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Abstract The super Lorentz—Gaussian (SLG) modes has
been introduced to describe the radiation emitted by the
multi-mode diode lasers. Here the propagation properties
of SLG modes in turbulent atmosphere are investigated.
Based on the extended Huygens—Fresnel integral and the
Hermite—Gaussian expansion of a Lorentzian function, an-
alytical formulae for the average intensities and the effec-
tive beam sizes of SLGq; and SLG; modes are derived in
turbulent atmosphere. The average intensity distribution and
the spreading properties of SLGg; and SLGy; modes in tur-
bulent atmosphere are numerically demonstrated. The influ-
ences of the beam parameters and the structure constant of
the atmospheric turbulence on the propagation of SLGg; and
SLG11 modes in turbulent atmosphere are also discussed in
detail.

1 Introduction

As the angular spreading of a Lorentz—Gaussian distribu-
tion is higher than that of a Gaussian distribution, Lorentz—
Gaussian beams provide more appropriate models than
Gaussian beams to describe the radiation emitted by a sin-
gle mode diode laser [1, 2]. In the limiting case, Lorentz—
Gaussian beams reduce to Lorentz beams. Within the frame-
work of the paraxial and non-paraxial cases, the properties
of Lorentz—Gaussian beams have been extensively investi-
gated [3—11]. The researches show that Lorentz—Gaussian
beams are only applicable to the description of the funda-
mental mode emitted by a single mode diode laser. However,
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the high power diode lasers also generate the higher-order
modes. How can we describe the radiation emitted by the
multi-mode diode lasers? An orthonormal family of super
Lorentz—Gaussian (SLG) modes has been introduced to de-
scribe the radiation emitted by the multi-mode diode lasers
[12]. Due to applications in free-space optical communica-
tions and remote sensing, the propagation of various kinds
of laser beams in a turbulent atmosphere has been exten-
sively investigated [13-22]. To the best of our knowledge,
the propagation of SLG modes in turbulent atmosphere has
not been reported. Here, we mainly pay attention to the sim-
ple case, where only SLGg; and SLG{; modes are consid-
ered. In the remainder of this paper, therefore, the propaga-
tion of SLGy; and SLG{; modes is examined in turbulent
atmosphere. Analytical propagation formulae of the average
intensities and the effective beam sizes of SLGg; and SLGq;
modes in turbulent atmosphere are derived by means of the
mathematical techniques. Also, the numerical calculations
are carried out to illustrate the influences of the beam pa-
rameters and the structure constant on the propagation of
SLGo; and SLG; modes in turbulent atmosphere.

2 Propagation of SLGy; and SLG1; modes in turbulent
atmosphere

In the Cartesian coordinate system, the z-axis is taken to be
the propagation axis. The SLG modes in the source plane
z = 0 take the form [12]:

E(ro,0) = Epn(x0,0) Ep (y0,0), ey

with E,, (xg, 0) and E,,/(yo, 0) given by
jd 2 =
E2p(jo, 0) = exp(—w—%) (jo” + c<zp><zq>j§’)
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where ro = xpe; + yoe,. e, and e, are the two transverse
unit vectors in the Cartesian coordinate system, respectively.
j =x or y (hereafter). m and m’ are arbitrary integers.
wo is the waist of the Gaussian part. M is an integer, and
p = 0, ey M — 1. C2p)2q) and C2p+1)(2g+1) are coeffi-
cients calculated by the method suggested by [4]. a(s—1);
is the parameter related to the beam width of the super-
Lorentzian part in the j-direction. In case of M = 1, there
are four mutually orthogonal SLG modes, namely SLGqy,
SLGy;, SLGjg, and SLG{; modes:

1
E®(r¢,0) =
rarg) oy [+ (/@001 + (yo/etoy)?]
2 2
Xy +
xexp(— 0w2y0), 4)
0
2 Yo
E°(ro,0) =
ray o) [+ (xo/@00)?Il1 + (yo/etoy)?]
2 2
X5+
xexp(— 0w2y0), 3)
0
2 X0
E"(r,0) =
ray g (14 (0/e0:) 11 + (vo/a0y)?]
2 2
x5+
xexp(— szyo), ©)
0
2 X0Y0
E"(r9,0) =
ray 2y (14 (x0/e0)? 11 + (vo/eoy)?]
2 2
x5+
xexp(— szyo). (7)
0

