
Appl Phys B (2010) 99: 317–323
DOI 10.1007/s00340-010-3906-0

Spectral shift of a twisted electromagnetic Gaussian Schell-model
beam focused by a thin lens

S. Zhu · Y. Cai

Received: 22 August 2009 / Revised version: 21 December 2009 / Published online: 9 February 2010
© Springer-Verlag 2010

Abstract Spectral changes of a twisted electromagnetic
Gaussian Schell-model (EGSM) beam focused by a thin
lens are investigated by using a tensor method. It is shown
that the spectral shift is mainly determined by the de-
gree of polarization, twist phase and correlation coefficients
of the initial beam. Generically the blue shift occurs at
on-axis points, while the red shift can occur at off-axis
points.

1 Introduction

In the past decades, partially coherent beams have found
wide applications in inertial confinement fusion, optical
imaging, optical projection, laser scanning, photography,
free-space optical communications, nonlinear optics and op-
tical trapping [1], etc. Gaussian Schell-model (GSM) beam
is a typical partially coherent beam whose spectral degree of
coherence and the intensity distribution are Gaussian func-
tions [2–7]. A more general partially coherent beam can pos-
sess a twist phase. The twisted GSM beam was introduced
by Simon and Mukunda [8]. The twist phase differs in many
respects from the ordinary quadratic phase factor [8, 9]. The
twist phase rotates the beam spot on propagation due to its
intrinsic chiral property and increases the beam divergence
on propagation. Propagation, generation, second harmonic
generation and ghost imaging of twisted GSM beams have
been studied widely [8–22].

In the past decade, stochastic electromagnetic beam has
attracted more and more attention owing to its importance in
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theories of coherence and polarization of light and in some
applications, e.g., free-space optical communications [23–
43]. Electromagnetic GSM beam was introduced as an ex-
tension of scalar GSM beam [26–28]. Numerous theoreti-
cal and experimental papers have been published on propa-
gation, generation and application of electromagnetic GSM
beams [26–41]. It was found that the electromagnetic GSM
beam has advantage over a scalar GSM beams (i.e. fully
polarized GSM beam) for overcoming the destructive ef-
fect of atmospheric turbulence, and have important potential
application in free-space optical communications [36]. Cai
and co-workers studied the evolution of the electromagnetic
GSM beams in resonators and in radar systems operating
through the turbulent atmosphere with the help of a tensor
method [37–41]. More recently, Cai and Korotkova intro-
duced twisted electromagnetic GSM beam, and studied its
propagation in free space [42] and its radiation force on a
Rayleigh dielectric particle [43].

In 1986 Wolf found that the spectrum of the light emitted
from a spatially partially coherent source with a wide spec-
tral bandwidth may exhibit a shift on propagation in free
space [44]. Since then, correlation-induced spectral changes
have been studied extensively [44–54]. The spectral changes
of scalar GSM and twisted GSM beams focused by a thin
lens were studied in [52–54]. To our knowledge no results
have been reported up until now on spectral changes of an
electromagnetic GSM beam with or without twist phase fo-
cused by a thin lens. In fact, up to now, only few papers were
published on the spectral changes of stochastic electromag-
netic beams [55–58]. This paper is aimed to investigate the
spectral shift of an electromagnetic twisted GSM beam fo-
cused by a thin lens.
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2 Theory

Based on the unified theory of coherence and polarization,
the second-order statistical properties of the stochastic elec-
tromagnetic beam can be characterized by the cross-spectral
density matrix of the electric field, defined by the formula
[23–28]

↔
W (r1, r2,0,ω)

=
(

Wxx(r1, r2,0,ω) Wxy(r1, r2,0,ω)

Wyx(r1, r2,0,ω) Wyy(r1, r2,0,ω)

)
, (1)

with elements

Wαβ(r1, r2,0,ω) = 〈
E∗

α(r1,0,ω)Eβ(r2,0,ω)
〉

(α = x, y;β = x, y), (2)

where Ex and Ey denote the components of the random
electric vector, at frequency ω, with respect to two mutu-
ally orthogonal, x and y directions, perpendicular to the z-
axis. The “∗” denotes the complex conjugate and the angular
brackets denote ensemble average.

