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Abstract Based on the extended Huygens-Fresnel integral
and the second-order moments of the Wigner distribution
function, analytical formulae for the propagation factors
(known as M?-factors) of a non-circular (i.e., rectangular
or elliptical) partially coherent flat-topped beam in turbulent
atmosphere are derived. The properties of the M>-factors of
a non-circular partially coherent flat-topped beam in turbu-
lent atmosphere and in free space are studied numerically
and comparatively. It is found that the evolution properties
of the M?-factors are mainly determined by the parameters
of the beam and the turbulent atmosphere. The relative M-
factors of a non-circular partially coherent flat-topped beam
can be smaller than a circular partially coherent flat-topped
beam and a Gaussian Schell-model beam, particularly at
long propagation ranges in turbulent atmosphere. Our results
will be useful in long-distance free-space optical communi-
cations.

1 Introduction

In many applications, such as material thermal processing,
inertial confinement fusion, second-harmonic generation,
electron acceleration, and optical communication, a laser
beam with a flat-topped spatial profile is required [ 1-5]. Sev-
eral theoretical models have been proposed to describe a co-
herent flat-topped beam of circular symmetry [6-9]. Theo-
retical models for describing a coherent flat-topped beam of
non-circular (elliptical or rectangular) symmetry were also
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proposed [10-12]. Propagation properties of various coher-
ent flat-topped beams through free space, paraxial optical
system and turbulent atmosphere have been studied in detail
[13-24]. It has been found that a non-circular flat-topped
beam has advantages over a circular Gaussian beam or a cir-
cular flat-topped beam for overcoming the destructive effect
of atmospheric turbulence from the aspect of scintillation,
and it has potential applications in free-space optical com-
munications [24].

In the past decades, partially coherent beams have been
investigated widely [25—41]. Partially coherent beams have
been applied in optical projection, free-space optical com-
munication, laser scanning, optical imaging, nonlinear op-
tics and optical trapping [33—41]. Most of previous papers
on partially coherent beams have been confined to Gau-
sian Schell-model (GSM) beams, whose spectral density
and spectral degree of coherence have Gaussian shapes.
Recently, more and more attention is being paid to par-
tially coherent flat-topped beams [42-55]. Mode decompo-
sition of a partially coherent flat-topped beam was studied
in [42]. Coutts has generated a partially coherent flat-topped
beam with a copper vapor laser [43]. A laser beam gen-
erated by an excimer laser is also partially coherent and
flat-topped [44]. Wang and Cai have generated a partially
coherent flat-topped beam by focusing a GSM beam with
a truncated thin lens [45]. Theoretical models for circular
and non-circular partially coherent flat-topped beams have
been proposed [46—49]. Propagation of a partially coherent
flattened Gaussian beam through apertured ABCD optical
systems was studied in [50]. Zhao et al. studied the radia-
tion force of partially coherent partially coherent flat-topped
beams on a Rayleigh particle [51]. Liu and Zhou studied the
propagation of partially coherent flat-topped beams in uni-
axial crystals orthogonal to the optical axis [52]. Zhang et al.
studied the propagation properties of partially coherent flat-
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topped beams in dispersive or gain media [53, 54]. Propaga-
tion properties such as average intensity, spectral changes,
polarization characteristics, scintillation, relay propagation,
propagation factor, directionality and spatial correlation, of
circular partially coherent flat-topped beam in turbulent at-
mosphere have been studied in [55-63].

Up to now, only few papers have been published on
the properties of non-circular partially coherent flat-topped
beams [48, 64]. The properties of the M?-factors of a non-
circular partially coherent flat-topped beam have not been
studied. The M>-factor proposed by Siegman [65], which is
closely connected with the method of moments proposed by
Valsov et al. [66], is a particularly important property of an
optical laser beam, and plays an important role in the charac-
terization of beam propagation [62, 67—75]. The purpose of
this paper is to investigate the properties of the M2-factors
of a non-circular (i.e., rectangular or elliptical) partially co-
herent flat-topped beam in turbulent atmosphere and in free
space comparatively. Some interesting and useful results are
found.