The mentioned SLG beams possess the same rectangular
symmetry as Hermite—Gaussian beams with the same in-
dices. The SLGqp mode is just the Lorentz—Gaussian beam
and has been extensively investigated. As to the SLGjg
mode, it can be obtained by exchange of x and y in the field
expression of SLGp; mode. Therefore, here we only con-
sider SLGo; and SLG|; modes. The time-dependent factor
exp(—iwt) is omitted in the (1) where w is the circular fre-
quency. The Lorentz distribution can be expanded into the
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linear superposition of Hermite—Gaussian functions [23]:
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where N is the number of the expansion. ay;, and a,, are the
weight coefficients and can be indexed in [23]. Hp,(.) is the
2nth-order Hermite polynomial. In the derivation of above
equations, the following mathematical formula is used [24]:

8ocox(xoy

2xHy(x) = Hyq1(x) +2nH, 1 (x). (10)

Therefore, (5) and (7) can be rewritten as follows:

X0
1/2 12 Z Z az"C’Z"’HZ"( )
20 0x

Oy n=0n'=0

Yo Yo
|:H2n/+l( ) +4n'Hyy— 1< ):|
a0y a0y

2 2
X Y
><exp<—w—02 — —0), (11)
X

E%(ro,0) =

= e 1/2 12 ZZ“Z"aZ"

0) n=0n"=0

X0 X0
|:H2n+1< )+4nH2n 1< >i|
Qx 0x
X |:H2n/+l (&> +4n'Hopy (ﬂ)]
Ol()y a()y
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2 2
X,
XGXP(——%—y—(’Z>, (12)
wy  wy
where
1 1 1
=5t (13)
w; wy ZOsz

The propagation of SLGg; and SLG1; modes in a turbulent
atmosphere can be investigated by using the following ex-
tended Huygens—Fresnel integral:

lk o0 o0
_ik / f E(ro.0)
272 J o0 J o0

X exp[—%(ro —r)? + ¥ (ro, F)] dxo dyo,
(14)

E(r,z) =

where r = xe, + yey. (r, z) is the receiver plane. ¥ (ro, r) is
the solution to the Rytov method that represents the random
part of the complex phase. k = 27 /A is the wave number. A
is the optical wavelength. The average intensities of SLGy;
and SLG1; modes in the receiver plane are given by

(1r,2)= 1 22/ / / f E(ror. 0)E* (rgn, 0)

X eXp[—z—(rm -+ 2—(roz —r) }
x (exp[¥ (ro1, r) + ¥*(roa. r)])droi droa,
(15)

where the angle brackets indicate the ensemble average over
the medium statistics, and the asterisk denotes the complex
conjugation. The last ensemble average term in the above
equation can be expressed as follow:

(exp[v (ro1, r) + ¥ *(roz, r)])

— )2

= exp[—0.5Dy (ro1 — ro2)] = exp [_(rmpfroz)]’
0

(16)

where Dy, (ro1 — ro2) is the phase function in Rytov’s repre-
sentation and pg = (0.545C,%kzz)_3 /3 is the spherical wave
lateral coherence length. C? is the structure constant of the
atmospheric turbulence. Substituting (11) and (12) into (15)
and using the following mathematical formulae [24]:

[ee) 2
/ H, (x) exp[—%} dx
T ’ y
= /=0 —-w""?H, 1
J =0 H, (m) a7

-1
Z e L (8)
1=

o
/ x" exp(—b)c2 +2cx)dx

—00

7 (c\" c? 31 1 b\’
Zn'\/;<g) exP(?);ﬂ@—%)!(@) - (19

where [n/2] gives the greatest integer less than or equal
to n/2, we can obtain the analytical average intensities of
SLGo; and SLG; modes in the receiver plane:

(1%, 2)) = (I°Ce. NI (9, 2), (20)
(1", )= (1" NI (3, 2)), @1

with (I9(x, z)) and (I'(j, z)) given by

(1°Gx, 2))
2.2 .2
_ ko, 1 exp( c)% 3 k otOX)c2 )
2z blxb2x b2x 4b1xZ

333 AP
arpa — —_—
2ncion! bis 1[12n —20))!

n=0n'=0 =0

13=0 13

" (=R @n)!

x 22(n+n/)—2ll—lee?hin/—ﬂz—k (2}’1 + 13 _ 211)'

anty—apy 122
Cx » 1
* (b2x> = s!Q2n + 13 — 211 — 2s)!
b N N
“(33)- @)
(I'G.2))=B1(. D) + B2(j. 2) + B3(j. 2) + Ba(f. 2),  (23)
B1(j,2)

ko[oj 1 < 5 ‘XOJ )
= — exXpl — — )
8Z b]jsz sz 4[9]]1

1 >(2n’+1)/2

N N
X Z Z aznazn/<1 — K
j

n=0n"=0

[2n+l]
2 (=Dir'@n+1)!
X ) 1o
— 012n+1-21)!

y Z (=Dl@n" +1)!
—~ bl +1-2D)!
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The effective beam sizes of SLGg; and SLG; modes in the
x- and y-directions of the receiver plane are defined as [21]

