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Abstract We develop a new method based on the continu-
ous-fraction approach as applied to the electrostatic bound-
ary problem for determining surface plasmon resonances
of coupled nanospheres. The resonance frequency depen-
dence on interparticle gap (plasmon nanoruler effect) is de-
termined by avoiding time-consuming numerical calcula-
tions even for very small interparticle separations, where
known procedures face serious difficulties. Corrections due
to retardation effects are accounted for, allowing description
of larger nanopairs. Good agreement is demonstrated both
with results of numerical calculations and with experimen-
tal data.

It is well known that for the system of two interacting
metallic nanospheres both experimental data and numeri-
cal calculations show a strong dependence of surface plas-
mon (SP) frequencies—ωsp on interparticle center-to-center
distance—a [1–13]. This fact opens new possibilities for
applications of coupled metallic nanoparticles (MNP) in
single-molecule biophysics as nanoscale rulers [2, 13]. The
peculiarities in optical properties of nanopairs can be uti-
lized also in optical technologies for chemical or biological
imaging and sensing and in surface-enhanced Raman scat-
tering [1, 2, 14, 16]. The spectral shift in the plasmon reso-
nance can be employed to detect specific biomolecules in-
cluding DNA and protein biomarkers [2].
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The dependence of SP frequencies on interparticle dis-
tance in nanopairs is especially pronounced when a < 1.1D

(D is the diameter of the sphere) [11]. For such small dis-
tances, however, the various numerical methods employed
require enormous volume of calculations that become a se-
rious barrier for obtaining reliable results. To the best of our
knowledge the smallest interparticle distances are consid-
ered by Shmeits and Dambly [10] and Nordlander et al. [5],
where the SP frequency dependence on the interparticle dis-
tance down to 1.014D and 1.0005D correspondingly are
calculated numerically. It is important to mention here that
all known numerical methods for the calculation of ωsp lead
to a cumulative error of several percents which arises as a
result of discretization of the volume or the surface of the
particles. Large number of parameters of the problem—the
characteristics of the metal and the medium in which the
particles are placed, the particle sizes etc., create additional
complications for calculations. These circumstances suggest
the necessity of the development of a new approach allowing
the approximate calculation of SP resonances analytically
for arbitrary values of the interparticle distances.

Recently a physically clear approximate analytical ap-
proach has been developed [17] allowing one to easily ob-
tain SP resonance frequencies of longitudinal and transver-
sal oscillations of a pair of small nanospheres D � λsp/2π .
It was demonstrated that for interparticle distances down to
1.05D the deviation from the results obtained with use of
numerical methods [11] is less than 2%. Accordingly for the
mentioned distance scale the “plasmon nanoruler” equation
was derived from the electrostatic boundary problem for the
first time. It was also shown that the dependence ωsp(a) is
close to exponential. However, for smaller distances (less
than 1.05D) the deviation between the results obtained by
numerical simulations and the approximate analytical for-
mula increases. This circumstance indicates the limited va-
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lidity of the approach [17] for the case of nearly touching
nanospheres.

The calculation of SP resonances of coupled spheres can
be realized by use of bispherical coordinates [9, 12] in which
the Laplace equation allows the variable separation. This
method allowing, in principle, the consideration of smaller
interparticle distances obviously requires again a large vol-
ume of numerical calculations.

In this paper we present a semianalytical method based
on continuous-fraction approach for determining the SP fre-
quencies of nanopairs that radically reduces the calculation
time without posing constraints on the value of a/D. It is
demonstrated that the developed method for the small size
“plasmon nanoruler” provides good agreement with known
experimental data.

1 Recurrence equations

When the system size is much smaller than the radiation
wavelength of plasma oscillations, the electrostatic approx-
imation is applicable, which allows us to reduce the wave
equation to the Laplace equation with corresponding bound-
ary conditions. The procedure of variable separation in
Laplace equation developed in the referred articles [9, 12]
leads to an infinite recursive relation, which is considered
as a system of linear homogeneous equations. The boundary
problem for two spheres was considered in bispherical co-
ordinates by R. Ruppin [9], which allowed us to obtain the
following system of equations with respect to unknown ex-
pansion coefficients An for the in-phase longitudinal dipole
mode ((12) of [9]).
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where ε(ω) is the dielectric function of the metal, εm is the
dielectric constant of the surrounding medium in which the
particles are placed and coshη0 = a/D. In SP physics usu-
ally the infinite system of linear equations is truncated at

Fig. 1 Arrows show electron cloud displacement for in-phase lon-
gitudinal (a) and in-phase transversal (b) oscillations in the coupled
spheres

a sufficiently big value of index n, afterwards the determi-
nant of the truncated system is set equal to zero. Further,
ε(ω) is found as the root of the obtained equation, which
allows using the experimental data for ε(ω) [18] to find the
SP frequencies of the longitudinal and transversal oscilla-
tion modes. In Fig. 1 the charge displacement for optically
active longitudinal and transversal in-phase oscillations are
shown.

