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Abstract The composite spectral Stokes singularities are
introduced to describe polarization singularities in superim-
posed partially coherent beams beyond the paraxial approx-
imation. Based on the vector Rayleigh–Sommerfeld diffrac-
tion integrals, the dynamic behavior of composite spectral
Stokes singularities in the free-space propagation is studied
and illustrated by numerical examples. A comparison with
the previous work is also made.

1 Introduction

The polarization singularities in vector wavefields have at-
tracted much interest and have been extensively studied
analytically and experimentally since Nye’s work [1] and
that of many others [2–18]. Nye and Hajnal discovered po-
larization singularities for monochromatic electromagnetic
wavefields in three dimensions, where the polarization be-
comes either linear (L-lines) or circular (C-lines). In gen-
eral, the singular lines for the electric field and the magnetic
field are different [2]. The theoretical predictions were first
confirmed experimentally with microwaves [3]. Felde and
Chernyshov et al. found the existence of the U (unpolarized)
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and P (completely polarized) singularities of paraxial com-
bined beams assembled from mutually incoherent orthogo-
nally polarized components [14, 17]. Schoonover and Visser
studied the state of polarization of strongly focused radially
polarized electromagnetic fields and showed that with a suit-
able change in the definition of the Stokes parameters the
usual description of the state of polarization and polariza-
tion singularities in the paraxial case can be extended to the
nonparaxial regime [12]. Based on the generalized Stokes
parameters proposed by Korotkova and Wolf [19], we in-
troduced the spectral Stokes singularities to describe the
polarization singularities of partially coherent electromag-
netic beams within the framework of the paraxial approx-
imation [16]. On the other hand, Maleev and Swartzlander
Jr. found that composite optical vortices may form when two
or more beams interfere [20]. More recently, we have shown
that there exist composite polarization singularities in super-
imposed fully coherent Lagurre–Gaussian beams beyond the
paraxial approximation [18]. Singular Stokes-polarimetry as
a new technique can find promising applications in metrol-
ogy and inspection of polarized speckle fields [10, 15].

The purpose of the present paper is to study the dynamic
behavior of polarization singularities in superimposed two
off-axis partially coherent beams beyond the paraxial ap-
proximation. In accordance with [16, 18, 20], such polar-
ization singularities can be referred to as composite spec-
tral Stokes singularities. In Sect. 2, based on the vector
Rayleigh–Sommerfeld diffraction integrals, the closed-form
expression for the cross-spectral density matrix of superim-
posed partially coherent beams in the free-space nonparax-
ial propagation is derived, which enables us to express the
spectral Stokes parameters and spectral complex fields in
terms of the elements of the cross-spectral density matrix
and to study the dynamic behavior of composite spectral
Stokes singularities. Section 3 analyzes the composite spec-
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tral Stokes singularities by varying a controlling parameter,
such as the spatial correlation length, ratio of waist width
to wavelength, or off-axis distance. The dynamic evolution
of composite spectral Stokes singularities in free space is
dealt with in Sect. 4. Finally, Sect. 5 summarizes the main
results obtained in this paper with a comparison to the pre-
vious work.

2 Theoretical formulation

The electric field of optical beams polarized in the x direc-
tion with vortex in the plane z = 0 reads as [20]

Ex(r,ϕ,0) = E0 exp

(
− r2

w2
0

)
r |n| exp(inϕ) exp(iβ), (1a)

Ey(r,ϕ,0) = 0, (1b)

where E0 is an amplitude constant, the background beam is
assumed to be Gaussian with w0 being the waist width, r ,
ϕ are the radial and azimuthal coordinates in the cylindrical
coordinate system, n is the topological charge, and β is an
arbitrary phase.