2% Jo0 jAI(r.2)dxdy

Wi, =
g Lo [T, ) dxdy

(30)
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Substituting (20) and (21) into (30), the analytical effective
beam sizes of SLGg; and SLG1; modes yield

o [24:(15)
W=\ "4 05)

Wl — [ B1i(25) +Ba;(1.5) + Bs;(1.5) + B, (05)
7z B1;(1.5) + B2j(0.5) + B3;(0.5) 4+ B4;(—0.5)’
(32)

€1V

with A,(1.5), A(0.5), B1;(2.5), B;(1.5), B3;(1.5),
B4j(0.5), B1;(1.5), B2;(0.5), B3;(0.5), and B4;(—0.5)
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Fig. 1 Normalized average
intensity distributions in the
x-direction of a SLGg; mode at
different propagation distances
in turbulent atmosphere.

wo =2 cm, oy = 1 cm, and
C% _ 10714 m72/3
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and I"(.) is a Gamma function.

3 Numerical calculations and analyses

Now, the average intensity and spreading of SLGp; and
SLG1; modes in turbulent atmosphere are numerically cal-
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0.00 0.04 0.08
x(m)

culated by using the formulae derived above. First, we con-
sider the average intensity and spreading of a SLGg; mode
in turbulent atmosphere. Figures 1 and 2 represent the nor-
malized intensity distributions in the x- and y-directions of
a SLGp; mode at several different propagation distances
in turbulent atmosphere. The wavelength A is set to be
0.8 um (hereafter), and the structure constant C,% is chosen
as 107* m=2/3. In Fig. 1, wo =2 cm and agy = 1 cm.
In Fig. 2, wo =2 cm and agy = 1 cm. The beam pro-
file in the x-direction of a SLGg; mode remains invariant
upon propagation in turbulent atmosphere, though the corre-
sponding beam spot in the x-direction expands upon prop-
agation. However, the beam profile in the y-direction of a
SLGg; mode essentially changes upon propagation in tur-
bulent atmosphere. Due to the isotropic influence of the at-
mosphere turbulence, the vale in the normalized intensity
distribution in the y-direction of a SLG(; mode gradually
raises and finally disappears with increasing the propaga-
tion distance z. In the far field, the beam profile in the y-
direction of a SLGg; mode tends to a Gaussian distribution.
As the normalized intensity distribution of a SLG; mode is
same as that in the y-direction of a SLGgy; mode, the cor-
responding figures are omitted to save space. For the sake
of intuition, the contour graphs of normalized intensity dis-
tributions of SLGg; and SLG|; modes are plotted at differ-
ent propagation distances in turbulent atmosphere, which are
shown in Figs. 3 and 4 where wg =2 cm, ooy = ogy = 1 cm,
and C,% =101 m—2/3. A SLG;; mode in the source plane
possesses the four-lobe structure. Each lobe spreads upon
propagation in turbulent atmosphere. As a result, the space
among the lobes diminishes and the lobes superpose upon
the propagation. When the propagation distance z is an ap-
propriate value, the SLG1; mode in turbulent atmosphere
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1.0 - T
0.00 0.75 1.50
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0.6 1
I-|,
=
= 0.4 1
i)z . ."d - 1 1 T 1
7030 0.15 0.00 0.15 0.30
L =lkm
0.0 4=z
L] ) T 1
-0.12 -0.06 0.00 0.06 0.12
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Fig. 2 Normalized average intensity distributions in the y-direction of a SLG(; mode at different propagation distances in turbulent atmosphere.
wp =2 cm, oy = 1 cm, and Cg =10"1¥4 m=23

Fig. 3 Contour graphs of 5.0
normalized intensity distribution
of a SLGy; mode at different

propagation distances in 25 B
turbulent atmosphere. - (.0 — 00 2
wo =2 cm, oy, = gy = 1 cm, = -— 02 = — ()2 ‘ué
and C2 =107 m=2/3, 800 04 5 — 04
= = [ ¥}
(a) z =1 km. (b) z = 2 km. - 06 - 06 3
(¢) z=4km. (d) z= 10 km s Lo o %
Z,
-5.0 -12
5.0 2.5 0.0 25 5.0 0
a x(cm) b x(cm)
100
50
— 0.0
= -2 T
5 - (4 E, 0
BN 0.6 -
0.8
- |0 50
-100
: 3 -100 -50 0 50 100
c x(cm) x(cm)
becomes a flattened beam spot. The process of evolvement To further reveal the spreading property of a SLGyo;
of SLGg; and SLG1; modes in turbulent atmosphere is given mode in turbulent atmosphere, the effective beam sizes in
in Figs. 3 and 4. the x- and y-directions of a SLGy; mode versus the prop-
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Fig. 4 Contour graphs of
normalized intensity distribution
of a SLG|| mode at different