As shown the frequencies of first few surface modes are
found to converge and to be independent of truncation in-
dex n, provided that it is large enough [9]. Obviously, the
larger the size of the truncated system of equations is, the
more precise the results are. Therefore, to obtain a reliable
value of the SP frequency the numerical solution of the sys-
tem of equations of increasing size requires time-consuming
calculations.

2 Continuous-fraction method

The analysis of three term recursive relations like (1) by
use of continuous fractions is well known in the theory of
special functions [19]. It turns out that the representation
of a recursive relation in the form of a continuous fraction
provides very rapid convergence [20], allowing us to suffi-
ciently reduce the computational time. Below we apply the
continuous-fraction approach to the set of (1) and show that
it makes possible to reduce sufficiently the computational
time. This circumstance allows interpreting existing exper-
imental data and investigating theoretically the case of al-
most touching particles as well.

For convenience we introduce the following substitution
in (1)
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Then the initial system acquires a form close to Legendre
polynomial recurrent relations and more convenient for fur-
ther analysis
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where x = ε(ω)/εm. When n → ∞, the factor in square
brackets tends to unity, and the formula (3) becomes the
Legendre polynomial recurrent relations of the argument
coshη0, i.e. Pn(coshη0). Further, we introduce the follow-
ing notations for brevity
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For the further truncation at certain n = N the (3), using (4),
can be presented as the following continuous fraction:

bn−1 = pn − qn

bn

, (5)

with the boundary condition

b0 = 1

(1 + α0) coshη0
. (6)

In order to perform an iterative process in (5) it is more con-
venient to invert the numbering of bn, i.e. to start from N .
Therefore we introduce new variables an instead of bn ac-
cording to

bn = aN−n, an = bN−n,

aN−n+1 = pn − qn

aN−n

, N − n = m,

and hereby obtain a new recursive equation,

am+1 = pN−m − qN−m

am

, aN = 1

(1 + α0) coshη0
. (7)

The number N denotes the order of iterations that should be
performed to solve (7). Since for n → ∞ (3) coincides with
the recurrent relation for the Legendre polynomials Pn(x)

it could be expected that for sufficiently big N one can
set a0 = PN(coshη0)/PN+1(coshη0). However, the calcu-
lations show that the final result is independent of the value
of a0 already for N = 30, which allows us to choose any a0,
for example a0 = 1. Such stability demonstrates the effec-
tiveness of the introduced approach.

Performing the iteration procedure starting from a0 = 1
and setting aN according to (7) we can obtain an equation

for x = ε(ω)/εm. The most suitable way of solving the equa-
tion with respect to x is the graphical method. We solve
the equation of a form f (x) = 0 numerically by plotting
the curve y = f (x) and determining the x-coordinates of
intersection points of the curve and the X-axis, that is, the
solutions of f (ε(ω)/εm) = 0. The root ε(ω)/εm = −2 gives
the value of SP resonance frequency in case of infinite sep-
aration (isolated nanosphere) [21]. To obtain the values ωsp

of interacting nanospheres we have to choose the ones with
the x-coordinate smaller than −2 since only they give the
observed red-shift. It is interesting to mention that our cal-
culation gives only one such root. The numerical calculation
shows that it is quite enough to limit ourselves to N = 50,
since any further increase of N does not influence the value
of the root. This circumstance justifies the statement made
above on the rapid convergence of the iteration procedure,
which, contrary to known computational methods for ωsp,
actually allows almost immediate numerical solution of (7).

