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Abstract By means of the method of vector angular spec-
trum representation and the mathematical techniques, the
analytically vectorial structure of the circular flattened
Gaussian beam (CFGB) is derived without any approxima-
tion, which can be applicable to an arbitrary observation
plane. In the far-field, the analytical formulae of the TE and
the TM terms are further simplified using the method of sta-
tionary phase. The analytical expressions of the energy flux
for the TE term, the TM term, and the CFGB are also pre-
sented. The energy flux distributions of the TE term, the TM
term, and the CFGB are demonstrated in different reference
planes, and the evolvement of the patterns of the TE term,
the TM term, and the CFGB upon propagation are graphi-
cally illustrated.

1 Introduction

The flattened beams, namely the optical beams with a nearly
uniform intensity distribution, are required in some cer-
tain applications [1] and have attracted a lot of attention.
The propagation properties of flattened beams including the
propagation factor and the kurtosis parameter have been in-
vestigated in free space [2, 3]. The focal shift of focused
flattened beams has been examined [4]. The propagation
characteristics of flattened beams have been demonstrated
in the fractional Fourier transform plane [5, 6]. The analyti-
cal expressions for flattened beams through a misaligned or
an apertured or an unapertured ABCD optical system have
been derived, the corresponding propagation properties have
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been extensively discussed [7—13]. The propagation of flat-
tened beams in the turbulent atmosphere, which includes
the average intensity distribution and the scintillation index,
has been investigated in detail [14—19]. The flattened beams
can be experimentally generated by double-pass copper va-
por laser masteroscillator power-amplifier systems [20] and
another efficient optical system [21]. To describe the flat-
tened beams, many different theoretical models have been
proposed [22-27], one of which, namely a circular flattened
Gaussian beam (CFGB), is a suitable one [28, 29]. The ad-
vantage of the CFGB is that the intensity distribution is var-
ied from the flattened center to zero in a continuous and
nonoscillatory way. The propagation of a CFGB with and
without a circular aperture through an optical system is in-
vestigated in the turbulent atmosphere [30, 31]. To further
examine the propagation properties of a CFGB, the vector-
ial structure of a CFGB is investigated in this paper. Accord-
ing to the value of the axial propagation distance, the beam
propagation region is divided into the three regions [32]: the
source region (the axial propagation distance smaller than
or of the order of the wavelength), the near-field (the ax-
ial propagation distance larger than a few wavelengths), and
the far-field (the axial propagation distance approaching in-
finity). If the vectorial structure of a CFGB presented here
is applicable arbitrarily to any of the three propagation re-
gions, one can examine the variational rule of the CFGB
upon propagation. To achieve the above goal, here the de-
scription of a CFGB is based on the method of vector angu-
lar spectrum representation. By means of some mathemati-
cal techniques, the vectorial structure of a CFGB is derived
without any approximation. By using the formulae derived,
the energy flux distributions of the CFGB and its structural
composition are numerically investigated.
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2 Analytically vectorial structure of CFGBs

In the Cartesian coordinate system, a CFGB propagates to-
ward half free space z > 0. The z-axis is taken to be the
propagation axis. In the theoretical researches and the prac-
tical applications, the linearly polarized state is the famil-
iar and simple case. Therefore, the initial electric field of a
CFGB in the source plane z = 0 is assumed to be polarized
in the x-direction and takes the form of [28, 29]

2
Ex(po,0)\ _ [ Xzt bmexp(=73)
= wo (1)
Ey(po.0) 0
with the weight coefficient b, given by
B (_l)mfl N
b= ) @)

where the integer N > 2 and pp = (xg + yé)l/z. wo//m
is the Gaussian waist. The flatness of the beam profile of
a CFGB in the source plane is mainly determined by the
parameter N. Increasing the parameter N effectively flattens
the beam more. According to the vector angular spectrum
representation of an electromagnetic beam, the propagating
electric field of the CFGB can be written as

E(p,z)=/ / A(p,q)

x explik(px +qy +y2)|dpdq, ©)
where
p
A(p,q) = Ax(p, q)(ex - ;ez>, 4
and

1 o0 o0
ap =35 [ [ Emo
Ao J -0

x exp[—ik(pxo + gyo)]dxodyo

1 &b B2
= I f? mZ::l — exp(——4mf2>. (®)

