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Abstract A three-level analytic model for optically pumped
alkali metal vapor lasers is developed by considering the
steady-state rate equations for the longitudinally averaged
number densities of the ground 2S1/2 and first excited 2P3/2,
and 2P1/2 states. The threshold pump intensity includes both
the requirements to fully bleach the pump transition and ex-
ceed optical losses, typically about 200 W/cm2. Slope effi-
ciency depends critically on the fraction of incident photons
absorbed and the overlap of pump and resonator modes, ap-
proaching the quantum efficiency of 0.95–0.98, depending
on the alkali atom. For marginal cavity transmission losses,
peak performance is achieved for low output coupling mir-
ror reflectivity. For efficient operation, the collisional relax-
ation between the two upper levels should be fast to pre-
vent bottlenecking. By assuming a statistical distribution be-
tween the upper two levels, the limiting analytic solution
for the quasi two-level system is achieved. For properly de-
signed gain conditions, the quasi two-level solution is usu-
ally achievable and represents ideal performance.

1 Introduction

A new class of optically pumped lasers has recently been
proposed by Krupke et al. [1]; the diode pumped alkali metal
vapor laser (DPAL). While an optically pumped cesium
laser was demonstrated in 1962 [2], it is only recently that
diode laser excitation was proposed [1, 3]. These three-level
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lasers are pumped on the D2 line, 2S1/2 →2P3/2, and sup-
port lasing on the D1 line, 2P1/2 →2S1/2, as shown in Fig. 1.
Rapid collision induced spin-orbit relaxation with an addi-
tive gas such as methane, typically at a pressure of several
hundred torr, populates the lower 2P1/2 state. The difference
in energy between the 2P3/2 and 2P1/2 fine structure spin-
orbit components is 554 cm−1,237 cm−1, and 57.7 cm−1

for Cs, Rb, and K respectively. These small energy defects
lead to intrinsic quantum efficiencies of greater than 95%
and to the possibility of very efficient laser systems. The
alkali atoms provide very high optical cross sections and
offer an efficient engine for converting incoherent, or un-
phased, pump photons into a coherent, single mode beam.
The number density of the alkali atoms in these devices is
low, typically 1013–1014 atoms per cm3. Each alkali atom in
the laser medium cycles many millions of pump photons per
second during the lasing process, providing the promise of
high power from small gain volumes.

As with all three-level laser systems, the threshold
pumping requirements are high. Matching the diode laser
bandwidth with the gas phase absorption line shape ei-
ther requires high pressure cells, ∼25 atmospheres for the
∼1000 GHz diode bandwidth available for high-power bars
and stacks, or narrow-banding the pump source to ∼10 GHz,
the width of the Cs D2 line at 400 torr of helium.

A number of laser demonstrations using this concept with
Cs, Rb, and K have appeared recently in the open liter-
ature [3–12], and have stimulated a great deal of interest
in the high-power laser community. These demonstrations
have used single narrowband diodes, partially narrowband
low-power diode arrays, and surrogate pump sources such
as Ti-Sapphire as pump sources. DPAL devices based on Rb
have been demonstrated at 0.4 W with a slope efficiency of
69% and 17 W at 53% efficiency [8, 12]. Similarly, the Cs
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Fig. 1 Energy level diagram
and key processes for the DPAL
system

system has achieved 0.35 W at 81%, 10 W at 68% and 48 W
(quasi-CW) with 52% efficiency [5, 9, 11].

In this paper, part I, we describe a three-level rate equa-
tion model that can be applied to longitudinal laser pumped
alkali metal vapor lasers. In part I, the pump is assumed to
be single frequency and provides for analytic solutions to
the laser rate equations. The motivation for developing the
analytic model in part I is that it is easy to use, provides for
fast computations, and gives an intuitive grasp of the influ-
ence of the various laser parameters. In part II, the solution
methodology developed in part I is expanded to include the
more general case of broadband pumping. The model re-
lies heavily on earlier works that were concerned with mod-
eling three-level solid-state laser systems that are pumped
longitudinally with diodes or other lasers [3, 13–16]. In the
development of the plane wave model, which follows, we
assume that the pump and laser beams are single frequency
and centered at the peaks of the absorption and emission
cross sections. The spectral distributions of the D2 pump
and D1 lasing transitions for the 500 torr baseline calcu-
lations presented below are assumed to be single modified
Lorentzians that take into account the additional broadening
due to the hyperfine structure [18]. In addition, the pressure
broadened absorption and emission lines are assumed to be
spectrally homogeneous.

Parametric solutions for the rate equations are provided
in graphical form and are centered on a specific set of
baseline parameters that may be considered as represen-
tative of a number of low-power DPAL experimental pa-
pers reported in the literature [3–12]. Some important as-
pects of the baseline are now summarized. The sealed cell
gain length is 2.0 cm, the cell temperature is 393 K corre-
sponding to a gas phase Rb vapor pressure number density
of 1.85 × 1013/cm3. The methane and helium densities are
9.66 × 1018/cm3 and 6.44 × 1018/cm3, corresponding to
room temperature fill pressures of 300 and 200 torr respec-
tively. When parametric variations in CH4 density are made,
the He balance is adjusted so that the total buffer density
remains constant, so that the line center cross-sectional val-
ues change minimally over the range of the variation. We

emphasize that the baseline parameters do not necessarily
represent optimal performance. Rather the baseline parame-
ters were selected to illustrate transition between complete
pump absorption, quasi two-limit performance and the tran-
sition to pump bleaching predicted by the model.