For a twisted electromagnetic GSM beam, its element
Wαβ(r1, r2,0,ω) is expressed as [42]

Wαβ(r1, r2,0,ω)

= √
Sα(r1,0,ω)

√
Sβ(r2,0,ω)μαβ(r1 − r2,0,ω)

× exp

[
− ik

2
γαβ(r1 − r2)

T J(r1 + r2)

]

(α = x, y;β = x, y), (3)

where

Sα(r1,0,ω) = A2
αΓ 2

0

(ω − ω0)2 + Γ 2
0

exp

(
− r2

1

2σ 2
α

)
(α = x, y)

denotes the spectral density of the component Eα(r1,0,ω)

of the electric vector (here we have assumed that the initial
spectrum of the component Eα(r1,0,ω) is of the Lorentz
type) with ω0 being the central frequency and Γ0 being the
half-width at half-maximum, ω is the angular frequency, σα

is the r.m.s. width of the spectral density along α direction,
k = ω/c is the wave number with c being the velocity of
light in vacuum;

μαβ(r1 − r2,0,ω) = Bij exp

[
− (r1 − r2)

2

2δ2
αβ

]

(α = x, y;β = x, y)

is the degree of correlation between the components
Eα(r1,0,ω) and Eβ(r2,0,ω), δxx , δyy and δxy are the r.m.s.
widths of auto-correlation functions of the x component of

the field, of the y component of the field and of the mutual
correlation function of x and y field components, respec-
tively, Bxy is the complex correlation coefficient between
the x and y components of the electric field; Parameters Aα ,
Bαβ = |Bαβ | exp(iφαβ) = B∗

βα , σα and δαβ are independent
of position and, in our analysis, of frequency. The nine real
parameters Ax , Ay , σx , σy , |Bxy |, φxy , δxx , δyy and δxy

entering the general model are shown to satisfy several in-
trinsic constraints and obey some simplifying assumptions
(e.g. the phase difference between the x an y components of
the field is removable, i.e. φαα = 0) [33, 34]. γαβ represents
the twist factor and is limited by γ 2

αβ ≤ 1/(k2δ4
αβ) if α = β

due to the non-negativity requirement of the cross-spectral
density [8, 42]. J is an anti-symmetric matrix, i.e.,

J =
(

0 1
−1 0

)
. (4)

Under the condition of γαβ = 0, (3) reduces to the expres-
sion for an element of an electromagnetic GSM beam with-
out twist phase [26–28].

Equation (1) can alternatively be expressed in the follow-
ing tensor form [15, 42]:

Wαβ(r̃,ω,0) = AαAβBαβΓ 2
0

(ω − ω0)2 + Γ 2
0

exp

[
− iω

2c
r̃T M−1

0αβ r̃
]

(α = x, y;β = x, y) (5)

with

M−1
0αβ =

⎛
⎝

c
iω

( 1
2σ 2

a
+ 1

δ2
αβ

)I ci

ωδ2
αβ

I + γαβJ

ci

ωδ2
αβ

I + γαβJT c
iω

( 1
2σ 2

β

+ 1
δ2
αβ

)I

⎞
⎠ , (6)

where I is the 2 × 2 identity matrix, r̃ ≡ (r1 r2 ), c is the
velocity of light in vacuum.

After propagating through a general astigmatic ABCD
optical system, the elements of the cross-spectral density
matrix can be expressed in the following tensor form [37,
42]:

Wαβ(ρ̃,ω, z)

= AαAβBαβΓ 2
0

(ω − ω0)2 + Γ 2
0

[
Det

(
Ā + B̄M−1

0αβ

)]−1/2

× exp

[
− iω

2c
ρ̃T M−1

1αβ ρ̃

]

(α = x, y;β = x, y) (7)

where Det stands for the determinant of a matrix, ρ̃ ≡
(ρ1 ρ2 ) with ρ1 and ρ2 being the transverse position vec-

tors in the output plane, while M−1
1αβ and M−1

0αβ are related
by the following known tensor ABCD law [15]:

M−1
1αβ = (

C̄ + D̄M
−1
0αβ

)(
Ā + B̄M−1

0αβ

)−1
. (8)
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Fig. 1 Focusing geometry

Here Ā, B̄, C̄ and D̄ are 4 × 4 matrices of the form:

Ā =
(

A 0I
0I A∗

)
, B̄ =

(
B 0I
0I −B∗

)
,

(9)

C̄ =
(

C 0I
0I −C∗

)
, D̄ =

(
D 0I
0I D∗

)
,

where A, B, C and D are the 2 × 2 sub-matrices of the
general astigmatic ABCD optical system, and “∗” in (9)
is required for an general optical system with loss or gain
(e.g., dispersive media, a Gaussian aperture, and helical gas
lenses), although it doesn’t appears in (13) of Ref. [15].