A(p, g) is the vector angular spectrum and k = 2 /A with A
the optical wavelength. e, and e; are the two unit vectors in
the x- and z-directions, respectively. p = (x* + y*)1/2, g =
(PEP+g»H'"% y =0 - Y2, and f =1/kwo. The values
of B < 1 correspond to the homogeneous plane waves prop-
agating at angles sin~! B with respect to the z-axis, whereas
values of B > 1 correspond to the evanescent waves. The
time dependent factor exp(—iwt) is omitted in (3), and w is
the angular frequency.
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In the frequency domain, we can define two unit vectors
e and e; as [33-36]:
e=e P, pY qy

= e, v, =

B p

where e, is the unit vector in the y-direction. The three unit
vectors s, e, and e, form a mutually perpendicular right-
handed system:

— Be, (6)

s xXe =en, e| xer=s, e)xs=ej, (7)

where s = pey + gey + ye;. In this frequency domain, the

vector angular spectrum A(p, q) can be decomposed into
two terms [33-36]:

A(p,q)=[A(p.q)-e1]e1 + [A(p.q) - e2]er, ®)
where the dot denotes the scalar product. Accordingly, the
propagating electric field of a CFGB can be expressed as a
sum of the TE and TM terms:

E(p,z) =ETE(p,2) + ET7M(P, 2), &)

with ETg(p, z) and ETym(p, z) given by

ETE(p,z)=/ / [A(p.q) - e1]es

x explik(px +qy +yz)]dpdq, (10)
Etm(p.2) =/ f [A(p.q) - e2]er
x exp[ik(px +qy +yz)]dpdq. (11)

The corresponding magnetic field of a CFGB can also be
expressed as a sum of the TE and TM terms:

H(p,z) = Hte(p, 2) + Htm(p, 2), 12)

with Htg(p, z) and HrMm(p, z) given by

Hre(p,2) = 77/ / [A(p.q) - e1]ex
x exp|ik(px +qy +y2)]dpdq, (13)
Hrvm(p,2) = —77/ / [A(p.q) - ex]es

x explik(px +qy +yz)]dpdq, (14)

where n = (gg/ y,o)l/ 2 go and o are the electric permittiv-
ity and the magnetic permeability of vacuum, respectively.
Here, the TE and TM terms denote that the longitudinal
component of the electric and the magnetic fields is equal

to zero, respectively. Inserting (4)—(6) into (10), the TE term
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of the propagating electric field for a CFGB yields with G2, (p, z) and K»,(p, z) given by
N 2. 2 o .82
1 b [ [T B Gon(p,2) = exp( — exp(ikyz)
Ete(p,2) = -—— —/ f eXP<——> 0 4mf?
8 f2 n; mJo Jo Amf?
X Jan(kpp)By dB. (22)
x (2sin” e, — sin2gpe,) exp(ikyz) 0 8
. Kon(p, 2) =/ eXp( )eXp(lsz)
x exp[ikpp cos(p —0)|BdB dy, (15) ! 0 dmf?
x Jo(kpB)By ~'dB. (23)

where 6 = tan~!(y/x) and ¢ = tan"!(¢/p). By evaluating
the integral over ¢, (15) turns out to

N
1 b
Ete(p,2) = 4—fzm§_1 ;{[TO(P, z) +cos20T»(p, Z)]ex
+sin20Ta(p, 2)ey |, (16)

with T, (p, z) given by

> p .
Ton(p, 2) =/0 exp<—4mf2)exp(lk)/z)

x Jon (kpp)B dp, a7

where Jy,, is the 2n-th order Bessel function of the first kind,
and n is an arbitrary integer. Similarly, the TM term of the
propagating electric field for a CFGB reads as

N
Etm(p.2) = 4f22_j;’” [To(p. 2) — c0s 20 T2 (p, 2)]ex

—sin20Ts(p, z)ey —i2cos0U (p, 2)e:},

(18)
with U (p, z) given by
00 132
U(p,2z) :/(; exp( 2 f2> exp(ikyz)
x Ji(kpp)B*y " dp. (19)

The TE and TM terms of the propagating magnetic field for
a CFGB are found to be

N
Hre(p,2) = Lz Z {sin20G1(p, 2)ex

sy@

+ [Go(,o, z) +cos20G,(p, z)]ey
—To(p, 2)e;}, (20)