3 SP frequencies of almost touching small spheres

We start from the case of small enough spherical pairs so
that the retardation effects can be neglected. First we com-
pare our results (see Fig. 2, solid lines) with those obtained
by Shmeits and Dambly (Fig. 2, squares) [10], where the di-
electric function of the metal is chosen in the form ε(ω) =
1− (ωp/ω)2 (note that this dependence is appropriate for al-
kali metals). In this figure the dependence of dimensionless
SP resonance frequency ωsp/ωp on dimensionless recipro-
cal center-to-center interparticle distance R/a (ωp is the

Fig. 2 Dimensionless SP frequency of coupled nanospheres
ωsp/ωp vs. radius-to-interparticle distance ratio R/a for in-phase
(lower curves) and counter-phase (upper curves) longitudinal plasmon
oscillations. The curves with m = 0 correspond to dipole oscillations
and the curves with m = 1 describe quadrupole oscillations. Simul-
taneously the upper curve with m = 1 corresponds to the in-phase
transversal dipole oscillations and the lower one with m = 1 to the
counter-phase transversal dipole oscillations. The solid lines repre-
sent the current study and the squares are the results of Shmeits and
Dambly [10]. The part of the plot covering extremely small gaps for
in-phase oscillations (m = 0) is shown separately in the inset



878 K. Madoyan et al.

plasma oscillation frequency of bulk metal) for longitudinal
in-phase and counter-phase dipole (m = 0) and quadrupole
(m = 1) modes are shown.

As can be seen the curves representing our approach co-
incide with those obtained in [10] for the whole range of
interparticle distances up to a = 1.014D. The comparison
of our results with more recent numerical calculations for
much smaller interparticle distances (see inset in Fig. 2) of
[5] again shows perfect agreement. Naturally the approach
developed in Sect. 2 is not applicable for extremely small
interparticle distances comparable to atomic size, when var-
ious quantum effects such as nonlocality of the surface
charge distribution contribute [15]. The advantage of our
technique lies in its simplicity, which allows one to avoid
time-consuming numerical calculations. Indeed, if we limit
N for example to 50, the number of iterations to be per-
formed in (7) is 50, whereas using of the procedures devel-
oped in [10] and [5] require solving of thousands of equa-
tions.

The case of the quadrupole mode can be considered in
the same manner described above for the dipole oscillations.
The following system of equations with respect to unknown
expansion coefficients Bn for the quadrupole mode in bi-
spherical coordinates is derived:
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This recurrent relation after the following substitution anal-
ogous to (2),
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acquire a form resembling the recurrent relation for associ-
ated Legendre functions P 1

n (coshη0) and describes the anti-
symmetric oscillations. The transition to the symmetric ones
needs the substitution of cosh(x) � sinh(x). As can be seen
from Fig. 2 the results obtained by both methods for the
quadrupole mode again are practically indistinguishable.

We have also considered the transversal oscillations, for
which the recurrent relations in the general case of differ-
ent spheres are obtained in [12]. Setting the radii and di-
electric functions of the materials of two spheres equal to
each other, we have obtained recurrent relations fully coin-
ciding with (8) therefore the corresponding graphs are not
presented. Thus, the upper curve in Fig. 2 corresponding to
m = 1 describes the behavior of in-phase transversal dipole
mode as well.

The other approach to the calculation of SP frequencies
of coupled small nanospheres is presented by Jain et al. [13],
where calculation of the plasmon extinction efficiency of a
pair of Au nanospheres with diameter 10 nm in water (re-
fractive index n = 1.33) was performed by use of the dis-
crete dipole approximation (DDA) [22]. Each sphere was
represented by a 30 × 30 × 30 cubic array of dipoles, cor-
responding to an interdipole spacing of 0.33 nm. The frac-
tional plasmon shift �λ/λ0 (λ0 is the single-particle SP
wavelength) versus the ratio g/D was calculated, where g

is the edge-to-edge gap. We calculated �λ/λ0 using equa-
tions (6) and (7) and experimental data of ε(ω) [18] for the
same values of g and other parameters of the system con-
sidered in [13]. In Fig. 3 for the comparison we present the
results of both calculations.

As can be seen from Fig. 3 a discrepancy between our
calculation and DDA simulation arises for the gaps less than
the sphere diameter and the absolute difference increases
with decrease of the separation. As to the relative difference
in the fractional red-shift for the gap values less than the
radius it remains constant near the value of 20%. Thus for
the adequate description of nearly touching spheres in the
frame of DDA apparently much larger number of discretiza-
tion points must be involved, which, however, will increase
substantially the computing time [8]. It would be interest-
ing to carry out new measurements with sufficiently small
pair of nearly touching nanospheres in order to observe the
actual rate of the red-shift of SP resonance wavelengths.