The focusing geometry is shown in Fig. 1, where the thin
lens with focal length f is located at z = z1 and the exit
plane is located at z. Here the transformation matrix of the
total optical system between the source plane and the exit
plane has the form

(
A B
C D

)
=

(
I (z − z1)I
0 I

)(
I 0I

− (1/f ) I I

)(
I z1I

0I I

)

=
(

(1 − Z)I (z − z1Z)I
−(1/f )I (1 − z1/f )I

)
, (10)

with Z = (z − z1)/f . The spectral density at the point ρ is
then given by the formula

S(ρ, z,ω) ≡ Tr
↔
W (ρ,ρ, z,ω)

= Wxx(ρ,ρ, z,ω) + Wyy(ρ,ρ, z,ω). (11)

We can calculate the spectral shift of the twisted electro-
magnetic GSM beam focused by a thin lens by using (7)–
(11).

3 Numerical results

Now we study numerically the spectral shift of a twisted
electromagnetic GSM beam focused by a thin lens. For the
convenience of analysis, we only consider the twisted elec-
tromagnetic GSM beam that is generated by a stochastic

Fig. 2 Normalized source spectrum S(0,0,ω)/S(0,0,ω)max

electromagnetic source whose the cross-spectral density ma-
trix is diagonal, i.e. of the form

↔
W (r1, r2,0,ω)

=
(

Wxx(r1, r2,0,ω) 0
0 Wyy(r1, r2,0,ω)

)
. (12)

The degree of polarization of the initial source beam at
point r can be expressed as follows [26–28]:

P0(r,0,ω) =
√√√√1 − 4 Det

↔
W (r, r,0,ω)

[Tr
↔
W (r, r,0,ω)]2

. (13)

Under the condition of Wxx(r1, r2,0,ω) = 0 or
Wyy(r1, r2,0,ω) = 0, the twisted electromagnetic GSM
beam reduces to a scalar twisted GSM beam with
P0(r,0,ω) = 1. In the following numerical examples, we
set σx = σy = 3 mm, Ax = 1, Bxx = Byy = 1, f = 100 mm
and z1 = 200 mm. In this case, the polarization properties
are uniform across the source plane with

P0(r,0,ω) =
∣∣∣∣A

2
x − A2

y

A2
x + A2

y

∣∣∣∣,
and the degree of polarization at source plane varies as the
value of Ay varies. The parameters used in all numerical
calculations are set to ω0 = 3.2 × 1015 rad/s and Γ0 =
0.6 × 1015 rad/s. Figure 2 shows the normalized source
spectrum S(0,0,ω)/S(0,0,ω)max. We find from Fig. 2 that
the frequency of the beam considered in our paper is mainly
confined within 0 < ω < 12×1015 s−1, although technically
all frequencies can be present in the radiation. In all follow-
ing numerical examples, the values of the twisted parameters
γxx and γyy have been chosen to satisfy γ 2

xx ≤ c2/(ω2
maxδ

4
xx)

and γ 2
yy ≤ c2/(ω2

maxδ
4
yy) with ωmax = 12 × 1015 s−1.
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Fig. 3 On-axis normalized spectrum S(0, z,ω)/S(0, z,ω)max of a fo-
cused electromagnetic GSM beam without twist phase (γxx = γyy = 0)

at several propagation distances

We calculate in Fig. 3 the on-axis normalized spectrum
S(0, z,ω)/S(0, z,ω)max of a focused electromagnetic GSM
beam without twist phase (γxx = γyy = 0) at several prop-
agation distances with P0 = 0.6, δxx = 0.01 mm, δyy =
0.02 mm. For the convenience of comparison, the source
spectrum is also calculated (see solid line of Fig. 3). One
finds from Fig. 3 that the spectrum profile of the on-axis
normalized spectrum of the focused electromagnetic GSM
beam behind the thin lens is similar to the source spectrum,
but its peak position is blue-shifted. This phenomenon also
occurs for a focused scalar GSM beam as shown in [52–54].

Now we discuss the dependence of the relative spectral
shift of a focused electromagnetic GSM beam on its initial
degree of coherence and other beam parameters. The spec-
tral shift 
ω is the difference between the peak frequency
ωm of the spectrum of the field after propagation and the
peak frequency ω0 of the source spectrum. A positive value
of 
ω denotes a blue shift, while a negative value represents
a red shift. We will study the variation of the relative spectral
shift, which is defined as

η = (ωm − ω0)/ω0. (14)

Figure 4 shows the on-axis relative spectral shift η of a
focused electromagnetic GSM beam without twist phase
(γxx = γyy = 0) versus propagation distance for different
values of the degree of polarization of the initial beam with
δxx = 0.01 mm and δyy = 0.02 mm. One finds from Fig. 4
that the maximum relative spectral shift of a focused electro-
magnetic GSM beam occurs at the back focal plane, while
the minimum relative spectral shift (i.e., no spectral shift)
occurs at the image plane (z = 400 mm). The results are
in agreement with the results derived for the case of scalar

