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Abstract We study the evolving energy spectrum of in-
teracting ultra-cold atoms in an optical lattice as a func-
tion of an external parameter, the tilt of the lattice. In a
regime where the quantum mechanical model, the Bose–
Hubbard Hamiltonian, shows predominantly chaotic behav-
ior, we identify regular structures in the parametric level
evolution and characterize the eigenstates associated with
these structures. The mechanism generating these structures
is found to be different from Stark localization or energetic
isolation and is induced by an interplay of driving and inter-
action.

Understanding the transition from single-particle to many-
body physics is one of the fundamental problems in quantum
mechanics. With the advent of ultra-cold atoms trapped in
optical lattices we have at our disposal a perfect test ground
for such questions that were inaccessible to experiments un-
til recently [1]. Namely, in modern lattice systems essen-
tially all relevant parameters like the lattice configuration,
the degree of disorder in the sample, and inter-particle in-
teraction strength [2, 3] can be controlled extremely well in
an experiment. For example, tuning the inter-atomic interac-
tion strength [4, 5] allowed to observe the transition from a
Mott-insulator state of strongly repulsive atoms to superfluid
state of weakly interacting atoms [6]. In the former case, the
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Marian Smoluchowski Institute of Physics and Mark Kac
Complex Systems Research Center, Jagiellonian University,
Reymonta 4, 30-059 Kraków, Poland

ground state is essentially an eigenstate to the displacement
operator (i.e., the uncertainty in the number of atoms per lat-
tice site is small) while in the latter case, the ground state is
essentially a momentum eigenstate.

However, it is not only the ground states that display in-
teresting properties, but also excited states have caught at-
tention: for example, tightly bound pairs of atoms were ex-
perimentally observed [7] in a regime with strongly repul-
sive inter-atomic interactions. The bonding, which at first
sight appears rather counter-intuitive, is a result of the im-
posed lattice and can be understood in terms of energetic
isolation. Due to the (strongly) repulsive on-site interaction
the bound states lie energetically above the rest of the spec-
trum and hence there is no un-bound state to which a reso-
nant transition would be possible. Experimentally, this has
resulted in long life times and second order tunneling of the
bound pairs.

The corresponding parameter regimes in which the dy-
namics is dominated by either interaction (Mott regime) or
kinetic (superfluid regime) energy allow an analytical theo-
retical treatment. The situation gets significantly more com-
plicated when the interaction energy is comparable to the
single-particle kinetic energy. Then, the system can exhibit
quantum chaos [8–11], leading to a sensitive dependence
on the external conditions. The resulting complex dynam-
ics is a serious challenge in any experiment and can render
the atoms essentially uncontrollable. At the same time, it is
known that on the transition from integrable to chaotic be-
havior not all regular structures in a classical system need be
destroyed immediately [12]. Also quantum mechanical sys-
tems have been proven to display similar features and even
enhanced robust structure like non-linear resonances [13],
which open new paths for the control of chaotic systems. In
this paper we will identify such regular structures that per-
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sist well into the chaotic regime and describe the underlying
mechanism that generates them.

Modeling The simplest non-trivial quantum model that de-
scribes N ultra-cold bosonic atoms stored in an optical lat-
tice is the Bose–Hubbard Hamiltonian (BHH) [6]:

Ĥ = −J

2

M−1∑

l=1

(
â

†
l+1âl + h.c.

) + U

2

M∑

l=1

n̂l(n̂l − 1)

+ F

M∑

l=1

l̃n̂l . (1)

Here âl (â†
l ) annihilates (creates) a particle in the Wannier

state at the l-th site, n̂l = â
†
l âl is the associated number op-

erator, M specifies the number of lattice sites, l̃ = −M/2+ l

for even M and l̃ = −(M − 1)/2 + l for odd M . The control
parameters J , U and F describe the strength of the single-
particle tunneling, the on-site interaction, and the static field
(e.g. tilting of the lattice under the influence of gravitation).1

The Bose–Hubbard model is based on a single (lowest)
band approximation of the optical lattice [6]. This assump-
tion holds provided that the kinetic energy, the interaction
energy, and the local chemical potential (resulting from the
tilt), are too low to excite states in higher Bloch bands.
Therefore, the lattice must be very deep [6, 14] inducing
large band gaps. Furthermore, the interaction energy has to
be smaller than the single-particle ground-state energy, so
as to not considerably modify the single-particle wave func-
tion. In the experiment, these conditions can be met since
the control parameters are readily controlled [2]: while J

and F are solely determined by the lattice geometry, the
inter-atomic interaction U can additionally be adjusted us-
ing Feshbach resonances [15, 16].