The 3×3 cross-spectral density matrix in the plane z = 0
takes the form [21]

W 0 =
∣∣∣∣∣∣
W 0

xx(r01, r02,0) 0 0
0 0 0
0 0 0

∣∣∣∣∣∣ , (2)

with

W 0
xx(r01, r02,0) = 〈

E∗
x (r01,0)Ex(r02,0)

〉
, (3)

where 〈 〉 specifies the ensemble average and the asterisk de-
notes the complex conjugate, r0ν = (r0ν, ϕ0ν) = (x0ν, y0ν)

(ν = 1,2, unless otherwise stated).
Assume that the statistical distribution of β corresponds

to a Schell-model correlator [20, 22], from (1) and (3) we
obtain

W 0
xx(r01, r02,0) = E01E02 exp

[
− (r01 − r02)

2

σ 2
0

− r2
01 + r2

02

w2
0

]

× (r01r02)
|n| exp

[
in(ϕ2 − ϕ1)

]
, (4)

where σ0 denotes the spatial correlation length. For simplic-
ity in the following we set n = 1.

Consider two parallel off-axis partially coherent vortex
beams with off-axis distance vector a (a,0), i.e., ax = a >

0, ay = 0, where one beam is offset from the origin by a

along the x axis and has topological charge +1, the other
beam is offset by −a along the x axis and has charge −1.

The cross-spectral density matrix element W 0
xx of the result-

ing beam in the plane z = 0 is expressed as [23]

W 0
xx(r01 − 2h1a, r02 − 2h2a,0)

=
1
2∑

h1=− 1
2

1
2∑

h2=− 1
2

〈
E∗

x (r01 − 2h1a)Ex(r02 − 2h2a)
〉

=
1
2∑

h1=− 1
2

1
2∑

h2=− 1
2

W0(r01 − 2h1a, r02 − 2h2a,0). (5)

The vector Rayleigh–Sommerfeld diffraction integrals
give the exact solutions of the Maxwell equations in the half
space z > 0, and are expressed as [24]

Ex(r) = − 1

2π

∫ ∫
z=0

Ex(r0,0)
∂

∂z

[
exp(ikR)

R

]
d2r0, (6a)

Ey(r) = − 1

2π

∫ ∫
z=0

Ey(r0,0)
∂

∂z

[
exp(ikR)

R

]
d2r0, (6b)

Ez(r) = 1

2π

∫ ∫
z=0

[
Ex(r0,0)

∂

∂x

[
exp(ikR)

R

]

+ Ey(r0,0)
∂

∂y

[
exp(ikR)

R

]]
d2r0, (6c)

where r0 = x0i + y0j, r = xi + yj + zk, i, j, k being unit
vectors in the x, y, z directions, respectively, and R =√

(x − x0)2 + (y − y0)2 + z2.
From (2), (5), and (6a)–(6c) the elements of the cross-

spectral density matrix at the half space z > 0 can be ex-
pressed as [21, 25]

Wxx(r1, r2)

=
(

1

2π

)2 ∫∫ ∫∫
z=0

W 0
xx(r01 − 2h1a, r02 − 2h2a,0)

× ∂

∂z

[
exp(−ikR1)

R1

]

× ∂

∂z

[
exp(ikR2)

R2

]
dx01 dx02 dy01 dy02, (7a)

Wzz(r1, r2)

=
(

1

2π

)2 ∫∫ ∫∫
z=0

W 0
xx(r01 − 2h1a, r02 − 2h2a,0)

× ∂

∂x1

[
exp(−ikR1)

R1

]

× ∂

∂x2

[
exp(ikR2)

R2

]
dx01 dx02 dy01 dy02, (7b)

Wxz(r1, r2)

= −
(

1

2π

)2 ∫∫ ∫∫
z=0

W 0
xx(r01 − 2h1a, r02 − 2h2a,0)
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× ∂

∂z

[
exp(−ikR1)

R1

]

× ∂

∂x2

[
exp(ikR2)

R2

]
dx01 dx02 dy01 dy02, (7c)