2 Analytical formulae for the M>-factors
of a non-circular partially coherent flat-topped beam
in turbulent atmosphere

The electric field of a coherent rectangular flat-topped beam
at z = 0 can be expressed as the following finite sum of fun-
damental astigmatic Gaussian beams in the rectangular co-

ordinate [11, 18]
%i (—)mtn (M) N
MN n

Emn (03 py 0)
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m ” np/Z
xexp(— /;x — —zy), )
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where wo, and wo, are the waist sizes of the fundamental
astigmatic Gaussian beam in x- and y-directions, respec-
tively, M and N are the beam orders of the rectangular

Fig.1 Normalized intensity
distributions of a rectangular
flat-topped beam for different
values of M and N with 1.5
woy =2 cm and woy = 1 cm at
z=0.(@ M =N =3,
(byM=N=10

max
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flat-topped beam. Under the condition of M = N = 1 and
wox = woy, (1) reduces to the expression for the electric
field of a stigmatic Gaussian beam. The electric field of a
coherent elliptical flat-topped beam at z = 0 is expressed as
the following finite sum of fundamental astigmatic Gaussian
beams [12, 22]

N 1
D" (N
En(p}. p}.0) =Y ~—— N .

n=1

np’;
xexp( n,ox _&) 2)

woy

where N is the beam order of the elliptical flat-topped beam.
Under the condition of N = 1 and wo, = woy, (2) reduces to
the expression for the electric field of a stigmatic Gaussian
beam. The beam profile of a rectangular or elliptical flat-
topped beam becomes more flat as the beam orders increase
as shown in Figs. 1 and 2.

A partially coherent beam is generally characterized
by the cross-spectral density W(p] , piy, Py ,Oéy; 7) =
(E*(p1,, p{y; DE(p5,, ,oéy; 7)) [25], where () denotes the
ensemble average and “*” is the complex conjugate. The
cross-spectral density of a rectangular partially coherent flat-
topped beam generated by a Schell-model source (at z = 0)
can be expressed in the following form

Wun (0115 P1ys P2y P2y3 0)
(- l)m+n+h+]
M2N2
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Fig. 2 Normalized intensity
distributions of an elliptical
flat-topped beam for different

values of N with wo, =2 cm 1.5
and woy =1 cmat z=0.
@N=3,(b)N=10
1.0
B
_E
= 05
0.0

where o, is the transverse coherence width. The intensity
of a rectangular partially coherent flat-topped beam can be
determined from the relation 7 (py, py, 0) = W(py, 0y, o5,
,0;, 0). Similarly, the cross-spectral density of an elliptical
partially coherent flat-topped beam can be expressed as fol-
lows

’ ’ ’ ’ .
WN(,ley P1ys Paxs> P2y 0)

SR ()0)
- 2
n=1m=1 N " "
2
n np
X exp<— pzlx - —21y>
W, wa
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- . : @)
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Under the condition of oy — 00, a non-circular partially co-
herent flat-topped beam becomes a coherent beam. Under
the condition of M =1 and N = 1, a non-circular partially
coherent flat-topped beam becomes a GSM beam [25-32].
Although the intensity of the non-circular partially coherent
flat-topped beam at z = 0 is independent of the coherence
width, the M2-factors are closely determined by the coher-
ence width as shown later.

Within the validity of the paraxial approximation, the
propagation of the cross-spectral density of a partially co-
herent beam in the turbulent atmosphere can be studied with
the help of the following extended Huygens-Fresnel integral
[62, 74, 75]:

W (px, Pdx Py, Pdy; 7)
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where k =27 /A is the wave number with A being the wave-
length. In (5) we have used the following sum and difference
vector notation

Pt o
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/ /
Py T 05
4 Y Yy / / /
==, phy=pl,— Py
y y y y
2 6)
P1x + P2x
Px = ) , Pdx = Plx — P2x>
P1y + P2y
Pyzfa Pdy = Ply — P2y,

where o1, p1y and p2y, 2y are the coordinates of two arbi-
trary points in the receiver plane, perpendicular to the direc-
tion of propagation of the beam. We can express the cross-
spectral density in the source plane as

W (p1cs P1ys Prxs Pry3 0)
= W(p%, 0» Py Pgy 0)
Pux

= w(o+ e g+

/ !/
Pay ,  Pax de,O
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The term H (pgx, p)y,»2) and H(pax, plj,.z) in (5) are the c L2 2
contribution from the atmospheric turbulence expressed as 2\ Py k “dy
z 2 ) Z 2
H(,Od)m péx’ Z) B (pax + dex) + (pay + dey) , (10)
20§
5 5 1 0 ,
:47'[kz/d/ 1—Jo(k + 1 - ; i
0 : 0 [1 = Joleloat + 1 = E)puxl)] where Ay =15 Ay = 2 By ="m By =8 () =
wa wO)' Wox wO)'
X @y (k)k dk, him ‘¢, — S For an elliptical partially coherent flat-
8) 4w0x 4wov

H(Iod)u p,/jy, Z)
5 5 1 oo
=4n’k z/o dg/o [1 = Jo(k|pgy& + (1 = &) pay)]
X @, (k)k dk,
where Jy is the Bessel function of zero order, @, repre-
sents the one-dimensional power spectrum of the index-of-
refraction fluctuations [74, 75].