Y

m=1

Hrvm(p,2) = {sin20K>(p, 2)ex

—[Ko(p,2) — cos20K2(p, z)]ey}. (21)

In the source region, z is smaller than or of the order
of the wavelength. Accordingly, the homogeneous and the
evanescent plane waves must be both taken into account for
the contribution to the electromagnetic field. By transform-
ing the integral variable from g to y, (17), (19), (22), and
(23) can be rewritten as

1 y2
Ton(p,2) =0m [/0 eXp(4mf2> exp(ikyz)

x Jon (kp\/l - V2>7/ dy
+ioo y2
_/0 exP<4mf2>
x exp(iky ) Jan (kp,/l - y2)y dyi|, 4)
1 2
pa— y ; —
U(p,z) =bn |:/(; exp<4mf2> exp(ikyz)Jy (k,o‘ /1 y2>
/ exp(4 f2) exp(ikyz)
x J1( koy/1 — ),/ Zdy] (25)
Gon(p,2) =dm [ ( )eXp(lkVZ)
xJaa(koyf1 =y )y
+ioo y
_/0 exp<4mf2) exp(ikyz)
x Jon (ko1 = 2 )2 dy} (26)
1 2 '
Kon(p,2) = 8m [/0 eXP<4mf2> exp(ikyz)
+ioo 2
X JZn(kp,/l—y2>d7/—/0 eXp(4:1f2>
x exp(iky z) Jon (k,o,/ 1-— y2>dyj|, 27)

where 8,, = exp(—1/4mf?). The above equations are dif-
ficult for directly computing the integral. However, the fol-
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lowing Taylor expansions are valid [37]:

Jon (kpm )

( )ili Clral-tmty” (28)
s +2m)1 —s+n)!’
Ji(kpy/1—y2)/1—y?
ko A (= Dy
2720:; +1-s) 9)

where ¢; = (—1)!(kp/2)? /1!. Therefore, (24) yields

k,O 2n
T2, (p,2) =0 (7)

oo [+n (—I)SC[(I—i-n)’(Ipro

e1)
% Z Z 2541 — {2541
1=0 s=0

st +2m)!( — s +n)!

(30)
with 1 ]P " and Ij‘?ve given by
1 )/2
1}1.’“’ = [) exp<4 f2) exp(ikyz)y’ dy
_ 2
=2mf [exp<4 e +lkZ)
—ikzl}" — (j — 1)1}-’3’2}, 3D

o= if«/mn[F(i\/ﬁkfz) - exp(4 2 +zkz)
x F(iﬁkfer 2\/1%]0)}, (32)
Ilpm =2mf2|:exp<4mlf2

+ioco 7/2 )
eve __ .
I; _/(; exp<4mf2>exp(lkyz)yfdy

= (iv2mf) " jiDj 1 (V2mkf2), (34)

+ ikz) —1- ikzI(ﬁ’“’], (33)

where j is an arbitrary integer. F(-) is the Faddeev func-
tion and is calculated by the procedure suggested by [38].
Dj11(-) is related to the parabolic cylinder function. The re-
currence relation of D1 (x) is given by [37]

Di(x) =\/§F<i%), (35)

Dy(x) =1 —xD1(x), (36)

1
Djyi(x)= ][ j—1(x) —xD;j(x)]. (37)
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Similarly, (25)—(27) turn out to be

I+1 PFO eve
kamp e (DU - I
Ulp,)=—=>"3" S, (38)
== s'(l—i—l s)!
k,O 2n
G2n(pvz)=8m<7>
00 l+n _

el +miINS, —I5%,)

s'(l +2n)!I(l — 5 +n)!

)

XZZ

(39)

kp 2n
K7 (p,2) =0 7
D% +m\U5° =I5

o0 I4n
ZZ (4 2m)!( — s + )'S - @0
=0 s—=0 A n): N n):

Therefore, the analytical expression of the TE term of the
propagating electric field for a CFGB reads as

Ete(p,2) = ENg (p,2) + ESE(p, 2), (41)

with ETg (p, 2) and ES(p, z)given by

>t (33 ot

m=1

k2 2
+ —(cos 20ey +sin20ey)

—Daby,,

sl —s)!