Wxy(r1, r2) = Wyx(r1, r2) = Wyy(r1, r2) = 0. (7d)

On substituting from (5) into (6a)–(6c), tedious but straight-
forward integral calculations yield

Wxx(r1, r2, z) =
1
2∑

h1=− 1
2

1
2∑

h2=− 1
2

E01E02π
2z2

2A2B3r3
1 r2

2λ2σ 2
0

× {
2r1

[
B + g2

1 + g2
2 − 2aBh2(g1 − ig2)

]
+ Bσ 2

0 (2aBh2 − g1 − ig2)

× (4aAh1r1 − 2mr1 − ky1)
}

exp(Ψ ), (8a)

Wxz(r1, r2, z) =
1
2∑

h1=− 1
2

1
2∑

h2=− 1
2

− E01E02π
2z

4A2B4r3
1 r2

2 λ2σ 2
0

× {
4r1

[
(Bx2 − g1)

(
g2

1 + g2
2

)
+ 2Bg1

(
ah2(g1 − ig2) − 1

)
+ B2(x2 + ah2(1 − 2g2x2 + 2ig2x2)

)]
+ Bσ 2

0 (4aAh1r1 − 2mr1 − ky1)

× [
2g1(g1 + ig2) + B − 2Bx2(g1 + ig2)

− 4aBh2(g1 − Bx2)
]}

exp(Ψ ), (8b)

Wzz(r1, r2, z) =
1
2∑

h1=− 1
2

1
2∑

h2= 1
2

E01E02π
2

ABλ2r2
1 r2

2

×
[

V1

2B

(
1 + 2g2

2

B

)
+ V2g2

B
+ V3

]
exp(Ψ ),

(8c)

where

A = 1

w2
0

+ 1

σ 2
0

+ ik

2r1
,

(9)

B = 1

w2
0

+ 1

σ 2
0

− ik

2r2
− 1

Aσ 4
0

,

g1 = ikx1

2Ar1σ
2
0

− ikx2

2r2
, g2 = iky1

2Ar1σ
2
0

− iky2

2r2
, (10)

m = 2ah1

w2
0

+ ikx1

2r1
+ 2a

σ 2
0

(h1 − h2), (11)

Ψ = ik(r2 − r1) + g2
1 + g2

2

B
− 4a(h2

1 + h2
2)

w2
0

− 4a2(h1 − h2)
2

σ 2
0

+ m2 + (
iky1
2r1

)2

A
, (12)

V1 = 2g2
1 + B[1 − 2g1x2 + 2σ 2

0 (m − Ax1)(g1 − Bx2)]
2A2B2σ 4

0

,

(13)

V2 = i

4A2B2r1σ
4
0

{
σ 2

0

(
B + 2g2

1 − 2Bg1x2
)
(2mr1 + ky1)

− 2Bσ 4
0 (Bx2 − g1)

[
r1

(
A + 2m2 − 2Amx1

)
+ ky1(m − Ax1)

] + 4ar1
(
h2 − Ah1σ

2
0

)[
2g2

1 + B

− 2Bg1x2 + 2Bσ 2
0 (m − Ax1)(g1 − Bx2)

]}
, (14)

V3 = 1

4A2B4r1σ
4
0

{
r1

[
4g4

1 + 4aB3h2x2

− 4Bg2
1(−6 + 2ag1h2 + g1x2) + 3B2 − 6B2g1x2

+ 4B2ag1h2(2g1x2 − 3)
] − Bσ 2

0 (4aAh1r1 − 4mr1

+ 2Ar1x1 − ky1)
[
2g3

1 + Bg1
(
3 − 2g1(2ah2 + x2)

)
+ B2(2ah2(2g1x2 − 1) − x2

)] + B2σ 4
0

[
2g2

1 + B

− 2Bg1x2 − 4aBh2(g1 − Bx2)
][

r1(A − 4aAmh1

+ 2m2 − 2Ax1(m − 2aAh1)
) + ky1(m − Ax1)

]}
.

