉 denote the second moments in the plane
z = 0, and

T = π2
∫ ∞

0
κ3Φn(κ)dκ. (7)

It is noted that, to derive (5) and (6) we used the formulae

δ(j)(s) = 1

2π
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−∞
(−ix)j exp(−isx)dx, (8)

∫ +∞

−∞
f (x)δ(j)(x)dx = (−1)(j)f (j)(0) (j = 1,2) (9)

where δ denotes the Dirac delta function and δ(j) is its j th
derivative, f is an arbitrary function and f (j) is its j th deriv-
ative.

The physical meaning of second moments is clear, e.g.
〈r2〉 represents the beam width, 〈θ2〉 denotes the divergence
angle, and 〈r · θ〉 is relative to the radius of curvature [15].
According to Ref. [15], the effective radius of curvature of
an arbitrary field is defined as

R = 〈r2〉
〈r · θ〉 . (10)

Upon substituting from (5) and (6) into (10), this yields

R = 〈r2
0 〉 + 〈θ2

0 〉z2 + 4T z3/3

〈θ2
0 〉z + 2T z2

. (11)

Equation (11) is the effective radius of curvature of a par-
tially coherent beam propagating through the turbulent at-
mosphere.

For T = 0 (i.e., free space), (11) reduces to

R|free = zR|free

(
zR|free

z
+ z

zR|free

)
, (12)

where

zR|free =
√

〈r2
0 〉/〈θ2

0 〉 (13)

is the Rayleigh range of a partially coherent beam in free
space [15]. From (12) it can be seen that, in free space the
propagation equation of the effective radius of curvature of a
partially coherent beam will has the same form as a Gaussian
beam.

Letting the first derivative dR/dz = 0 in (11), yields

8

3
T 2z4 + 8

3

〈
θ2

0

〉
T z3 + 〈

θ2
0

〉2
z2 − 4

〈
r2

0

〉
T z − 〈

r2
0

〉〈
θ2

0

〉
= 0. (14)

Equation (14) is a quartic equation, and there are four so-
lutions. However, among the four solutions only one is real
and positive, which denotes the position zmin where the ef-
fective radius of curvature R reaches its minimum Rmin

along the propagation direction. After very tedious calcu-
lations, we obtain
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where

C = 1
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From (12) it can be concluded that in free space the effec-
tive radius of curvature of a partially coherent beam reaches
its minimum at the position zR|free. By using the analogy
method, we can define the effective Rayleigh range of a par-
tially coherent beam propagating through the turbulent at-
mosphere as the propagation distance zmin where the effec-
tive radius of curvature reaches its minimum, i.e.,

zR = zmin. (19)

The effective Rayleigh range defined by (19) can be used
to characterize the distance over which a partially coherent
beam in turbulence may be considered without spreading ap-
preciably. Equations (15) and (19) are the main analytical
results obtained in this paper.

3 Examples

In this paper, the Gaussian Schell-model (GSM) beam is
taken as a typical example of partially coherent beams, and
the influence of turbulence on the effective Rayleigh range
is studied by numerical calculation examples.

For GSM beams we have 〈r2
0 〉 = w2

0/2, 〈θ2
0 〉 = 2(1 +

1/α2)/(k2w2
0) [5, 17], where w0 is the waist width, α is the

beam coherence parameter related to the spatial correlation
length σ0 by α = σ0/w0. Thus, from (15)–(19) the effec-
tive Rayleigh range of GSM beams in turbulence can be ex-
pressed as

zR = −1 + 1/α2
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Fig. 1 Effective Rayleigh range zR versus the refraction index struc-
ture constant C2

n . λ = 1.06 µm, w0 = 2 cm

D = 2533
[

2

(
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k2w2
0

)3

+ 3w2
0T

2
]2

. (23)

From (20) together with (21)–(23) it follows that the effec-
tive Rayleigh range of GSM beams in turbulence depends
on the beam parameters (i.e., α,w0 and λ) and the strength
of turbulence.

In the numerical calculations, a von Kármán spectrum is
adopted, i.e. [2],

Φn(κ) = 0.033C2
n

(
κ2 + 1/L2

0

)−11/6 exp
(−κ2/κ2

m

)
, (24)

where C2
n is the refraction index structure constant,

κm = 5.92/l0, l0 and L0 are the turbulence inner scale and
outer scale, respectively. If typical values of l0 = 0.01 m and
L0 = 10 m are taken, from (7) and (24) yields T = 7.067C2

n .
Figures 1–4 give the curves of the effective Rayleigh

range zR of GSM beams propagating through the turbu-
lent atmosphere versus parameters C2

n,α,w0 and λ. From
Figs. 1–4 it can be seen that zR decreases due to turbulence.
The stronger the strength of turbulence is, the shorter the ef-
fective Rayleigh range is. In free space, zR increases with in-
creasing α and w0, and decreasing λ. However, zR of GSM
beams with larger α and w0, and smaller λ is more affected
by turbulence than that of GSM beams with smaller α and
w0 (see Figs. 2 and 3 respectively), and larger λ (see Fig. 4).
In particular, zR in turbulence is almost the same as that in
free space when α is small enough (e.g., α = 0.3 in Fig. 1,
α < 0.5 in Fig. 2), w0 is small enough (e.g., w0 < 0.03 m in
Fig. 3), and λ is large enough (e.g., λ > 0.72 µm in Fig. 4).
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Fig. 2 Effective Rayleigh range zR versus the beam coherence para-
meter α. λ = 1.06 µm, w0 = 2 cm

Fig. 3 Effective Rayleigh range zR versus the waist width w0.
λ = 1.06 µm, α = 0.8

4 Conclusions

In summary, the concept of the Rayleigh range has been
extended from free space to the turbulent atmosphere, and
the general analytical expression for the effective Rayleigh
range of partially coherent beams propagating through the
turbulent atmosphere has been derived. It has been shown

Fig. 4 Effective Rayleigh range zR versus the wave length λ.
w0 = 2 cm, α = 0.8

that the effective Rayleigh range is shortened due to turbu-
lence. The longer the free-space Rayleigh range is, the more
the effective Rayleigh range is affected by turbulence.

Very recently, the Rayleigh range of partially coher-
ent beams in atmospheric turbulence is also proposed in
Ref. [18]. It is noted that the Rayleigh range in turbu-
lence defined in this paper is different from that defined in
Ref. [18]. In Ref. [18], the Rayleigh range defined by the
mean-squared beam width, i.e., the Rayleigh range is de-
fined as the distance at which the mean-squared beam width
is twice as large as its waist value. However, in this paper the
Rayleigh range defined by the effective radius of curvature,
i.e., the Rayleigh range is defined as the distance where the
effective radius of curvature reaches its minimum. The two
types of the Rayleigh range definition are in agreement in
free space (see (11) in Ref. [18] and (13) in this paper), but
disagreement in turbulence (see (17) in Ref. [18] and (15)
in this paper). Two approximation results of the Rayleigh
range of partially coherent beams in turbulence are obtained
in Ref. [18], and the general analytical expression for the
effective Rayleigh range of partially coherent beams in tur-
bulence is derived without any approximation in this paper.
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