Equation (5) can be expressed in the following alternative
form:

W (px, pdx, Py, Pdy: )
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where K4 = (kqx, kay) is the position vector in spatial-
frequency domain. For a rectangular partially coherent flat-

topped beam, using (3), we can express its cross-spectral
density W (pY, pax + §Kdx, Py, pay + §Kdy; 0) as
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topped beam, using (4), we can express its cross-spectral
density W(py, pax + §Kdx, Py, pdy + Fkdy; 0) as

Z
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Where A3 - V:lU‘H’l’ A4= nl’i)‘|2”l7 B3 = VZ);", B4= m_;n’ C3 =

Ox Oy Ox w()y
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The Wigner distribution of a partially coherent beam
on propagation in turbulent atmosphere can be expressed
in terms of the cross-spectral density function by the for-
mula [50]

h(px, Ox, Py, 0y;2)

k 2 po0 poo
= ~ W B ) ) )
(27‘[) /—oo w/—oo (x> Pdx» Pys Pdy» 2)

X exp(—ikOy - pax — ikby - pay) dpax dpay, (12)

where 6 = (0,, 0y) denotes an angle which the vector of in-
terest makes with the z-direction, k6, and k6, are the wave
vector components along the x-axis and y-axis, respectively.

Substituting from (9) and (10) into (12), we obtain (after
tedious integration) the following expression for the Wigner
distribution of a rectangular partially coherent flat-topped
beam in the receiver plane:

h(px, Ox, Oy, 0y;2) = h(px, 0x; Z)h(p}w 0y;2), (13)
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where

h(px,0x; 2)
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In a similar way, we obtain the Wigner distribution of an
elliptical partially coherent flat-topped beam in the receiver
plane as

h(vaexv py»eyz)
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Based on the second-order moments of the Wigner distri-
bution function, the M2-factor of a partially coherent beam
in x or y direction is defined as [68, 74]

2N1/2
M@ =2k((p2)od) - (p:0s)) " s=x. (D)
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Substituting (13) into (18) and (19), we obtain
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In the above derivations, we have used the following expan-
sion formula [76]:

1,
Jox)~1— Zx , (24)
and integral formulae [77]
00 2
/ exp(—32x2 + qx) dx = ﬁ exp a (s >0),
oo s 452
1 .
8(s) = 2—/exp(—zsx) dx,
T (25)

M (s) = %f(—ix)" exp(—isx)dx (n=1,2),

/ F8M ) dx = (=D"fM©O) (n=1,2).

The use of (24) in (22) means that we in fact have used
the quadratic approximation for the wave structure function.
The quadratic approximation has been approved reliable in
[75, 78] and has been used widely [18-24, 55-63]. The dif-
ference between the result obtained with this quadratic ap-
proximation and the one calculated numerically by the ex-
tended Huygens-Fresnel integral is quite small and they give
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the same trends. Such a difference becomes much greater to-
ward the complete incoherent limit and at relatively higher
structure constant values [75, 78].

In a similar way, we obtain the following expressions for
Py, Py, (p3), (67), (63), (pxx) and (py6y),

(0
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Substituting (22), (26)—(31) into (17), we obtain the follow-
ing expression for the M?>-factors of a rectangular partially
coherent flat-topped beam on propagation in turbulent at-
mosphere:
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In a similar way, substituting from (15) into (17)—(19), we
obtain (after tedious integration and operation) following ex-
pression for the M2-factors of an elliptical partially coherent
flat-topped beam on propagation in turbulent atmosphere

Mf(z)zzkH: ZZ( DM( ><Z>

n=1m=1
%7‘[2T23—263:|

72T —
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X
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Equations (32)-(36) are the main analytical results of
present paper. Under the condition of @,(x) = 0 (with-
out turbulence), (32)-(36) reduce to the expression for the
M?factors of a non-circular partially coherent flat-topped
beam in free space.