(15)

In the above derivations the approximation

∂

∂x

[
exp(ikR)

R

]
≈ ik

(x − x0)

R2
exp(ikR), (16)

was used, which holds true for Rν � λ [25].
Equations (8a)–(8c) indicate that the 3 × 3 cross-spectral

density matrix in the z plane contains only four ele-
ments Wxx , Wzz, Wxz, and Wzx . In comparison to (2), due
to the nonparaxial free-space propagation, the z compo-
nent Wzz, and the correlation terms Wxz, Wzx appear. As a
result, the linear polarization becomes elliptical in the non-
paraxial case. Such a type of beam has the peculiar prop-
erty that all polarization ellipses line in planes parallel to
the xz plane where the z axis is along the propagation di-
rection, which is different from the paraxial case where for
elliptically polarized light the polarization ellipses all line
in planes perpendicular to the propagation direction. There-
fore, in analogy to [12, 26], with a suitable change in the def-
inition of the spectral Stokes parameters, the spectral Stokes
singularities can be extended from the paraxial regime to the
nonparaxial one.

On placing r1 = r2 = r , x1 = x2 = x, y1 = y2 = y into
(8a)–(8c), the spectral Stokes parameters can be defined as

S0(x, y, z) = Wzz(x, y, z) + Wxx(x, y, z), (17a)
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S1(x, y, z) = Wzz(x, y, z) − Wxx(x, y, z), (17b)

S2(x, y, z) = Wzx(x, y, z) + Wxz(x, y, z), (17c)

S3(x, y, z) = i
[
Wxz(x, y, z) − Wzx(x, y, z)

]
, (17d)

where Wzx(x, y, z) = W ∗
xz(x, y, z). The normalized spec-

tral Stokes parameters are s1 = S1/S0, s2 = S2/S0 and s3 =
S3/S0.

The complex spectral Stokes fields sij (i, j = 1,2,3 un-
less otherwise stated) are given by [7]

s12 = s1 + is2, (18a)

s23 = s2 + is3, (18b)

s31 = s3 + is1, (18c)

and the degree of polarization is

P =
√

s2
1 + s2

2 + s2
3 . (19)

Similar to their counterparts in fully coherent nonparax-
ial wavefields [18], the composite spectral Stokes singular-
ities (vortices) correspond to the zero points (phase singu-
larities) of complex Stokes fields sij = 0 in partially co-
herent nonparaxial wavefields. s12 singularities correspond
to the circular polarization (C-points), and s3 > 0 (s3 < 0)

means right- (left-) handedness, where the orientation of the
major and minor axes of the polarization ellipse becomes
undefined. s23 and s31 singularities must be located on L-
lines, where the handedness of the polarization ellipse is un-
determined (linear polarization). From (8), (17), and (18),
it is readily seen that the composite spectral Stokes singu-
larities depend on the controlling parameters, including the
spatial correlation length σ0, the waist width w0 (or ratio
of waist width to wavelength w0/λ), and the off-axis dis-
tance a, and on the propagation distance z. In the fully co-
herent limit (σ0 → ∞) the composite Stokes singularities
degenerate into the composite polarization singularities.

3 Composite spectral Stokes singularities in a fixed
plane

From Sect. 2 we see that the composite spectral Stokes sin-
gularities in a fixed plane are dynamically variable if a con-
trolling parameter, such as the spatial correlation length σ0,
the ratio of waist width to wavelength w0/λ, or the off-axis
distance a, is changed which can be illustrated numerically
by using (8), (17), and (18).