Efg(p.2) =

€y

> 41 s . ppro
(=D Cl]25+1
" gg (l+2)s!(l+1_s);)v 42)
eve (— l)scllszrl
E(p,2) = mX:I <IX(;Z:() si( —s5)! ey
2.2

k
+ Tp(cos 20ey +sin20ey)

>, eve
(_1)SC1123+1
Xlgg d+2)s!+1— )!), 43)

where a,, = 8,,/4 f2. Similarly, the analytical expression of
the TM term of the propagating electric field for a CFGB
yields

Etv(p,2) = Efy(p, 2) + ES\i(p. 2). (44)
with ETy(p, z) and ES(p, 2) given by

pro al amb, > (- 1)35'1 25+1
m(0;2) = Z ZZ Y €x

m=1 =0 s=

k2 2
— —(cos 20ey +sin20ey)



Analytic vectorial structure of circular flattened Gaussian beams

219

oo [+1 (_1)& IpTO

25+1
% ;; I+2)s\0+1—s)!

oo I+1

(=D’
—zcos@k,ozz S+ 1= e; 45)

N oo [ (— l)scllfv_eH
eve s

k2 2
— Tp(cos 20ey +sin20ey)

oo [+1 (_l)sclleve

2541
DD (+2)s!(+1—9)!

1=0 s=0
oo I+1 (- I)SC Ieve )

(46)

—1cos€kpZZ ST E1=s) e,

The analytical expressions of the TE and the TM terms of
the propagating magnetic field for a CFGB are found to be

H'g (p,2) + HYE (0, 2), (47)
HAY (0. 2) + Hyi(p. 2). (48)

Hre(p,z2) =

Hrtm(p,2) =

with H‘%E(,o 2), HSE (0, 2), HP M(,o z), and HS\(p,2)
given by

k22

(sin20ey + cos20ey)

pro(p Z)_nzam m(

m=1

EH (Daly,
XZZ(Z+2)S!(1+1 B
[=0 s=0

© L (=)

Z 29+28y
sl —s)!

=0 s=0
—1)Se 1P
ﬂez i (49)

sl —s)!
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eve(p )=-n A Om (—(sm29ex+cos26‘ey)
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(D'l
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l
(Dralss,
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o0 [ _1 Ky IeVC
_ Z MQ)’ (50)
si(l —s)!

N
HP© Ambm k2,02 .
™P.2) =—1n Z - (sin20e, + cos20ey)
m=1
oo [+1 G pro
‘3 (=112
i (+2)sl+1—1)!
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Syl s
sl =) )

=

eve ambm k2 :
ML, 2) =1 Z —(s1n20ex + cos20ey)
m

oo [+1 _l)sclleve

XZZ(Z+2)S'(1+1—S)'

s=0
Daly ey>. (52)

~

1=0 5=0 sid —s)!

All above presented series are alternating and absolutely
convergent. Moreover, the series associated with the prop-
agating parts converge more quickly than those associated
with the evanescent parts [39, 40]. Here, the analytical ex-
pressions of the TE and the TM terms are obtained without
any approximation, which allows one to calculate them in
an arbitrary observation plane.

In the far-field regime, the evanescent plane waves have
completely disappeared, which means that the integral in
(16) should be restrained within the range of 0 < 8 < 1. Ac-
cording to the method of stationary phase [41], the analytical
TE and TM terms in the far-field plane reduce to

Ete(p,2) = —

bm o
DI exp<—47m fer)’ (53)

yz .
55 exp(ikr)(yex — xey)

inzryz

Hrtg(p,z) = —W eXP(ik")(XZex + yzey — /0231)

N

- o?
- R —— 54
- m exp( 4mf2r2 (4

- Pzez)

N b p2
m
I - T A A ) 55
x 2:1 m exp( 4mf2i’2> (55)

m

iZyx .
Etu(p, 2) = =35 explikr)(xze. + yze,

InzrXx .
Hwi(p, 2) = —5— exp(ikr)(ve. — xe,)

N 2
Sl )@
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where z, = kwg/Z, and r = (/o2 + 22)1/2. In the far-field
plane, the TE and TM terms are orthogonal to each other.
3 Energy flux distribution of a CFGB

The energy flux distributions of the TE and TM terms for a
CFGB are given by

1
(Sz)TE = ERC[ETE(P, 2) x Hig(p,2)],
N oo I K pro eve
aybm (=D Cl(123+1 - [23+1)
—71|:Z m (ZZ st —s)!
m=1 =0 s=0

k% p? cos 26
+ — 1

N (DAl - 155
x ;; U+ 250 +1—9)!