2 Longitudinally pumped inter-cavity intensities

In the following, we develop an analytic three-level model
for the end-pumped alkali metal vapor laser. The model
is formulated in terms of longitudinally averaged number
densities, which by definition are independent of z. The
strongest support for the use of longitudinally averaged
number densities comes from showing the formal equiv-
alence of two independent mathematical approaches for
describing quasi two-level end-pumped solid-state lasers
reported in the 1990s [13, 14]. The first of these ap-
proaches, [13], formally integrates the rate equations for
single-pass pumping with no internal losses to obtain a so-
lution making no assumptions concerning the z dependence
of any quantities contained in the rate equations. The sec-
ond approach, [14], uses longitudinally averaged number
densities and energy balance to extract a solution. The sec-
ond approach is more flexible in the sense that it allows
for double passing the pump and for the inclusion of intra-
cavity loss terms, whereas the first approach does not. Using
these two mathematical approaches for single-pass pumping
with no internal loss, the authors have previously shown the
formal mathematical equivalence of these two approaches
for DPAL systems in the quasi two-level limit [19]. In this
work, we make the assumption that the use of longitudinally
averaged number densities remains a valid approximation
not only for the quasi two-level limit including double-pass
pumping and intracavity loss terms, but also in the parame-
ter space that extends beyond the two-level limit to regions
where the three-level nature of the system is required to ex-
plain DPAL behavior. The validity of this assumption and
the resulting model must of course be tested over time as
the DPAL technology advances in its ability to both explain
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Fig. 2 Optical schematic
showing (a) pump intensities at
different cavity locations for the
two-pass pump configuration;
(b) laser intensities at different
locations in the laser cavity

and organize experimental DPAL data. Having made this
assumption it then becomes possible to develop expressions
for the longitudinally averaged two-way pump intensity, Ω ,
in terms of the input pump intensity and the longitudinally
averaged two-way intracavity laser circulating intensity, Ψ ,
in terms of the output laser intensity. The integrations in-
volved in determining Ω and Ψ below are made tractable
by assuming longitudinally averaged number densities. Us-
ing Ω and Ψ allows for the formulation of an intermediate
set of rate equations that are the same at any position in the
gain cell (i.e. independent of z). The rate equations formu-
lated in terms of Ω and Ψ admit analytic algebraic solutions.
Once the intermediate analytic solutions have been obtained,
they are used to obtain a final solution that gives the laser
output intensity in terms of the applied input pump inten-
sity through the solution of a transcendental equation. The
methodology is such that the small signal and lasing solu-
tions for both single frequency and broadband pump sources
can all be treated with the same formalism. The great advan-
tage of working in the intermediate, analytic solution space
is that the saturation characteristics of the three-level sys-
tems can be studied with analytic equations. In addition,
limiting solution forms can be obtained from the analytic

solutions. In particular, analytic quasi two-level equations,
including expressions for the slope efficiency and threshold
pump intensity, can be obtained directly from the three-level
analytic equations (without solving a transcendental equa-
tion) when the spin-orbit mixing rate becomes very large.
The analytic forms of the quasi two-level equations play a
prominent role in the theory we present because it is in this
region of rapid spin-orbit mixing where the three-level alkali
laser obtains its most efficient operation.

Consider a typical geometry for an end-pumped alkali
metal laser as shown schematically in Fig. 2 [12]. We en-
vision that the pump laser at the wavelength of the D2 tran-
sition is injected into the laser cavity through a polarizing
beam splitter. The pump beam then passes through the gain
cell from left to right and is reflected from the right mir-
ror, with reflectivity rp , back through the gain cell for a
second pass. The right cavity mirror is highly reflective at
both the pump and laser transition wavelengths. The gain
cell windows, preferably at Brewster angle, are described
by a transmission loss of tp and t for the pump and las-
ing wavelengths, respectively. The laser beam, shown at the
bottom of Fig. 2, resonates between the left and right hand
mirrors with the useful out-coupled beam taken through the
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left mirror of reflectivity, r . Also shown are the sense of the
right and left traveling pump and laser beams and values for
these quantities at different positions in the laser cavity. The
longitudinally averaged two-way pump intensity within the
gain medium is:

Ω =
(
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where the intensities of the right and left traveling waves at
the two ends of the gain media of length lg are I+

P 0 and I−
P 0

as illustrated in Fig. 2. The longitudinal averaged densities
of the ground state n1, upper laser level n2, pump state n3

and other model parameters are defined in Table 1. From

Fig. 2a, the following intensity relationships can be identi-
fied:

I+
P 0 = tpIPin

I−
P 0 = IPint

3
P rP eσ31(n3−2n1)lg

(2)

and the average pump intensity as a function of the incident
pump intensity is:
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(
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)

× (
eσ31(n3−2n1)lg − 1

)
tP

(
1 + t2
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(3)

For no transmission losses and complete reflection of the
pump beam, (3) simplifies to

Ω =
(

IPin

σ31(n3 − 2n1)lg

)(
eσ31(n3−2n1)2lg − 1

)
(4)

The pump beam will usually be highly attenuated upon a
single pass of the cell and the first transmission loss could
be incorporated into the incident intensity. Thus, we choose
to use (4) throughout the development to simplify the ex-
pressions.