propagation distances in =
turbulent atmosphere. — 0.0 — 0.0 Z
wo =2 cm, qpy = oy = 1 cm, - (.2 — (.2 g
and C2 = 10714 m=2/3, — 3: — 3-'(‘3
(@) z=1km. (b) z=2km. ° 0.2
=4km. (d) z =10 km 0 ol
(©)z= (A z= — 10 — 1.0 £
z
-5.0 =25 0.0 25 5.0 -
a x(cm) b x(cm)
100
50
— 0.0
= - 02 =
E — (4 E 0
= 06 =
0.8
1.0 =50
-100
=30 -15 0 15 30 -100 -50 0 50 100
c x(cm) d x(cm)
18
15 - a, =0.5cm — ,=0.5cm
a, = 1.0cm anzl .Ocm
—~ 12 1
g ssssese aor:}()cm
~ 0
§‘3
6 -
3 4
O T T 1 T T 1 T T 1
0 1 2 3 2 3
a z(km) z(km)

Fig. 5 The effective beam size in the x-direction of a SLG(; mode versus the propagation distance z in turbulent atmosphere. (a) wg = 2 cm and
C,% =10~ m=2/3_(b) agy = 1 cm and C,% =10~ m2/3.(¢) wp =2 cm and C,% =10~ m=2/3

agation distance z in turbulent atmosphere are depicted
in Figs. 5 and 6. In Figs. 5(a) and 6(a), wgp =2 cm and
C2=10"" m=23. apy =1 cm and C2? = 10~'% m~2/3
in Figs. 5(b) and 6(b). In Fig. 5(c), wp = 2 cm and
C2=10"" m™23 wy =2 cm and C? = 10713 m2/3
in Fig. 6(c). With the same wg, a SLGop; mode with the
smaller oo, spreads more rapidly in the x-direction. With
the same oy, a SLGg; mode with the smaller wq spreads
more quickly in the x-direction. Comparing Fig. 5(a) with
Fig. 5(c), we can find that a SLGp; mode in turbulent
atmosphere for a larger structure constant spreads more
rapidly in the x-direction. With the same wg, however, a
SLGo; mode with the larger oy spreads more rapidly in
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the y-direction. With the same gy, a SLGo; mode with the
larger wg spreads more quickly in the y-direction. This dif-
ference can be interpreted as follow. A SLGg; mode in the
source plane possesses the two-lobe structure. The larger wg
or oy is, the larger the space between the two lobes in the
source plane is. Upon propagation in turbulent atmosphere,
the space between the two lobes decreases as the two lobes
spread. When z = 2 km, the two lobes superpose. Therefore,
a SLGo1 mode with the larger wg or cpy has a larger beam
spot in the y-direction, which is caused by the isotropic in-
fluence of the atmosphere turbulence and the zero central
intensity in the source plane. Figures 6(a) and 6(c) denote
that a SLGp; mode in turbulent atmosphere for a larger
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32 1 10 1 -
w,=0.8cm . &, =0.8cm .
4 — 8 1 —
24 w,=1.0cm - @, =1.0cm
~~ .
g w,=2.0cm 64 tererer o, =3.0cm
S —
016
S N
8 T .
,.tf‘«"‘- 2 4
0 T T T 1 T T T 1
0 4 6 10 0 4 6 8 10 0.0 0.5 1.0 1.5 20
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structure constant spreads more rapidly in the y-direction.
The spreading property of a SLG1; mode in turbulent at-
mosphere is the same as that in the y-direction of a SLGy
mode, and the corresponding figures are omitted here.

4 Conclusions

Based on the extended Huygens—Fresnel integral and the ex-
pansion of Lorentzian distribution, analytical expressions of
the average intensities of SLGq; and SLG1; modes are de-
rived in turbulent atmosphere, respectively. Also, the ana-
lytical formulae of the effective beam sizes of SLGq; and
SLG1; modes in turbulent atmosphere are presented. The
dependence of the propagation of SLGq; and SLG1; modes
in turbulent atmosphere on the beam parameters and the
structure constant of the atmospheric turbulence are ana-
lyzed. The analytical formulae of the average intensity and
the effective beam size derived above seem to be very com-
plicated. However, the weight coefficients in (8) and (9) de-
cay rapidly, therefore the calculations of the average inten-
sity and the effective beam size are fast. As to other com-
plicated SLG modes, their propagation properties in turbu-
lent atmosphere can be analyzed by the same procedure as
here. This research is useful to the optical communications
involving the multi-mode diode lasers.
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