N oo I s pro eve
mbm (=D CI(IZS+2 B 125+2)
DL IR I

=0 s=0

N k% p? cos 26 ililz (—1)SCl(I§;iz - 135,
4 A+ 25 +1—s)!

[=0 s=0
k4,04 sin® 26 Voo amby,
S DD D) D
m=1[=0 s=0
<mwﬁr®wii§%m
A+2s!d+1—s) m
m=11=0 s=0
(—Dallyy, = 15%) 57)
I+2)s!iI+1=5) |

N oo I K pro eve
Ambm (=D CZ(IZS 1 12s 1)
<SZ)TM:77|:Z m (ZZ s!(ljs)! .

m=1 [=0 5s=0

_ K?p%cos26 ilf: (a3l — I55)
4 (A +2)s!(+1—5)!

[=0 s=0
mvm A A
X
(] — |
o m 1=0 s=0 S(l S).
k202 cos 26 i O (D) e — 15
4 A+2)s!d+1—s)!
[=0 s=0
k*p* sin 260
16
X b (D (I5S, = I8 )

(+2)s!l(l + 1 —s)!
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y i 5 5 b (D15 — 15
: m ((+Ds!il+1=s5)! ]
(58)
where the angle brackets indicate an average with respect
to the time variable . Re denotes taking the real part, and

the asterisk means the complex conjugation. The energy flux
distribution of a CFGB is found to be

N 1 pro

m 1(] — s)!
m=11=0 s=0 sl —s)!
ZN L (=1 pro eve
ambm (—1) Cl(12s+2 — 12s+2)
" [ m (ZZ S —s)!
m=1 =0 s=0

k2 p? cos 26 i DU, - 15,
e (45l + 1 - 9)!

S (CDaUy” — 15
sl —s)!

k2 p? cos 26 i ’i (1) e (I — I8
4 e (4251 + 1= 9)! '

(39)

In the source region and the near-field, the TE and TM terms
are not orthogonal to each other. Accordingly, there is a
crossed energy flux caused by the unorthogonality of the
vectorial structure:

(S2) = (S2)1E + (S2)T™M + (S2) Cross- (60)

The energy flux distributions of the TE and TM terms in
the far-field plane are simplified to

223 N 2 2
nzZ;y°z b
S = E — , 61
(Sz)1e 202r3 |:m:1 m exp( 4mf2r2)] S
22322 [ A b p* ’
S. =7 E — _ 62
< Z)TM 2,027'3 — m exp( 4mf2r2> ( )

As the electromagnetic fields of the TE and TM terms are
orthogonal to each other in the far-field plane, the energy
flux distribution of a CFGB reduces to

<Sz> = (SZ)TE + (SZ>TM

2 2 N 2 2
Nz 5 2, b P
- ([ el )
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Fig. 1 Energy flux distribution 2
of a CFGB in the reference

plane z =0.051. N =5 and

wo =0.51:a (S;)1E, b (S:)TM™, 1
c (Szi)Cl’OSSa d (S:>

i§ 0
-1
-2
a
2
1
T
-1
2
2 -1 0 1
c X/ A

4 Numerical calculations and analyses

The different parameters wo and N will result in the dif-
ferent distribution of the CFGB. Here the calculations are
performed as examples. Therefore, the parameters wg and
N are fixed to N =5 and wp = 0.5A. The description of
optical propagation in the nonparaxial regime, dealing with
values of wg such that A/wp > 1, is becoming more and
more important with the advent of new optical structures,
like, e.g., microcavities and photonic bandgap crystals [42],
possessing linear dimensions or spatial scales of variation
comparable or even smaller than A [43]. Therefore, here wyq
is set to 0.5A. For simplicity, 7 is set to be unity in our cal-
culations. The energy flux distributions of the TE term, the
TM term, and the CFGB are plotted in the different refer-
ence planes and shown in Figs. 1-6. In Figs. 1-6, the refer-
ence plane is z = 0.051, 0.10A, 0.424, 51, 504, and 10004,
respectively. As z = 0.05X is very close to the source plane,
the CFGB still has a circular flattened center, which is shown
in Fig. 1. The magnitude of the energy flux distributions of
the TE term is equal to that of the energy flux distributions
of the TM term. The magnitude of the crossed energy flux is
half of the magnitude of the whole beam. When z = 0.10A
in Fig. 2, the pattern of the TE term is still the same as that
in the plane of z = 0.05A. However, the central region in the
pattern of the TM term is no longer the maximum. More-