Fig. 4 On-axis relative spectral shift η of a focused electromagnetic
GSM beam without twist phase (γxx = γyy = 0) versus propagation
distance for different values of the degree of polarization of the initial
beam with δxx = 0.01 mm and δyy = 0.02 mm

GSM beam [52–54]. It is also evident that the degree of po-
larization of the initial beam affects the relative spectral shift
strongly. The relative spectral shift increases as the degree of
polarization increases, while we should note that the posi-
tion of the maximum relative spectral shift and the position
of the zero spectral shift are independent of the degree of
polarization.

Now we analyze the properties of the electromagnetic
GSM beam at the image plane and the back focal plane, re-
spectively. Substituting (7) and (8) into (10) and by setting
ρ1 = ρ2 = ρ, we obtain

S(ρ, z,ω)

= Γ 2
0

(ω − ω0)2 + Γ 2
0

A2
x

[
Det

(
Ā + B̄M−1

0xx

)]−1/2

× exp

[
− iω

2c
ρ̄T

(
C̄ + D̄M

−1
0xx

)(
Ā + B̄M−1

0xx

)−1
ρ̄

]

+ Γ 2
0

(ω − ω0)2 + Γ 2
0

A2
y

[
Det

(
Ā + B̄M−1

0yy

)]−1/2

× exp

[
− iω

2c
ρ̄T

(
C̄ + D̄M

−1
0yy

)(
Ā + B̄M−1

0yy

)−1
ρ̄

]
,

(15)

where ρ̃ ≡ (ρ ρ ). If the optical system shown in Fig. 1 sat-
isfies the imaging condition, i.e.,

1

z1
+ 1

z − z1
= 1

f
, (16)

then we can obtain B = 0. If we set ρ ≡ (0 0 ), (15) reduces
to
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S(0, z,ω)

= Γ 2
0

(ω − ω0)2 + Γ 2
0

[
Det(Ā)

]−1/2(
A2

x + A2
y

)
. (17)

It is clear from (17) that [Det(Ā)]−1/2(A2
x +A2

y) is indepen-
dent of the frequency, thus the on-axis normalized spectrum
of the electromagnetic GSM beam with or without twist
phase at the imaging plane (z = z1 + f z1/(z1 − f )) is the
same as that in the source plane and is independent of the
degree of polarization and other beam parameters.

If the exit plane is located at the back focal plane (z =
z1 +f ), the transformation matrix of the total optical system
between the source plane and the exit plane has the form

(
A B
C D

)
=

(
I f I
0 I

)(
I 0I

−(1/f )I I

)(
I z1I
0I I

)

=
(

0I f I
−(1/f )I (1 − z1/f )I

)
. (18)

In this case, if we set ρ ≡ (0 0 ), (15) reduces to

S(0, z,ω)

= Γ 2
0

(ω − ω0)2 + Γ 2
0

× [
A2

x

[
Det

(
B̄M−1

0xx

)]−1/2 + A2
y

[
Det

(
B̄M−1

0yy

)]−1/2]

= Γ 2
0

(ω − ω0)2 + Γ 2
0

4ω2

f 2c2

×
[

A2
xδ

2
gxσ

4
x

4σ 2
x + δ2

gx(1 + 4σ 4
x ω2γ 2

xx/c
2)

+ A2
yδ

2
gyσ

4
y

4σ 2
y + δ2

gy(1 + 4σ 4
y ω2γ 2

yy/c
2)

]
. (19)

One finds from (19) that the on-axis normalized spectrum
S(0, z,ω)/S(0, z,ω)max of a focused electromagnetic GSM
beam without twist phase (γxx = γyy = 0) at the back fo-
cal plane is independent of the initial degree of polarization
and other beam parameters, and the maximum relative spec-
tral shift η equals 0.03516. When γxx �= 0 and γyy �= 0, it
is obvious from (19) that the on-axis normalized spectrum
S(0, z,ω)/S(0, z,ω)max and the maximum relative spectral
shift of a focused twisted electromagnetic GSM beam are
closely related to its initial degree of polarization and other
beam parameters. Furthermore, we see from (19) that the on-
axis spectrum of the focused electromagnetic GSM beam is
independent of z1, which is in agreement with the result de-
rived for the case of scalar GSM beam [52–54].