3.1 Dependence of s12, s23, and s31 singularities
on the spatial correlation length

Figures 1a–e give s12, s23, and s31 singularities in the plane
z = 30λ for different values of the spatial correlation length

(a) σ0 = 2λ, (b) σ0 = 2.2λ, (c) σ0 = 2.34211λ, (d) σ0 =
2.5λ, (e) σ0 = 2.9λ, w0 = 0.5λ, a = 4.5λ, and λ = 1 μm.
The contours of s1 = 0, s2 = 0, and s3 = 0 are represented
by the solid, dashed, and dotted curves, respectively. s12 (C-
points), s23, and s31 singularities appear at the intersection
of si = 0 and sj = 0, and are represented by the circles, tri-
angles, and squares, the black and open ones correspond
to the topological charges mij = −1 and +1, respectively,
which are determined by the sign principle [6, 27]. The L-
lines (s3 = 0) separate the xy plane into the right- and
left-handed regions [12, 18], and the signs ± of s3 deter-
mine the handedness of C-points and are shown in the fig-
ures. As can be seen, for σ0 ≤ 2.3λ in Figs. 1a, 1b there
are no C-points in the region {17.1 ≤ x/λ ≤ 18.6,−10 ≤
y/λ ≤ 10}. For σ0 = 2.34211λ in Fig. 1c a pair of C-
points marked 1 and 2 with opposite topological charge
but same right-handedness are present, which are located
at (17.620,4.381), (17.621,4.381), and their degree of po-
larization P = 0.005, 0.002, respectively. With a slight in-
crease of the spatial correlation length to σ0 = 2.34213λ C-
point 2 moves to the L-line at (17.621,4.382) and collides
with it (not shown). At such critical point σ0C = 2.34213λ

the intensity is equal to zero because S1 = S2 = S3 =
S0 = 0. It means that the collision of C-point 2 and L-
line leads to a V -point [12] at which the degree of polar-
ization P = 0 sometimes called the U -singularity [14, 17].
The V -point is unstable because a small perturbation of σ0

results in the handedness reversal and changes in the de-
gree of polarization of C-point 2. For example, for σ0 =
2.34216λ C-point 2 shifts to (17.622,4.382) and becomes
left-handed whose degree of polarization P = 0.003. For
σ0 = 2.38993λ a pair of C-points 3 and 4 with opposite
topological charge but same handedness and P = 0.006,
0.001 appear. In the vicinity of the critical point σ0C =
2.38994λ the handedness of C-point 4 is reversed (not
shown). When σ0 is increased to σ0 = 2.5λ in Fig. 1d C-
points 1, 2, 3, 4 move to (17.538,4.180), (17.673,4.299),
(17.363,−4.548), (17.473,−4.652) and P = 0.323, 0.321,
0.278, 0.271, respectively. With a further increase to σ0 =
2.9λ in Fig. 1e, C-points 1, 2, 3, 4 shift to (17.465,3.879),
(17.690,4.048), (17.297,−4.283), (17.509,−4.452) and
their degree of polarization P becomes 0.561, 0.554, 0.542,
0.535, respectively.

There exist a pair of oppositely charged s23 singularities
marked A and B for σ0 = 2λ in Fig. 1a, whose position is
(17.945,6.969), (17.707,−7.573) and P = 0.126, 0.149,
respectively. With increasing σ0, their motion and changes
in the degree of polarization take place, for example, for
σ0 = 2.5λ in Fig. 1d A and B move to (17.515,3.261),
(17.378,−3.904) and P = 0.553, 0.04, respectively. When
σ0 is increased to σ0 = 2.9λ in Fig. 1e s23 singularities A
and B annihilate each other.

A pair of oppositely charged s31 singularities labeled a
and b are present for σ0 = 2.2λ in Fig. 1b, which are lo-
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Fig. 1 s12, s23, and s31 singularities for different values of the spatial correlation length σ0, (a) σ0 = 2λ, (b) σ0 = 2.2λ, (c) σ0 = 2.34211λ,
(d) σ0 = 2.5λ, (e) σ0 = 2.9λ. The other calculation parameters are seen in the text

cated at (17.511,3.208), (17.341,−3.033) and P = 0.108,
0.137, respectively. With increasing σ0, singularities a and b
move and their degree of polarization changes. For exam-
ple, for σ0 = 2.9λ in Fig. 1e s31 singularities a and b shift
to 17.8, 5.930), (17.548,−6.167) and P = 0.279, 0.256, re-
spectively.