If one of these three parameters is dominant the dynam-
ics is governed by the corresponding term in the Hamil-
tonian (1). Accordingly, the dynamics is then regular and
the system eigenstates are approximated very well by Bloch
waves (for J � U,F ), Mott-insulator states (for U � J,F )
or Wannier–Stark states (for F � J,NU ). The small terms
of the Hamiltonian can be treated as perturbations and the
system eigenfrequencies depend on these perturbations lin-
early. For J � U � F , the energy spectrum and hence the
dynamics can become chaotic [10, 17, 18]. In contrast to
the regular regime, here virtually all quantities show an ex-
tremely complicated dependence on the system parameters
J , U and F .

1We note that the specific choice of l̃ corresponds to a tilting around
the central lattice site but this has no further physical implications.

Fig. 1 Parametric level evolution: energy spectrum of the BHH equa-
tion (1) as a function of the tilting F for 3 bosons on 11 lattice sites for
fixed on-site interaction U = 0.032; (a) no tunneling J = 0, (b) domi-
nant interaction U � J = 0.01 and (c) chaotic regime U ≈ J = 0.038

Fig. 2 Squared components of two eigenstates in the Fock basis. The
inset shows a magnification of the parametric level evolution for the
chaotic case (Fig. 1(c)). One sees one solitonic state going from the
top to the bottom. The red circle marks the solitonic state, plotted gray
in the component plot. The black square labels a random state of the
chaotic background

Parametric level evolution In order to give an impression
of how differently the energy spectrum behaves we plot in
Fig. 1 the energy levels of the BHH as a function of the
tilt F for 3 bosons on 11 lattice sites for fixed interac-
tion U = 0.032 [19] and different values of the tunneling
strength J = 0 (a), J = 0.01 (b), and J ≈ U (c). While for
vanishing tunneling J (Fig. 1(a)) the spectrum is composed
of intersecting straight lines, this situation changes drasti-
cally as J is increased (Fig. 1(b)). Finally, in panel (c) the
bulk of the spectrum shows the above mentioned sensitiv-
ity to external conditions (in this case the tilt). Despite the
chaoticity [19] in that regime, there are still several regular
structures in the spectrum represented by (almost) straight
lines; this can be seen even more clearly in the inset of Fig. 2
which represents a magnification of Fig. 1(c). In analogy



Solitonic eigenstates of the chaotic Bose–Hubbard Hamiltonian 649

to solitonic water waves that run through other waves with-
out loosing their shape, we call the states that correspond to
these levels solitonic states. Those eigenstates should not be
considered as solitons propagating in real space, they rather
propagate through the irregular bulk of energy levels evolv-
ing with a fictitious time, namely the tilting strength [20].
In the rest of the paper we are going to investigate both the
properties of the solitonic states as well as the mechanism
generating them.

We begin the discussion with the case of vanishing tun-
neling J = 0 (see Fig. 1(a)). Then, the BHH (1) commutes
with the center-of-mass operator

∑M
l=1 l̃n̂l . As a result, the

eigenstates are independent of the tilt F and are given by the
Fock states |n1, n2, . . . , nM 〉, i.e. states with a well-defined
number of atoms per site. The eigenenergies, in turn, depend
exactly linearly on the tilting strength F (with a propor-
tionality factor given by their center of mass) and undergo
level crossings. For vanishing tilt the eigenenergies equal the
inter-atomic interaction energy and thus all configurations
of particles in which the same number of particles share a
lattice site are energetically degenerated. In Fig. 1(a) the up-
per set of levels (we say manifold) corresponds to the states
where all N particles are located on one site. Descending in
energy one finds the manifolds corresponding to states with
N − 1, N − 2, . . . ,1 particles on one site. Accordingly, for
F = J = 0 the number of different eigenenergies is given by
N , the number of particles in the system. For finite tilt F the
degeneracy is partially lifted and Fock states with different
values of the center of mass are energetically separated. We
note that as the levels cross with increasing F , the energet-
ical ordering according to the site occupation is no longer
valid.