Table 1 Definition of key
symbols and terms appearing in
model equations

Variable Definition

Ω Longitudinally averaged two-way pump intensity

Ψ Longitudinally averaged two-way laser intensity

σ31 Stimulated emission cross section for pump transition evaluated at line center

σ21 Stimulated emission cross section for lasing transition evaluated at line center

νp Pump frequency

νl Laser frequency

Γ31 Γ31 = 1/τ31 + k31M

Γ21 Γ21 = 1/τ21 + k21M

τ31 Radiative lifetime of 2P3/2 pumped state

τ21 Radiative lifetime of 2P1/2 upper laser level

k31 Quenching rate coefficient for pumped state

k21 Quenching rate coefficient for upper laser level

M Concentration of collision partner (methane)

k32 Rate coefficient for collisional energy transfer from 2P3/2 to 2P1/2 levels

θ θ = 	E/kBT

γmix γmix = k32M

	E Energy difference between 2P3/2 and 2P1/2 levels

T Temperature

kB Boltzmann constant

lg Gain length

lc Cavity length

n Total alkali concentration

n1, n2, n3 Concentrations of 2S1/2, 2P1/2 and 2P3/2 levels, respectively

r Output coupler mirror reflectivity

t Window single-pass transmission
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In a similar fashion, from Fig. 2b, the intracavity average
two-way laser circulating intensity in the gain cell is

Ψ = 1
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Assuming the high reflector is also 100% reflecting for the
laser (D1) wavelength, a window transmission loss of t , and
output coupler reflectivity of r , provides the intensity rela-
tionships:

I+
2 = trI−

4 (6)

I−
2 = I−

4

t Exp[σ21(n2 − n1)lg] (7)

ILase = (1 − r)I−
4 (8)

I+
1 = r

(1 − r)
ILase (9)

as illustrated in Fig. 2. The useful output laser intensity in
terms of the average two-way laser circulating intensity in
the gain cell is

ILase = σ21(n2 − n1)lgt (1 − r)Exp[σ21(n2 − n1)lg]
(Exp[σ21(n2 − n1)lg] − 1)(1 + t2r Exp[σ21(n2 − n1)lg])Ψ

(10)

There can be a significant intensity associated with scatter-
ing and transmission losses at the windows. The intracav-
ity circulating intensity that is lost as a result of the non-
perfect window transmission, IScat, is determined by tracing
the laser power reflected back into the cavity for a complete
round trip (Fig. 2b). The four terms add up to give the total
power loss:

IScat = ILase

(
r

(1 − r)

)
(1 − t)

(
1 + Exp

[
σ21(n2 − n1)lg

]

× (
t + t2 + t3 Exp

[
σ21(n2 − n1)lg

]))
(11)

The advantages of clean, Brewster angle widows are evi-
dent.

3 Steady-state populations

The analytic model is derived from the steady-state solu-
tions of the time-dependent rate equations for the three-level

system, expressed in terms of the average intensities for the
pump, Ω , and the laser, Ψ :
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rt4 Exp
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2σ21hνL

lg
(15)

The rates for collisional transfer between the fine struc-
ture states, γmix = k32M , are related by detailed balance,
k23 = 2e−θ k32, where θ = 	E32/kBT = 1.139 for Rb at
T = 300 K. The concentration of the arbitrary collision part-
ner inducing spin-orbit relaxation, M , should be chosen high
enough to prevent bottlenecking.

An examination of (12)–(14) shows that they are not lin-
early independent. A linearly independent set can be ob-
tained by eliminating (14) and substituting the alkali metal
number density conservation:

n1 + n2 + n3 = n (16)

The quantity n is the total number density of the alkali metal
and is usually determined from the alkali metal vapor pres-
sure curve.

In the steady-state treatment below, for reasons of math-
ematical simplicity we neglect the second term in (15).
A small spontaneous emission noise term is required to start
laser oscillation. By neglecting this term, we are ignoring
the fact that near threshold there can be a loss in the ex-
cited state populations as the gain increases due to axially
directed amplified spontaneous emission exciting the lowest
loss resonator mode. Neglecting the spontaneous emission
term in (15), the resulting system of equations has two so-
lution branches, one for Ψ = 0 and the other for Ψ �= 0.
The Ψ = 0 solution branch is used to explain the small sig-
nal behavior when the system is below threshold. Once the
threshold is reached and laser action begins, the system is
described by the Ψ �= 0 solution branch with the gain on
the lasing transition clamped at its threshold value. For the
Ψ �= 0 case, (15) is equivalent to the laser threshold condi-
tion:

σ21(n2 − n1) = gth = − ln(rt4)

2lg
(17)
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Table 2 Values for input
parameters for baseline laser
performance