<
— () —(J”-'O
— | —-— | T
- —zé
3 3%
) g
4 4 20
@
i3
b
— () — )
- | —22
— ) _—
— 3 —()l:.;
- —Sé
5 l“g\
6 12 2
7 145
m—— § 6
2 -2 -1 0 1 2
d x/A

over, the magnitude of the energy flux distributions of the
TM term is slightly larger than that of the energy flux dis-
tributions of the TE term. The center region in the crossed
energy flux distribution is also not the maximum. As a re-
sult, the central region in the pattern of the whole beam is
not the maximum. When z = 0.42) in Fig. 3, the pattern
of the TM term can be approximately obtained by rotating
the pattern of the TE term 90°. There is slight difference in
the central spot between the patterns of the TE and the TM
terms. As to the pattern of the whole beam, it is close to a
Gaussian distribution. In Fig. 4, z = 5A. In this case, the pat-
tern of the TM term is just obtained by rotating the pattern of
the TE term 90°. The pattern of the TE term is mainly com-
posed of a central spot and three pairs of crescent side lobes.
When z = 504 in Fig. 5, the crossed energy flux is confined
to a small region. With increasing the axial propagation dis-
tance, the crossed energy flux decreases until disappears. In
the far-field plane z = 10004, the pattern of the TE term in
Fig. 6 is similar to a stuffed number of 8, and the pattern
of the TM term in Fig. 6 is close to a stuffed symbol of co.
Combining Fig. 6 with Figs. 3-5, we can find that the pat-
terns of the TE term, the TM term, and the CFGB evolve
towards the positive direction. As the CFGB is the suppo-
sition of N Gaussian beams with different Gaussian waists
and different weight coefficients, the vectorial structure is
complicated. Upon propagation, the patterns of the TE and
TM terms are diverse.

@ Springer



222

G. Zhou,

X. Chu

Fig. 2 Energy flux distribution
of a CFGB in the reference
plane z =0.101r. N =5 and
wo = 0.5A: a (S)1E, b (S:)1™,
c (SZ>CI’OSSa d (S:>

Fig. 3 Energy flux distribution
of a CFGB in the reference
plane z =0.42A. N =5 and
wo =0.5: a (Sz)1E, b (Sz)T™,
¢ (Sz)Cross> d (Sz)

5 Conclusions

x/A

0.0

0.0
x/A

1.5

By means of the method of vector angular spectrum rep-
resentation and the mathematical techniques, the analytical
vectorial structure of a CFGBB is derived without any ap-
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proximation. Also, the accurate analytical expressions of the
energy flux for the TE term, the TM term, and the CFGB are
presented. In the far-field regime, the formulae are simpli-

fied by using the method of stationary phase. The vectorial

structure of a CFGB presented here is applicable to an arbi-
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Fig. 4 Energy flux distribution 5.0
of a CFGB in the reference
plane z =5A. N =5 and —_
wo =0.51:a (S;)TE, b (S;)T™S> 25 — 0.0 z
¢ (S;)cross> d (Sz) — 0.1 "-‘O
< — 02 =
200 e 03 %
04 =
25 05 56
— 0.6 g
[aa]
5.0
a 50 25 00 25 50b
=
L«
— 0.0 o
— 05 %
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trary propagation region. The energy flux distributions of the
TE term, the TM term, and the CFGB are numerically de-
picted in the source region, the near-field, and the far-field,
and the evolvement of the patterns of the TE term, the TM

term, and the CFGB upon propagation are well illustrated.

This research further reveals the propagation properties of a
CFGB and is beneficial to the applications with a CFGB.
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