3 Numerical results

In this section, we study the properties of the M?>-factors
of a non-circular partially coherent flat-topped beam in free
space and in turbulent atmosphere numerically and compar-
atively using the formulae derived in above section

Figures 3, 4, 5 show the dependence of the M 2_factors
of rectangular and elliptical partially coherent flat-topped
beams on the beam orders (M and N), transverse coher-
ence width oy, waist sizes wox and wgy in free space (i.e.,
T =0or @,(x) = 0). From Figs. 3-5, one finds that the M?2-
factors of a non-circular partially coherent flat-topped beam
in free space are mainly determined by the beam parame-
ters in the source plane. Their values increase as the beam
orders and waist sizes increase or as the transverse coher-
ence width decreases. Furthermore, the M2-factors of a non-
circular partially coherent flat-topped beam in free space are
independent of its wavelength and the propagation distance,
as shown in (32)—(36).

Now we study the properties of the normalized M?-
factors of a non-circular partially coherent flat-topped beam
on propagation in turbulent atmosphere. In the following

4.0- wOX=2cm,wa=1 5cm, 2.=632.8nm, cg=0.01 m
o MX0) T
3.5 2 .
| ] MV(O) . ® o °*
[ ]
[ ]
3.0 . b
° N I
-
25 . .
]
° | |
| |
2.0 =
Elliptical partially coherent flat-topped beam
0123 456 7 8 910111213141516

N

Fig. 3 Dependence of the M>-factors of rectangular and elliptical partially coherent flat-topped beams on the beam orders (M and N) in free

space
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30
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== -M%0 254 2
254 O |~ M0
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154\ I
Ve 104 \-
10+ \\'. 1 V.
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54 \\';~. ) 1 I
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0 M T v T v T v T M T 1 T 1 T 1 M T N T T 1
5 10 15 20 25 30 5 10 15 20 25 30
a o (mm) b c (mm)

Fig. 4 Dependence of the M2-factors of rectangular and elliptical partially coherent flat-topped beams on the transverse coherence width 0, in

free space

W, =0.75w_, M=N=5, 7.=632.8nm, ¢ =0.01m
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w, =0.75w  , N=5, %=632.8nm, c =0.01m
¥ X 9

8 5 8-
A Mx (0) , 11, sz(o) '
- 2 A1 . -
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— 5' P - - — 5-‘ ° _ - -
e P - NQ/ T : P -
NE 4_ - - s 4 . _ - -
3' - - 3— . _ - -7
2 .-~ 24, L7
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11 J
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space

numerical examples, we choose the Tatarskii spectrum for
the spectral density of the index-of-refraction fluctuations,
which is expressed as [62, 74, 75]

K2 )

2
Km

@, (k) =0.033C211/3 exp(— (37)

where C2 is the structure constant of the turbulent at-
mosphere, k,, = 5.92/ [y with [y being the inner scale of the
turbulence. Substituting from (37) into (23), we obtain

o
T =f @, (i) dic = 0.1661C215 1. (38)
0

Substituting from (38) into (32)—(36) we can calculate the
M?-factors of a non-circular partially coherent flat-topped
beam numerically.

For the convenience of comparison, we study the evo-
lution properties of the normalized M>-factors of a non-
circular partially coherent flat-topped beam defined as
Msz(z) /MSZ(O) (s = x,y) on propagation in turbulent at-
mosphere. Figure 6 shows the normalized M?-factors of a
non-circular partially coherent flat-topped beam on propa-
gation in turbulent atmosphere for different values of the
structure constant C> of the turbulent atmosphere with
woy = 2 cm, woy = 1.5 cm, lp = 0.01 m, A = 632.8 nm
and o, = 8 cm. From Fig. 6, we find that the normalized
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Fig. 6 Normalized M?2-factors of a non-circular partially coherent flat-topped beam on propagation in turbulent atmosphere for different values

of the structure constant C, 3 of the turbulent atmosphere

M?-factors of a non-circular partially coherent flat-topped
beam increase on propagation in turbulent atmosphere,
which is much different from their propagation-invariant
properties in free space. This can be explained by the fact
that the turbulence degrades the beam quality of a par-
tially coherent flat-topped beam [55], and this degradation
increases as the turbulence becomes strong (i.e., C,% in-
creases). Figure 7 shows the normalized M2-factors of a
non-circular partially coherent flat-topped beam on propaga-
tion in turbulent atmosphere for different values of the inner
scale of the turbulence /o with woy, =2 cm, woy, = 1.5 cm,
C2=10""m2/3,1 = 632.8 nm and o, = 8 cm. One finds
from Fig. 7 that the evolution properties of the normalized
M?-factors of a non-circular partially coherent flat-topped
beam are also determined by the inner scale of the turbu-
lence, and the normalized M2-factors increase more rapidly
as the inner scale of the turbulence decreases.