Variable Description Value Units Reference

lg Gain length 2.0 cm

Abeam Pump beam area 1 cm2

n Total Rubidium concentration 1.85 × 1013 cm−3

[He] Helium concentration 6.44 × 1018 cm−3

[CH4] Methane concentration 9.66 × 1018 cm−3

σ31 Pump stimulated cross section 4.92 × 10−13 cm2 [18]

σ21 Laser stimulated cross section 4.80 × 10−13 cm2 [18]

r Out-coupler mirror reflectivity 0.2 –

ηqe Quantum efficiency 0.98 –

t Window transmission 0.975 –

gth Threshold gain 0.428 cm−1

T Cell temperature 393 K

k32 Spin-orbit mixing rate coefficient 3.16 × 10−10 cm3 s−1 [17]

τ31 Radiative lifetime of pumped level 26.23 ns [3]

τ21 Radiative lifetime of upper laser level 27.70 ns [3]

k31, k21 Quenching rate coefficients 0 cm3 s−1 [20]

Isat Saturation intensity 19.8 W/cm2

2e−θ Spin-orbit Boltzmann factor 0.84 –

κ Ratio of spin-orbit to radiative rates 80 –

k1 First spin-orbit kinetic constant 2.53 –

k2 Second spin-orbit kinetic constant 0.473 –

The small-signal populations as functions of Ω are ob-
tained by solving (12)–(14) at zero laser intensity, Ψ = 0:

n0
1 = n

Ω
Isat

k2 + 1
Ω
Isat

k1 + 1
(18)

n0
2 = n

Ω
Isat

(k1 − 3k2)

Ω
Isat

k1 + 1
(19)

n0
3 = n

Ω
Isat

2k2

Ω
Isat

k1 + 1
(20)

where it is convenient to define two pressure-dependent,
spin-orbit relaxation terms, as:

k1 = 3 + 2κ
Γ31
Γ21

(1 + 3e−θ )

1 + κ(1 + 2Γ31
Γ21

e−θ )
(21)

k2 = 1 + 2κ
Γ31
Γ21

e−θ

1 + κ(1 + 2Γ31
Γ21

e−θ )
(22)

The saturation intensity for the pump transition is defined
in the traditional manner, Isat = (hνp/σ31)Γ31. The rate
for spin-orbit relaxation relative to the decay rate for the
pumped state is defined as κ = k32M/Γ31 = γmix/Γ31. Note
that in the absence of quenching, the radiative decay rates

for the two excited states are nearly identical (see Table 2):
Γ31/Γ21 = 1.056.

The corresponding (negative) gain on the pump transition
in the absence of lasing is readily identified as

g0
31 = σ31

(
n0

3 − 2n0
1

) = −2σ31n
1

1 + k1(
Ω
Isat

)
(23)

The two non-dimensional parameters of (21)–(22) provide a
pressure-dependent modification to the effective saturation
intensity. At low pump intensities, the expected Beer’s law
attenuation, g31 = −2σ31n = −σ13n, is obtained. For typi-
cal DPAL conditions listed in Table 2, the sample is opti-
cally thick with an absorption photon’s mean free path of
λϕ

∼= 110 µm. As with all three-level lasers, the pump rate
must be highly bleached to sample and produce a population
inversion.

The small-signal gain on the DPAL lasing transition de-
pends on pump intensity as

g0
21 = σ21

(
n0

2 − n0
1

) = σ21n
( Ω
Isat

)(k1 − 4k2) − 1

( Ω
Isat

)k1 + 1
(24)

For high pump intensity, Ω /Isat � 1, the small signal ap-
proaches an upper bound of

lim
Ω→∞g0

21 = σ21n

(
1 − 4

k2

k1

)
(25)
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Fig. 3 The dependence of small-signal populations: (–) n0
1, (- - -) n0

2,
and (· · ·) n0

3, and gain: (-·-·-) g0
31 and (—) g0

21, on average intracavity
pump intensity

Furthermore, if the spin-orbit relaxation rate significantly
exceeds the spontaneous emission rate, κ � 1, as needed to
prevent bottlenecking, then the two excited states approach
their statistical distribution and the small-signal gain attains
the ideal limit of

g
0,ideal
21 = σ21n

(1 − e−θ )

(1 + 3e−θ )
(26)

For rubidium at room temperature, g
0,ideal
21 /σ21n = 0.347,

and about one third of the entire alkali population is inverted.
The small-signal populations and gain as a function

of average pump intensity for the baseline DPAL condi-
tions given in Table 2 (300 torr of CH4 and 200 torr of
He at 300 K) are shown in Fig. 3. The populations ap-
proach their saturated limits for pump intensities above
200 W/cm2, or about ten times the saturation intensity of
Isat = 19.8 W/cm2. The n2 and n3 levels for the conditions
given in Table 2 are populated with the ratio of n0

3/n0
2 =

2k2/(k1 − 3k2) = 0.851, very near the equilibrated ratio of
(n0

3/n0
2)eq = 2e−θ = 0.838 at T = 393 K, independently

of Ω . This is due to the fact that for these small-signal con-
ditions the time constant for relaxation between the 2P3/2

and 2P1/2 levels is much faster than their respective radia-
tive lifetimes, κ = 80. Absorption on the pump transition
is very high with no pumping, 900%/cm. Transparency in
the laser transition is achieved at about 30 W/cm2 and the
laser gain exceeds the threshold condition equation (17) at a
pump intensity of about 40 W/cm2. The asymptotic limit of
the small-signal gain for the conditions given in Table 2 ap-
proaches 227%/cm. It is these very high small-signal gains
and large stimulated emission cross sections that give these
three-level systems their remarkable properties.