Figure 5 shows the on-axis relative spectral shift η of a
focused twisted electromagnetic GSM beam versus prop-
agation distance for different values of the twist factors

Fig. 5 On-axis relative spectral shift η of a focused twisted electro-
magnetic GSM beam versus propagation distance for different values
of the twist factors γxx and γyy with P0 = 0.6, δxx = 0.01 mm and
δyy = 0.02 mm

Fig. 6 On-axis relative spectral shift η of a focused twisted electro-
magnetic GSM beam versus propagation distance for different values
of the correlation coefficients of the initial beam δxx and δyy with
P0 = 0.6, γxx = 0.006 mm−1 and γyy = 0.0004 mm−1

γxx and γyy with P0 = 0.6, δxx = 0.01 mm and δyy =
0.02 mm. From Fig. 5, we find that the twist phase has
significant influence on the relative spectral shift on prop-
agation. The relative spectral shift on propagation and the
maximum relative spectral shift at the back focal plane in-
crease as the absolute values of the twist factors decrease,
while a zero spectral shift still occurs at the image plane.
Figure 6 shows the on-axis relative spectral shift η of a
focused twisted electromagnetic GSM beam versus prop-
agation distance for different values of the correlation co-
efficients of the initial beam δxx and δyy with P0 = 0.6,
γxx = 0.006 mm−1 and γyy = 0.0004 mm−1. It is clear that
the correlation coefficients also affect the relative spectral
shift strongly. With the decrease of the correlation coeffi-
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Fig. 7 Relative spectral shift of a focused twisted electromagnetic
GSM beam versus the transverse coordinate x for different values
of the degree of polarization of the initial beam at z = 350 mm
with γxx = 0.003 mm−1, γyy = 0.0002 mm−1, δxx = 0.01 mm and
δyy = 0.02 mm

cients, the relative spectral shift increases. When the val-
ues of the correlation coefficients are large, the spectral
changes occur only in a small range near the back focal
plane.

All above discussions are confined to the on-axis spec-
trum and relative spectral shift. In Fig. 7, we calculate the
relative spectral shift of a focused twisted electromagnetic
GSM beam versus the transverse coordinate x for different
values of the degree of polarization of the initial beam at
z = 350 mm with γxx = 0.003 mm−1, γyy = 0.0002 mm−1,
δxx = 0.01 mm and δyy = 0.02 mm. In Fig. 8, we calcu-
late the relative spectral shift of a focused twisted electro-
magnetic GSM beam versus the transverse coordinate x for
different values of twist factors γxx and γyy of the initial
beam at z = 350 mm with P0 = 0.6, δxx = 0.01 mm and
δyy = 0.02 mm. In Fig. 9, we calculate the relative spec-
tral shift of a focused twisted electromagnetic GSM beam
versus the transverse coordinate x for different values of
the correlation coefficients δxx and δyy at z = 350 mm with
P0 = 0.6, γxx = 0.003 mm−1 and γyy = 0.0002 mm−1. One
finds from Figs. 7–9 that the relative spectral shift gradu-
ally decreases as the transverse coordinate x increases, and
a red shift can be observed when x is large enough. For cer-
tain value of transverse coordinate x, no spectral shift oc-
curs. Furthermore, the absolute value of the relative spec-
tral shift increases as the initial degree of polarization in-
creases, and decreases as the absolute values of initial twist
factors (γxx and γyy) or initial correlation coefficients in-
crease.

Fig. 8 Relative spectral shift of a focused twisted electromagnetic
GSM beam versus the transverse coordinate x for different values
of twist factors γxx and γyy of the initial beam at z = 350 mm with
P0 = 0.6, δxx = 0.01 mm and δyy = 0.02 mm

Fig. 9 Relative spectral shift of a focused twisted electromagnetic
GSM beam versus the transverse coordinate x for different values of
the correlation coefficients δxx and δyy at z = 350 mm with P0 = 0.6,
γxx = 0.003 mm−1 and γyy = 0.0002 mm−1

4 Conclusion

In conclusion, we have studied the spectral shift of a twisted
electromagnetic GSM beam focused by a thin lens with the
help of the tensor method. Dependence of on-axis and off-
axis relative spectral shifts on the degree of polarization,
twist phase and correlation coefficients of the initial beam is
explored numerically. We have found that the relative spec-
tral shift of focused twisted electromagnetic GSM beam is
closely determined by the initial beam’s parameters, the blue
shift occurs at on-axis points, while the red shift can occur
at off-axis points. Our formulae and method provide a con-
venient way for analyzing the spectrum properties of elec-
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tromagnetic GSM beam with or without twist phase passing
through paraxial optical system.
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