To illustrate the variation of a composite spectral Stokes
singularity with the correlation length σ0, we choose C-
point 1 in Fig. 1 as an example. Figure 2 shows the cor-
rection between the composite spectral Stokes singularity of
partially coherent beams and the composite Stokes singular-

ity of their counterparts in the fully coherent case. It is seen
that when the correlation length σ0 is decreased, the com-
posite spectral Stokes singularity moves away from the com-
posite Stokes singularity (σ0 → ∞), whereas with increas-
ing σ0 the composite spectral Stokes singularity approaches
to the composite Stokes singularity, e.g., for σ0 = 10λ, 15λ,
30λ, and 50λ the position of C-point is (17.314,3.038),
(17.307,2.990), (17.303,2.962) and (17.302,2.956), re-
spectively, and finally becomes the composite Stokes sin-
gularity located at (17.301,2.952) when σ0 ≥ 200λ. The
evolution behavior of the composite spectral Stokes singu-
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Fig. 1 (Continued)

Fig. 2 Evolution of a composite spectral Stokes singularity into a
composite Stokes singularity

larities is physically similar to that of the coherence vor-
tices [29].

3.2 Dependence of s12, s23, and s31 singularities
on the ratio of waist width to wavelength

s12, s23, and s31 singularities in the plane z = 30λ for differ-
ent values of w0/λ are plotted in Fig. 3 (a) w0/λ = 0.49,
and (b) w0/λ = 0.483128, and the other calculation pa-
rameters are the same as those in Fig. 1a. It is seen that
for w0/λ = 0.49 in Fig. 3a no C-points are present. If
w0/λ is decreased to w0/λ = 0.483128 in Fig. 3b a pair
of C-points 1, 2 with the opposite topological charge but
the same right handedness appear, which are located at
(18.027,7.538), (18.028,7.539) and P = 0.006, 0.001. At

Fig. 3 s12, s23, and s31 singularities for different values of the ra-
tio of the waist width to the wavelength w0/λ, (a) w0/λ = 0.49,
(b) w0/λ = 0.483128

the critical point of w0C/λ = 0.4831275 (not shown) C-
point 2 shifts to (18.029,7.539) and coincides with the V -
point. With a slight decrease to w0/λ = 0.483125, C-point 2
moves to (18.029,7.540), and its handedness is reversed and
P = 0.004. In addition, as compared with Fig. 1a, the cre-
ation of s31 singularities a and b, the motion and changes in
the degree of polarization of s23 and s31 singularities A, B
and a, b are also observed in Figs. 3a and 3b.

It is noted that we take w0/λ ≈ 0.5 to satisfy the
nonparaxial approximation. As shown in Fig. 4, where
Iz,max(x,0,30λ)/Imax(x,0,30λ) is depicted versus w0/λ,
Iz,max(x,0,30λ) and Imax(x,0,30λ) denote the maximum
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Fig. 4 Iz,max(x,0,30λ)/Imax(x,0,30λ) versus w0/λ

longitudinal intensity and the maximum total intensity [28],
respectively, and σ0 = 5λ, z = 30λ. Iz,max(x,0,30λ)/

Imax(x,0,30λ) decreases with increasing w0/λ. For w0/λ =
6Iz,max(x,0,30λ)/Imax(x,0,30λ) < 0.6%. In the extreme
paraxial region the longitudinal electric-field component
disappears, thus the partially coherent beams described
by (6a)–(6c) degenerate into scalar ones so that polarization
singularities are absent.

Similar behavior of composite spectral Stokes singulari-
ties is present by varying the off-axis distance a and is omit-
ted here.