4 Bleached pump wave

Next we describe the general methodology to express the
analytic solutions in terms of the externally applied measur-
able pump intensity, IPin. Rewriting (4) to show the explicit
functional dependence on Ω yields:

Ω =
(

IPin

σ31(n3[Ω] − 2n1[Ω])lg
)

× (
eσ31(n3[Ω]−2n1[Ω])2lg − 1

)
(27)

where the populations are provided for the solutions to (12)–
(13), (16), presented as (18)–(20) for the no-lasing case. The
equation is transcendental with readily available numerical
solutions. However, for highly saturated pump conditions,
the (negative) gain on the pump transition from (23) reduces
to

lim
Ω→∞g0

31 ≡ g
0,bleached
31 = lim

Ω→∞
−2σ31n

1 + (Ωbleached

Isat
)k1

= −2σ31n

k1

(
Isat

Ωbleached

)
(28)

Solving (27)–(28) for the average pump intensity under
highly saturated (bleached) conditions yields:

Ωbleached = IPin
(−4σ31nlg

k1
)( Isat

IPin
)

ln[1 − 2σ31nlg
k1

( Isat
IPin

)]
(29)

If the path length is not too large, lg < (k1/2σ31n)(IPin/Isat),
so that the bleached wave extends beyond the end of the cell,
then the logarithm in the denominator can be approximated
by the leading term in the Taylor series so that

Ωbleached ∼= 2IPin −
(

σ31nlg

k1

)
Isat (30)

If nearly all the pump intensity is absorbed in this linear re-
gion over the double path, then the average pump intensity is
equal to the incident value, Ωbleached → IPin. If the sample is
highly bleached so that the pump is barely attenuated, then
the two-way average intensity is twice the incident intensity.

The more general numerical solution to (27) as a function
of input pump intensity for the baseline conditions of Table 2
is shown in Fig. 4. For small values of IPin the pump does
not fully penetrate the medium on the forward pass. The in-
put pump is completely absorbed in a small fraction of the
cell length lg and the longitudinal average is small. When
IPin reaches approximately 225 W/cm2, the sample becomes
fully bleached and Ω begins to see the effect of the reflected
pump beam. When IPin reaches approximately 230 W/cm2,
the slope of the Ω vs. IPin curve reaches its maximum
value and from then on decreases approaching an asymptotic
value of ∼2 at IPin = 1000 W/cm2. For input intensities of



52 G.D. Hager, G.P. Perram

Fig. 4 (◦) Numerical solution to (27) for the average intracavity pump
intensity compared with (–) the approximated bleached solution of (29)
for the Ψ = 0, no-lasing case. The small signal (· · ·) absorption on the
pump transition and (- - -) gain for the lasing transition as a function of
input pump intensity are also shown

300 W/cm2 and above, the medium is largely bleached with
the additional power above 300 W/cm2 transmitted through
the medium. Figure 4 also demonstrates that the approxima-
tion of (30) is appropriate for IPin > 300 W/cm2.

Figure 4 also illustrates the small-signal absorption on the
pump transition and gain for the lasing transition as a func-
tion of input pump intensity. Both g31 and g21 increase lin-
early to IPin ∼ 250 W/cm2 at which point the slopes change
rapidly as the pump transition saturates. At this point the
gain medium is bleached and becomes largely transparent
to increases in pump intensity. Threshold of (17) is reached
when IPin is 237.7 W/cm2 producing an average two-way
circulating intensity of Ω = 40.3 W/cm2.

5 Gain saturation and lasing intensity

The laser intensity is determined by the requirement that
the population inversion be reduced from the small signal,
unsaturated value of (24), to the threshold value expressed
by (17). The populations in the presence of lasing are de-
rived by simultaneously solving (12)–(13), (16)–(17), yield-
ing:

n1 = [ 1
2 (n − gth

σ21
)(1 + κ) − (

gth
σ21

)κe−θ ] + 1
2 (n − gth

σ21
)( Ω

Isat
)

1 + κ(1 + e−θ ) + 2( Ω
Isat

)

(31)

n2 =
1
2 (n + gth

σ21
)(1 + κ) + 1

2 (n + 3gth
σ21

)( Ω
Isat

)

1 + κ(1 + e−θ ) + 2( Ω
Isat

)
(32)

n3 = (n + gth
σ21

)(κe−θ ) + (n − gth
σ21

)( Ω
Isat

)

1 + κ(1 + e−θ ) + 2( Ω
Isat

)
(33)

Fig. 5 (–) Absorption on pump transition and (- - -) average intracav-
ity laser intensity as a function of average pump intensity. Threshold
occurs at Ω = 40.04 W/cm2

The saturated absorption on the pump transition is

g31 = σ31(n3 − 2n1)

= −σ31n
(1 + κ − κe−θ ) − gth

σ21n
(1 + κ + 3κe−θ )

[1 + κ(1 + e−θ ) + 2( Ω
Isat

)] (34)

The absorption is much greater in the presence of lasing,
as the atoms rapidly cycle through the coupled pump and
lasing processes. For the conditions of Table 2 at high pump
intensities, the absorption in the case without lasing from
(23) is 24 times less than with lasing.