Fig. 3 Fractional red-shift of longitudinal SP resonance wavelength
of coupled 10 nm Au spheres vs. g/D calculated by the DDA [13] and
continuous-fraction method for the same values of interparticle gaps
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We mention that in [11] the SP frequencies of the pair of
10 nm spheres are calculated using a finite elements method
and as can be seen from Figs. 8 and 10 of [11] the results for
retarded and nonretarded cases for center-to-center interpar-
ticle distances starting from 2 nm and larger are the same.

4 SP frequencies of large nanopairs

In some experiments on SP frequencies of coupled nanopar-
ticles the results are obtained for relatively large particles
with diameters over 40 nm [1–3]. Under these conditions
the influence of the retardation effects must be accounted
for, since the diameter of the sphere in the pair is of the or-
der of SP radiation wavelength: D ∼ λsp/2π . In order to
calculate the SP frequencies of coupled spheres accounting
for retardation effects, Maxwell equations along with corre-
sponding boundary conditions are solved numerically [23].
Other approaches to account for the retardation effects are
based on the discrete dipole approximation (DDA) [22, 24]
and T-matrix method [25] that are widely used in MNP op-
tics [1–3, 23]. It should be mentioned, however, that for the
calculation of SP frequencies of coupled spheres all these
methods require substantial computational time.

In this section we apply our calculational technique to the
case investigated experimentally in [2], where the SP fre-
quencies of the systems of two strongly coupled identical
Au spheres with diameters of 42 nm and 87 nm are mea-
sured. To extend our approach developed in Sect. 3 to this
experimental situation one has to include the contribution
arising from the retardation effects. For the particles investi-
gated this contribution is not large and can be accounted for
as a small correction in the following manner.

It is well known that the poles of the scattering ampli-
tude of Mie’s solution [21] determine the SP frequency of
an isolated sphere with taking retardation exactly into ac-
count. We start from the case of two identical noninteract-
ing spheres and consider the effect of retardation in each of
them. Following [26] and expanding Bessel functions in the
denominator of the scattering amplitude with respect to the
argument ωR/c (c is the speed of light) and keeping only
the first two terms the equation for the SP frequency of each
sphere can be obtained

ε(ω) + 2

(
1 + 6

5

εmω2

c2
R2

)
εm = 0. (9)

The second term in parentheses is the first correction due to
the retardation and is of order of μ = (2πD/λsp)

2. Note that
for D = 42 nm the values of μ ≈ 0.18 and for D = 87 nm,
μ ≈ 0.83. In order to check the validity of this approxima-
tion we compared SP frequencies of an isolated sphere cal-
culated numerically [11] with the results following from (9)
(see Table 1) as well as with recent experimental data [27].

As can be seen from the Table 1. the difference in SP
frequencies between the results of [11] and those following
from (9) is less than 1.3% up to D = 75 nm indicating a suf-
ficiently wide range of applicability of (9). Moreover even
for 90 nm spheres the deviation of the results obtained with
(9) from experimental data [27] (Au spheres in water solu-
tion) does not exceed 2%.

In order to investigate the influence of the retardation on
the SP frequency of interacting spheres we perform the fol-
lowing substitution in (3)

ε(ω)

εm

→ ε(ω)

εm

+ 12

5

εmω2

c2
R2. (10)

The substitution (10) means that we account for retardation
effects within each of the spheres, neglecting it in the elec-
tromagnetic interaction between the spheres, which is jus-
tified for not very small interparticle distances. As to the
system of two almost touching spheres, physically it repre-
sents unified structure with doubled size where the retarda-
tion effects in the interparticle interaction become important
as well and must be involved. This kind of size effect is also
revealed in the radiation damping, leading to the increase of
damping rate with increase of a system volume [28]. For
the same reason the numerically calculated values of ra-
diation damping rate demonstrate a sharp increase in the
case of interparticle gaps less than 2D for nanospheres with
D = 80 nm [29].

We compare the results obtained according to (7) and
(10) for longitudinal SP oscillations (along the interparti-
cle axis) with the available experimental data. The results of
our calculations (using the data of [18]) as well as the exper-
imental data and T-matrix numerical calculations of [2] for
42 nm pairs are presented in Fig. 4.