As anticipated above, the expectation value of the center
of mass in the BHH is the level velocity:

∂En(F )

∂F
= 〈Ψn|

M∑

l=1

l̃n̂l |Ψn〉. (2)

Thus, the level velocity (slope) immediately reveals where
on the lattice a given state is located. For example in the up-
per manifold in Fig. 1(a) the level with the most negative
gradient corresponds to all particles being localized on site
l = 1 while the next higher level has all particles localized
on site l = 2 and so on. Since (2) is valid for arbitrary tun-
neling it can be used in the following to identify Fock-like
states also for finite tunneling: if the gradient of a state is
similar to the gradient of the Fock state with all particles at
the boundary of the lattice (steepest slopes), then the states
also must be Fock-like.

As the tunneling is increased to 0 < J � U (see Fig. 1(b)),
one observes that many degeneracies are lifted already at
F = 0. This is pronounced most strongly for states with
intermediate or low energies E � 0.05. But interestingly,

there is hardly any influence of the finite tunneling rate on
the manifold of levels with the highest energy which still
are very similar to Fock states with all particles localized at
one site. In analogy with the repulsively bound pairs men-
tioned in the introduction [7], one could argue that the reg-
ularity of these states results from the energy gap between
the upper and the lower part of the spectrum, representing
a strongly non-resonant transition. However, the apparent
regularity persists even as the states of this manifold have
submerged in the chaotic bulk of the spectrum and energy
separation does not explain why the corresponding levels
keep their linear shape after transitions to other states be-
come resonant.

A further increase of the tunneling strength J ≈ U (see
Fig. 1(c)) leads to the predominantly chaotic regime. Indeed,
one observes that basically all degeneracies are now lifted
and the levels exhibit avoided crossings. On the one hand,
the larger tunneling term should lead to a F -dependence of
the eigenstates and, on the other hand, it should “delocal-
ize” also the regular states from the upper manifold. In con-
trast, we find by direct inspection of Fig. 1(c) that for these
solitonic states the linear F -dependence persists. Compared
with the generically strong coupling between the majority
of the chaotic levels, their coupling to the solitonic states
is weak (the resulting small avoided crossings are shown in
the inset of Fig. 2). In accordance with this weak coupling,
none of the crossings leaves a trace in the slope of the soli-
tonic states on a larger scale. Summarizing we can now asset
that we observed regular structures in the chaotic bulk of the
energy spectrum that are not due to energetic isolation and
even survive an enhanced tunneling strength. In the next sec-
tion we will characterize the solitonic states.

Solitonic states Before entering the detailed analysis we
first note that the energetically lowest lying solitonic state
from the upper manifold in Fig. 1(c) has a very large nega-
tive gradient and hence should be Fock-like (see above). In
addition, the linear dependence of all solitonic states indi-
cates that the center-of-mass operator is a constant of mo-
tion for this part of the state space. In fact, in the following
we will give evidence that the solitonic states are highly lo-
calized both in the Fock basis and on the lattice itself.

We begin with the description of the solitonic states in
the Fock basis. In Fig. 2 we show for an exemplary value of
the tilt (F = 0.002) the modulus squared of the expansion
coefficients |ci |2 in the Fock basis of the above mentioned
solitonic state (red) and for a typical chaotic state (black).
While in the latter case many basis states are occupied, the
solitonic state has only very few non-vanishing components
|ci |2 and hence the overlap with the chaotic state is very
small. A closer look at the |ci |2 of the solitonic state reveals
that the largest coefficients correspond to Fock states where
all particles are located on a single lattice site; In this case
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Fig. 3 Average IPR (see (3)), of the eigenstates of the BHH (1), in the
Fock basis (black lines) and average maximal population AMP (see
(4)) on a single lattice site normalized with the number of particles
(red lines). The solid lines correspond to the average of the M = 11
eigenstates with the largest IPR, the dashed lines to the average of all
the other eigenstates. The parameters are chosen as in Fig. 1(c)

the maximal is |ci |2 ∼ 0.7 and corresponds to all particles
on the site l = 1.