The corresponding averaged intracavity laser intensity is

Ψ = η0Isat

(
α

Ω

Isat
− β

)
(35)

where

α ≡ (
σ21n
gth

)(2κ(1 − e−θ )(
Γ31
Γ21

) − 1) − (3 + 2(1 + 3e−θ )κ(
Γ31
Γ21

))

2[(1 + κ(1 + e−θ )) + 2 Ω
Isat

]
(36)

β ≡
(

1 + σ21n

gth

)[ 1 + κ(1 + 2(
Γ31
Γ21

)e−θ )

2[(1 + κ(1 + e−θ )) + 2 Ω
Isat

]
]

(37)

Defining the efficiency, η0 ≡ ηqe(Γ21σ31/Γ31σ21), estab-
lishes the connection to the quantum efficiency, ηqe =
νL/νP .

Solutions for the intracavity two-way average laser cir-
culating intensity, Ψ , and absorption on the pump transi-
tion, g31, as a function of average pump rate are illustrated
in Fig. 5 for the baseline conditions of Table 2. The intra-
cavity laser intensity rises sharply initially and then gently
begins to roll over, beginning at an average pump intensity
of Ω ∼ 1000 W/cm2. The absorption exhibits essentially the
same shape. A comparison with the small signal, Ψ = 0 case
in Fig. 3, shows the difference in the degrees of saturation
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Fig. 6 (–) Intracavity pump intensity and (· · ·) pump absorption coef-
ficient, g31, a function of incident pump intensity for the conditions
of Table 2. Absorbed power (- - -) with lasing and (·-·-·) 10× ab-
sorbed power without lasing illustrate the dramatic increase in absorp-
tion when lasing occurs

at Ω = 1000 W/cm2. For the small-signal conditions the
g31 pump transition is essentially saturated at 1000 W/cm2

whereas for the lasing conditions this same degree of satura-
tion is not achieved until Ω is approximately 12000 W/cm2.
In the small signal case the loss rate of the upper levels is due
only to spontaneous emission whereas for the lasing case
stimulated emission also depopulates the upper levels and
can occur at much higher rates. For lasing conditions the Rb
atoms are cycling and processing the pump photons through
the processes of absorption on the 1–3 transition, collisional
relaxation from the 3–2 levels, and stimulated emission on
the 2–1 transition. They can do this at extremely high rates
limited by the slowest step in the cycle, which is the colli-
sional transfer rate between the 3 and 2 levels.

This effect is most clearly evident when expressing the
analytic laser equations in terms IPin and ILase. Numerically
solving the transcendental equation (27) using the saturated
lasing populations of (31)–(33), provides the longitudinally
averaged pump intensity, Ω , and pump absorption, g31, as
a function of input intensity, as shown in Fig. 6. The power
absorbed for the lasing case IPabsL:

IPabsL = −IPin
(
eg31[IPin]2lg − 1

)
(38)

is contrasted with the zero laser intensity case in Fig. 6.
The slope of the absorption vs. IPin is one up to powers
of ∼5000 W/cm2 and this region is identified as the linear
absorption region (i.e. complete pump absorption). As IPin

increases above 5000 W/cm2, the slope decreases approach-
ing a value of zero at IPin = 12000 W/cm2. This effect as we
show below is due to the fact that the slow step in the laser
cycling process, the net collisional transfer rate between lev-
els 3 and 2, has been reached.

Fig. 7 Laser output intensity as a function of input pump intensity for
a family of ethane pressures, illustrating the need for higher spin-orbit
relaxation rates at high pump intensity

Equation (35) specifies the average intracavity laser in-
tensity, which is transformed to the input intensity via (10):

ILase = Ψ [IPin]gthlge
gthlg t (1 − r)

(egthlg − 1)(1 + t2regthlg )
(39)

A set of parametric plots of ILase vs. IPin, where the den-
sity of the methane relaxant species has been varied from
100 torr to 500 torr in steps of 100 torr, and the total pressure
is held constant at 500 torr, is provided in Fig. 7. The effect
of bleaching with increasing values of IPin is clearly evident.
It is the rate-limiting process of collisionally induced energy
transfer between the 2P3/2 and 2P1/2 states in the three-step
lasing cycle that is responsible for this effect. As the density
of the methane relaxant species is increased, the relaxation
rate increases and the onset of bleaching moves progres-
sively to higher values of IPin. From a laser design stand-
point, given an input pump intensity, the relaxant methane
density can always selected with a high enough value so
that the device will operate in the linear slope regime. The
point at which the rollover begins to occur is also reflected
in changes in the ratio of n3/n2 from its equilibrium value,
as shown in Fig. 8. Near threshold the ratio of n3/n2 for all
relaxant pressures is close to the equilibrium value. As IPin

increases, the ratio increases and appears to asymptotically
approach, for all pressure values, to a value that is roughly
twice the equilibrium value as the medium becomes satu-
rated.