Now we discuss the influence of the initial beam para-
meters on the evolution properties of the normalized M-
factors of a non-circular partially coherent flat-topped beam

@ Springer

in turbulent atmosphere. We calculate in Fig. 8 the nor-
malized M>-factors of a non-circular partially coherent flat-
topped beam on propagation in turbulent atmosphere for dif-
ferent beam orders with /o = 0.01 m, C,2Z =10"15 m=2/3,
A =632.8 nm and o, = 8 cm. As seen in Fig. 8, the nor-
malized M?-factors of a non-circular partially coherent flat-
topped beam (M > 1, N > 1) are larger than those of a
GSM beam (M = N = 1) at short propagation distances,
but are smaller than those of a GSM beam at long propa-
gation distances, and the normalized M 2_factors decreases
as the beam orders increase at long propagation distance.
One can come to the conclusion that a non-circular partially
coherent flat-topped beam with larger beam orders has ad-
vantages over a non-circular partially coherent flat-topped
beam with smaller beam orders and GSM beam for long-
distance free-space optical communications. Figure 9 shows
the normalized M?2-factors of a non-circular partially coher-
ent flat-topped beam on propagation in turbulent atmosphere
for different values of the waist sizes with /g = 0.01 m,
C,% =101 m=2/3, x = 632.8 nm and o =8 cm. It is
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of the inner scale of the turbulence [y

clear from Fig. 9 that the normalized M>-factors of a rec-
tangular partially coherent flat-topped beam (woy, > 2 cm,
woy = 2 cm) are larger than those of a square partially co-
herent flat-topped beam (wo, =2 cm, wpy = 2 cm) at short
propagation distances, but are smaller than those of a square
partially coherent flat-topped beam at long propagation dis-
tances. Similarly, an elliptical partially coherent flat-topped
beam (wox > 2 cm, woy = 2 c¢m) has advantages over a
circular partially coherent flat-topped beam (wg, = 2 cm,
woy = 2 cm) and a GSM beam at long propagation dis-
tances. Figure 10 shows the normalized M2-factors of a non-
circular partially coherent flat-topped beam on propagation
in turbulent atmosphere for different values of the transverse
coherence width o, with [p = 0.01 m, C,% = 1071 m=2/3,
A =632.8 nm, wo,y =2 cm, woy = 1.5 cm. As shown by
Fig. 10, the normalized M?-factors of a non-circular par-
tially coherent flat-topped beam increase more rapidly on
propagation as its initial coherence increases, which means
a non-circular flat-topped beam with lower coherence is less
affected by the atmospheric turbulence. A similar phenom-

enon is also observed for a circular partially coherent flat-
topped beam [62]. Figure 11 shows the normalized M?>-
factors of a non-circular partially coherent flat-topped beam
on propagation in turbulent atmosphere for different values
of the wavelength with /[y = 0.01 m, C,% = 1071 m2/3,
woy = 2 cm, woy = 1.5 cm and oy = 8 cm. Although the
M?-factors of a non-circular partially coherent flat-topped
beam in free space is independent of its wavelength, its value
is closely related to the wavelength in turbulent atmosphere.
The normalized M>-factors of a non-circular partially co-
herent flat-topped beam increases more rapidly as its wave-
length decreases, which means a non-circular partially co-
herent flat-topped beam with longer wavelength is less af-
fected by the turbulence.

4 Summary

In conclusion, we have derived the analytical formulae for
the M?-factors of a non-circular partially coherent flat-
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topped beam in turbulent atmosphere. Properties of the M>-
factors of a non-circular partially coherent flat-topped beam
in free space and in turbulent atmosphere have been studied
numerically and comparatively. We have found that the M-

factors of a non-circular partially coherent flat-topped beam
in free space are only determined by the beam orders, beam
waist sizes and transverse coherence width, and remain in-
variant on propagation. The M?2-factors of a non-circular
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