Since the best agreement between T-matrix calculations
and experiment [2] was obtained for the refractive index of
host media n = 1.6, we use this value in our calculations. As
can be seen from Fig. 4 our method provides good agree-
ment with experimental data and T-matrix calculations. We

Table 1 SP resonance
frequencies of isolated Au
spheres of six different radii
calculated numerically by
applying the discretization
procedure [11] and (9)

D (nm) 1 10 25 50 75 85

ωsp (eV), 11 2.3823 2.38 2.36 2.29 2.18 Not available

ωsp (eV), (9) 2.3823 2.379 2.358 2.294 2.209 2.172
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Fig. 4 SP resonance wavelength of 42 nm coupled Au spheres vs.
interparticle gap. The data of [2]: full squares—experimental data,
dashed line—T-matrix calculation. The solid line is the result of calcu-
lations based on (7) and (10)

note that the results of a T-matrix simulation for 40 nm pairs
[1] with other value of the refractive index n = 1.5 also co-
incide with the experimental data of [2].

It is interesting to mention that the coincidence between
all theoretical results for longitudinal SP modes and mea-
sured values takes place despite the fact that in measured
spectra the perpendicular mode was present as well. We
attribute this to the large spectral separation between the
transversal and longitudinal modes as well as to the low sen-
sitivity of the transversal mode with respect to the center-to-
center interparticle distance (see Fig. 2).

It is easy to see (Fig. 4) that in the gap region of g =
5–20 nm for 42 nm pairs the largest deviation of theoretical
values of g from the experimental data takes place at SP
wavelength λsp ≈ 575 nm and is equal to |�g| ≈ 3 nm. This
gives for the spatial accuracy of nanoruler ρ = g/|�g| the
lower limit ρ ≥ 6.

Let us turn to the 87 nm rulers, for which the SP fre-
quency dependence on interparticle gap, as the experiment
shows, is less steep and which are interesting for biological
applications in the measurements of larger distances. The re-
sults of calculations for a 87 nm ruler imbedded in the host
media with n = 1.6 based on (7) with substitution (10) and
the experimental data [2] are presented in Fig. 5.

As can be seen from Fig. 5 for the gap range g =
10–40 nm there is a good agreement between experimen-
tal data and the results of our calculations of longitudinal
SP mode. The disagreement of the calculated and measured
values beyond the mentioned gap region for both smaller
as well as larger values is obviously conditioned by the ap-
proximate treatment of retardation. We note here that the
T-matrix simulations [1, 2] do not match the experimental
data for pairs of the spheres with D = 80 nm and 87 nm.

For 87 nm pairs (see Fig. 5) in the gap region of g =
10–40 nm, analogous to the case of 42 nm spheres, one can
obtain |�g| ≈ 4 nm at λsp ≈ 620 nm, and accordingly for
the spatial accuracy ρ ≥ 5.

Fig. 5 SP resonance wavelength of 87 nm coupled Au spheres vs.
interparticle gap. Full squares are experimental data of [2], the solid
line is the result of calculations based on (7) and (10)

5 Conclusion

A semianalytical approach to the SP resonance frequency
calculation in a system of two nearly touching spheres is
developed. In contrast to widely used simulation methods
applying a discretization procedure like DDA or T-matrix
method, our approach is based on the analytical theory of
continuous fraction. The proposed method leads to an iter-
ation procedure with rapid convergence and by that reduces
both the calculational errors and computational time. Since
the method does not require extended computer facilities
and permits quick and efficient processing of experimental
data it can be considered as a theoretical basis for a plas-
mon nanoruler in the region of extremely small interparticle
gaps. The advantage of our technique is demonstrated for the
smallest interparticle distances (nearly touching nanoparti-
cles) never considered analytically before.

It turns out that for small particles with D = 10 nm our
calculations for the fractional red-shift at smaller gaps give
larger values as compared to earlier published results ob-
tained in the frame of DDA [13]. In addition, it is revealed
that the difference in red-shifts grows with decrease of inter-
particle gap.

In order to expand the developed theory to the case of
larger particles in the pairs and compare the results with ex-
isting experimental data the influence of retardation effects
on SP resonances is accounted for as well. It is shown that
the effect of the finiteness of the speed of light can be prop-
erly handled in the frame of the approach developed here.
The ranges of interparticle gaps valuable for biological ap-
plications are determined and the lower limits of spatial res-
olution of 42 nm and 87 nm rulers are identified.

For pairs of larger particles with D = 80 nm (not shown
here) and 87 nm, in contrast to T-matrix simulation [1, 2],
our calculations in the gap range of g = 10–40 nm describe
the experimental data with good accuracy.
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