For conditions in which collisional relaxation is not rate-
limiting (i.e. at low-input pump intensities), the initial slope
of the ILase vs. IPin curves depends on the intracavity win-
dow transmission loss factor t , as illustrated in Fig. 9. The
intracavity lasing intensity produced by stimulated emission
is partitioned between the useful output laser intensity and
the intensity that is lost as a result of the non-perfect window
transmission. As the window transmission factor t decreases
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Fig. 8 Populations ratio for pumped and upper laser levels as a func-
tion of incident pump intensity for a family of ethane pressures. The
equilibrated ratio at T = 393 K is (n0

3/n0
2)eq = 2e−θ = 0.838

Fig. 9 The effect of cavity losses on slope efficiency

from a value of unity, a larger fraction of the circulating in-
tensity is dissipated as scattering loss. Shown in Fig. 9 is
a set of five parametric curves in which the window trans-
mission factor, t , has been reduced in steps of 0.025 from
t = 1 to 0.9. All other parameters for the curves shown have
the values given in Table 2. For t = 1, the initial slope ef-
ficiency achieves the quantum limit of 98.2%. As transmis-
sion decreases from a value of unity, the slope decreases.
For the baseline condition t = 0.975 the slope is 0.92 and
for t = 0.9 the slope has decreased to 0.765.

There is another factor that can contribute to the experi-
mentally observed slope. It results from considerations that
are not contained in the rate equation model and due to
the fractional spatial overlap of the gain and laser resonator
mode intensity volumes, termed ηmode, the mode-matching
efficiency [20]. The general expression for ηmode is given by

ηmode =
∫

g21(x, y, z)Ires(x, y, z) dx dy dz∫
I 2

res(x, y, z) dx dy dz
(40)

The three-dimensional spatial distribution of the gain on the
lasing transition g21(x, y, z) is interrogated only in regions
where the three-dimensional spatial laser mode intensity dis-
tribution Ires(x, y, z) is significant. A value of ηmode of less
than unity indicates that part of the inversion will decay by
spontaneous emission and quenching if present and not by
stimulated emission. In the rate equation model under con-
sideration we treat ηmode as an adjustable or fitting parame-
ter when comparisons are made with experimental data. The
mode-matching efficiency ηmode is incorporated in the rate
equation model by multiplying (38) by ηmode:

ILase = ηmodeΨ [IPin]gthlge
gthlg t (1 − r)

(egthlg − 1)(1 + t2regthlg )
(41)

We interpret ηmode as representing the resonator extraction
efficiency. Its effect is to reduce the useful output laser inten-
sity and the laser slope efficiency. For the baseline laser con-
ditions with ηmode = 0.8, the useful power is reduced with a
slope efficiency of 0.74.

In this final part of the rate-equation model development
section, we discuss briefly the energy balance. The energy
balance equations are complimentary to the rate-equation
model solutions and are useful in interpreting experimental
data and in particular for the calculation of thermal loads.
Examination of the energy level diagram and the kinetic and
radiative processes defined in Fig. 1 shows there are only
four places the absorbed pump energy can go:

PAbs = PLase + PScat + Prad + Ptherm (42)

where, in the presence of lasing,

PLase = AbeamΨ [IPin]gthlge
gthlg t (1 − r)

(egthlg − 1)(1 + t2regthlg )
(43)

PScat = AbeamILase

(
r(1 − t)

1 − r

)(
1 + egthlg

(
t + t2 + t3egthlg

))
(44)

Prad =
(

n3[IPin]hνP

τ31
+ n2[IPin]hνL

τ21

)
VL (45)

Ptherm = k32M
(
n3[IPin] − 2e−θn2[IPin]

)
h(νP − νL)VL (46)

The laser volume, VL, is defined by the pump beam area
Abeam times the gain length, lg . The term Prad gives the
power that is radiated by spontaneous emission in the laser
volume, and the term Ptherm gives the thermal power devel-
oped in the laser volume as a result of the energy defect
in the three-level systems. The thermal load would increase
dramatically if quenching contributed to the deactivation.
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6 Fine structure mixing and quasi two-level limit

Under conditions where the spin-orbit relaxation rate is large
relative to both the excited state lifetime, γmix � Γ31 or
κ � 1, and the absorption rate, κ = γmix/Γ31 � Ω/Isat,
the two excited states, 2P1/2 and 2P3/2, are equilibrated:
n3/n2 = 2e−θ . These conditions are readily achievable and
represent ideal laser operation. Otherwise, bottlenecking oc-
curs between the two upper states, limiting the rate of opti-
cal conversion. This quasi two-level (Q2L) laser limit can
be indentified from the general three-level result by allow-
ing κ → ∞. The absorption on the pump transition from
(34) in the Q2L limit becomes

lim
κ→∞g31 ≡ g

Q2L
31 = −σ31n

[
(1 − e−θ ) − gth

σ21n
(1 + 3e−θ )

(1 + e−θ )

]

(47)

The transcendental equation (4) for the longitudinally aver-
aged pump intensity is directly solved when the pump ab-
sorption is independent of pump intensity, as in (47), yield-
ing