4 Propagation of composite spectral Stokes
singularities in free space

The dynamic evolution of s12, s23, and s31 singularities
in free space is described in (8), (17), and (18) by vary-
ing the propagation distance z. Figures 5a–d show s12,
s23, and s31 singularities for different values of the prop-
agation distance (a) z = 15λ, (b) z = 15.7λ, (c) z = 18λ,
(d) z = 34.646λ, and w0 = 0.5λ, a = 3.9λ, σ0 = 2λ. From
Fig. 5a we see that in the region {7.4 ≤ x/λ ≤ 9.8,−7 ≤
y/λ ≤ 7} these are C-points 1, 2 with opposite topo-
logical charge and handedness located at (8.013,4.230),
(8.108,4.296) and P = 0.222, 0.216, respectively. With
increasing z, the motion and changes in degree of po-
larization of C-points 1, 2 are observed. For example, at
z = 15.7λ in Fig. 5b C-points 1, 2 move to (8.381,4.467),
(8.476,4.535) and P = 0.223, 0.217. At z = 18λ in Fig. 5c
C-points 1, 2 shift to (9.591,5.236), (9.688,5.308) and
their degree of polarization becomes P = 0.227, 0.220,
respectively. As z is increased to z = 34.646λ in Fig. 5d
s12, s23, and s31 singularities are not found in the re-
gion {7.4 ≤ x/λ ≤ 9.8,−7 ≤ y/λ ≤ 7}, C-points 1, 2

move to (18.362,10.628), (18.456,10.705) and in the re-
gion {17.2 ≤ x/λ ≤ 18.6,−12 ≤ y/λ ≤ 12} a pair of C-
points 3, 4 with opposite topological charge but same right-
handedness appear, which are located at (18.037,−10.901),
(18.037,−10.902), P = 0.003, 0.001, respectively. In the
vicinity of the critical point of zC = 34.648λ, the handed-
ness reversal of C-point 4 can be observed.

The motion and changes in the degree of polarization
of s23 singularities are present in the free-space propaga-
tion. For example, at z = 15.7λ in Fig. 5b a pair of op-
positely charged s23 singularities A and B are located at
(8.411,4.380), (8.035,−4.854) and P = 0.023, 0.032, and
at z = 18λ in Fig. 5c A and B move to (9.617,5.125),
(9.257,−5.618) and P = 0.023, 0.023, respectively.

The free-space propagation results in the motion, cre-
ation, annihilation, and changes in the degree of polariza-
tion of s31 singularities. For example, as compared with
Figs. 5a and 5b, a pair of oppositely charged s31 singular-
ities a and b move from (8.104,4.538), (7.621,0.646) to
(8.474,4.787), (7.949,0.438) and their degree of polariza-
tion is changed from P = 0.072, 0.521 to 0.071, 0.526, re-
spectively. A pair of s31 singularities c and d with oppo-
site topological charge with P = 0.351,0.198 in Fig. 5b ap-
pear at the position (7.854,−2.853), (7.916,−3.782), re-
spectively. With increasing to z = 18λ in Fig. 5c s31 singu-
larities b and c with opposite topological charge annihilate
each other.

It can be verified that the topological relationship be-
tween the topological charges of the polarization singular-
ities [7, 16]

2σk

∑
(k)

mij =
∑(k)

σimjk =
∑(k)

σjmik, (20)

holds true for the composite spectral Stokes singularities in
partially coherent nonparaxial wavefields, where

∑
(k) de-

notes the summation over the composite spectral Stokes sin-
gularities contained within a closed contour of sk = 0, and∑(k) denotes the summation over the composite spectral
Stokes singularities on the contour. σi,j,k = 1 and −1 for
si,j,k > 0 and si,j,k < 0, respectively. mij is the topologi-
cal charge of sij singularities and the order of the indices
of mij is a cyclic permutation of 1, 2, and 3. For example,
there is a closed solid curve (s1 = 0) in Fig. 1d. We have
2σk

∑
(k) mij = 2 × [(−1) × (+1) + (−1) × (−1)] = 0 and∑(k)

σimjk = (+1)×(+1)+(−1)×(−1)+(+1)×(−1)+
(−1) × (+1) = 0,

∑(k)
σjmik = (−1) × (+1) + (−1) ×

(−1) = 0.

5 Conclusion

In this paper, the composite spectral Stokes singularities
have been introduced to describe polarization singulari-
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Fig. 5 s12, s23, and s31 singularities for different values of the propagation distance z, (a) z = 15λ, (b) z = 15.7λ, (c) z = 18λ, (d) z = 34.646λ

ties in superimposed partially coherent beams beyond the
paraxial approximation. Based on the vector Rayleigh–
Sommerfeld diffraction integrals, the analytical expression
for the cross-spectral density matrix has been derived, which
enables us to study the dynamic behavior of composite spec-
tral Stokes singularities. Our study has shown the existence
of s12, s23, and s31 composite spectral Stokes singularities.
The motion, creation and annihilation, and changes in the
degree of polarization of s12, s23, and s31 singularities as
well as the handedness reversal of s12 singularities may ap-
pear in the variation of a controlling parameter, such as the

spatial correlation length σ0, ratio of the waist width to the
wavelength w0/λ, or the off-axis distance a, or in the vari-
ation of the propagation distance z. The creation and anni-
hilation take place for a pair of s12 singularities with op-
posite topological charge but same handedness, and for a
pair of oppositely charged s23 and s31 singularities. There
exists the critical point of the controlling parameters and
the propagation distance, where the collision of an s12 sin-
gularity (C-point) and an L-line takes place resulting in a
V -point (U singularity), which is unstable. A small pertur-
bation leads to the handedness reversal and changes in the
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degree of polarization of the C-point. For composite spectral
Stokes singularities in partially coherent nonparaxial wave-
fields the topological relationship holds still true.

As compared with [16, 18], where the spectral Stokes sin-
gularities of partially coherent electromagnetic beams in the
paraxial approximation and the composite polarization sin-
gularities in superimposed fully coherent nonparaxial beams
were analyzed, respectively, in this paper the composite
spectral Stokes singularities in superimposed partially co-
herent beams beyond the paraxial approximation have been
studied, where both the partial coherence and the nonparax-
ility of beams have been taken into consideration, and the
dependence of composite spectral Stokes singularities on
the spatial correlation and the dynamic evolution of com-
posite spectral Stokes singularities in the nonparaxial prop-
agation have been stressed. In particular, the conventional
spectral Stokes parameters used in [16] should be extended
and the generalized Rayleigh–Sommerfeld diffraction inte-
grals should be used to meet our theoretical formulation, and
the propagation of the cross-spectral density matrix instead
of the electric-field components in [18] should be treated,
thus some richer dynamic behavior of the composite spec-
tral Stokes singularities in the partially coherent nonparaxial
regime can be observed.

As a nonparaxial eigenmode of stable resonators [30], the
LG (0, 1) beam described by (1a)–(1b) (n = 1) can be gen-
eralized by using the mode selection techniques. Then, by
passing the beam through a random phase screen, the par-
tially coherent LG (0, 1) beam in (4) can be obtained [22].
The free-space propagation of such beam should be non-
paraxial because its waist width w0 is the order of the
wavelength (e.g., w0 = 0.5λ) [31]. The verification of the
phenomena described in this paper theoretically requires
the precise experimental measurement in a subwavelength
scale. Such measurement may be realized by using the inter-
ferometric nanoprobe techniques [10]. The results obtained
in this paper would be useful for a deep understanding of
composite polarization singularities in superimposed par-
tially coherent nonparaxial wavefields and for their control-
ling.
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