ΩQ2L = IPin

(
e2g

Q2L
31 lg − 1

g
Q2L
31 lg

)
(48)

The two parameters in the averaged intracavity laser inten-
sity of (35) become

lim
κ→∞α ≡ αQ2L

= ( σ21n
gth

)(2(1 − e−θ )(
Γ31
Γ21

)) − (2(1 + 3e−θ )(
Γ31
Γ21

))

2(1 + e−θ )
(49)

lim
κ→∞β ≡ βQ2L =

(
1 + σ21n

gth

)[1 + 2(
Γ31
Γ21

)e−θ

2(1 + e−θ )

]
(50)

Finally, the laser intensity of (41) becomes

I
Q2l
Lase = ηslopeIPin − Ith (51)

where

ηslope = ηqeηmode

(
1 − r

rt

)[
(1 − e2g

Q2L
31 lg )

(egthlg − 1)(t2egthlg + 1)

]
(52)

Ith =
(

hνplg

τ

)(
1

1 − e2g
Q2L
31 lg

)(
n + gth

σ21

)(
1 + 2e−θ

2(1 + e−θ )

)

(53)

The effective lifetime of the spin-orbit equilibrated upper
states, τ , has been identified as

1

τ
= (1 − f )Γ31 + f Γ21 = Γ21

(1 + 2Γ31
Γ21

e−θ

1 + 2e−θ

)
(54)

Fig. 10 Comparison of three-level and quasi two-level models for
their conditions of Table 2

where the fraction of the population in the upper laser level
is

f ≡ lim
κ→∞

n2

n2 + n3
= 1

1 + 2e−θ
(55)

Note that the threshold intensity is proportional to the prod-
uct of the saturation intensity and the ideal small signal, of-
ten interpreted as the maximum output intensity:

Imax ≡ Isatg
0,ideal
21 lg =

(
hνp

σ21τ

)
σ21nlg

(
1 − e−θ

1 + 3e−θ

)
(56)

Threshold in the DPAL system is large. However, the out-
put intensity is not limited by the product of (56). As pump
intensity increases, the cycle rate for an individual atom in-
creases and the output power continues to scale linearly.

A comparison of these quasi two-level solutions to the
more general three-level solutions is provided in Fig. 10 for
the conditions of Table 2. The agreement is excellent in the
linear regime where the pump intensities are <4 kW/cm2. If
the methane concentration is increased so that the spin-orbit
relaxation rate competes favorably with the stimulated rates,
then the performance of the Q2L can be regained. Indeed,
the DPAL system performs according to the Q2L when then
gain medium is properly designed.

In steady state, the three-level DPAL model requires
that the rates for pumping, spin-orbit relaxation, and las-
ing be nearly equilibrated (to within the rates for sponta-
neous emission and quenching). When the mixing rate be-
comes small and the Q2L is not obtained, laser performance
is rather sensitive to relaxer gas and alkali concentration.
For example, the scaling of laser intensity with pump inten-
sity for several alkali atom concentrations for the conditions
of Table 2 is illustrated in Fig. 11. In some recent DPAL
demonstrations, these concentrations and/or transverse den-
sity variations may be adversely affected by spatially evolv-
ing temperatures, reducing system efficiency. However, by
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Fig. 11 Comparison of laser performance for several alkali concentra-
tions for the conditions of Table 2 except t = 1

Fig. 12 Quasi two-level laser power for IPin = 5 kW/cm2 as a function
of output coupler reflectivity for several cavity transmission losses

appropriate redesign of the relaxation kinetics, high perfor-
mance near the Q2L limit should be recoverable.

Finally, optimal output coupling fractions can be eas-
ily identified in the quasi two-level limit, as illustrated in
Fig. 12. For no cavity transmission loss, t = 1, the output
power is insensitive to output coupling fraction, due to the
very high gain. However, intracavity loss dramatically al-
ters the laser saturation characteristics and maximum per-
formance is achieved for low-output coupler reflectivity.

7 Conclusions

The ideal performance of the Diode Pumped Alkali Laser
(DPAL) system is well described by a simple quasi two-
level model with longitudinally averaged number densities.
The slope efficiency depends primarily on the fraction of
pump energy absorbed and cavity transmission losses, as-
suming ideal resonator and pump mode overlap. Thresh-

old is achieved when the sample is fully bleached and op-
tical losses are exceeded. Threshold is adversely affected
by quenching. The maximum small-signal inversion ap-
proaches one third of the total Rb concentration under
highly saturated pump conditions. At high pump intensities,
>1 kW/cm2, the pumped and upper laser levels show sig-
nificant deviations from the statistical distribution for spin-
orbit relaxer pressures of less than 1 atmosphere. However,
the quasi two-level model adequately predicts laser output
power for pump intensities as high as 8 kW/cm2 for 500 torr
of methane relaxer. Absorption of pump energy is strongly
affected by the presence of the laser field. Indeed, saturation
is never achieved in the quasi two-level limit in the presence
of lasing. The saturation intensity modified by the spin-orbit
relaxation rates has been developed. The current results are
limited to narrowband pump sources. A full analysis of the
pressure-broadened, hyperfine split absorption cross section
convolved with a spectrally broad diode pump source will
be presented in a subsequent paper.
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