In order to quantify and to extend this observation for
arbitrary tilt F we introduce the inverse participation ratio
(IPR), which is defined as

IPR
(|ψ〉) =

N∑

i=1

|ci |4, (3)

where the ci are the expansion coefficients of the state |ψ〉
in the Fock basis. The IPR takes the limiting values one
for basis states, and 1/N for a superposition of all basis
states with same weight, where N is the Hilbert-space di-
mension. Therefore, the IPR represents the inverse num-
ber of basis states that are occupied by the state |ψ〉. We
have found that (apart from the vicinity of an avoided cross-
ing) over a large range of F the solitonic states correspond
to the states of the highest IPR. A quantitative comparison
between the IPRs of solitonic (solid black line) and non-
solitonic states (dashed black line) is shown in Fig. 3 where
we average over the solitonic levels on the one hand and
over all remaining non-solitonic states on the other hand.
The localization of the solitonic states is manifest in the IPR-
enhancement of about an order of magnitude as compared to
the non-solitonic states. The average IPR of the latter states
depends only weakly on the tilt F , but the slight increase
with growing F shows the onset of Stark localization which
is expected for large tilts [19]. The solitonic states on the
other hand, do not show this monotonic behavior. Besides
the fluctuations, that are a consequence of the small sam-
ple of solitonic states, there is an increase for F/J � 0.15,

followed by a plateau for 0.15 � F/J � 0.35, and a subse-
quent decrease of the IPR for F/J � 0.35. Finally the curve
increases in a weaker manner for F/J � 0.5. An increase
for F/J � 0.15 is in agreement with the expected formation
of well-localized Wannier–Stark states for growing F . How-
ever, the comparison with the behavior of the non-solitonic
states—that show a significantly smaller increase—raises
doubts whether this is indeed the correct explanation. Ad-
ditionally, the IPR decreases for F/J � 0.35 before rising
again, indicating that the solitonic states are not simply a
result of Stark localization.

Next, we focus on the localization of the solitonic states
on the lattice. The above analysis of the Fock basis com-
ponents (see Fig. 2) indicates that the largest coefficients
|ci |2 correspond to states where all particles are localized
on a single site. Additionally, we observed that the other
non-vanishing coefficients belong to Fock states with a sim-
ilar center of mass. If, for example, the soliton has a large
overlap with the Fock state |N,0 . . .〉, then there is also a
finite overlap with |N − 1,1,0, . . .〉 while Fock states with
strongly different center of mass are not occupied. Hence,
we conclude that the solitons are highly localized on the lat-
tice itself.

In order to quantify the localization of the state on the
lattice we use the average maximal population (AMP) on
a single site. This quantity is the average over all solitonic
or non-solitonic states of the largest occupation 〈ψ |n̂l |ψ〉
of the M different sites, normalized by the number N of
particles:

AMP =
〈

maxl〈ψ |n̂l |ψ〉
N

〉
. (4)

The maximum value of unity corresponds to the config-
uration in which all N particles are located on a single
site. The results are depicted as red (dashed) lines for the
(non-)solitonic states in Fig. 3. In contrast to the non-
solitonic states, typically more than 60% of all atoms in a
solitonic state are located on a single site. This supports the
claim that there are as many solitonic states as there are lat-
tice sites M which is also in agreement with the parametric
level evolution and can be seen in Fig. 1, where the system
consists of 11 sites and 11 solitons are found.

Although both measures show the same dependence on
the external parameter (in this case the tilt F ), the AMP pro-
vides a clear physical interpretation of the solitonic eigen-
states. They are not merely some particular Fock states but
they are localized on a specific site of the lattice and they
hardly change their location under changes of the tilt, what
defines a clear experimental evidence of them and also al-
lows to understand the underlying mechanism for their ap-
pearance that we discuss in the following.
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Mechanism The transition amplitude from an initial state
|ΨI 〉 to a final state |ΨF 〉 under a change in the lattice tilt is
given by 〈ΨF |∑M

l=1 l̃n̂l |ΨI 〉, i.e. the corresponding matrix
element of the center-of-mass operator. As seen above, the
solitonic states are distinguished by the fact that virtually all
atoms are occupying the same lattice site, what is in con-
trast to the chaotic states for which the atoms are distributed
over the entire lattice. Because of their strong localization
the solitonic states are approximate eigenstates of the center-
of-mass operator. Therefore, the amplitude for a transition
from a solitonic to a chaotic state is essentially proportional
to the overlap between these two states, which, in turn, van-
ishes since both are system eigenstates. More intuitively, a
transition from a solitonic to a chaotic state requires the re-
distribution of essentially all atoms over the entire lattice.
The tunneling of an atom over more than a single lattice site
and simultaneous tunneling of more than one atom, however
is negligible for typical lattice-depths and is not taken into
account in the Bose–Hubbard Hamiltonian (1).

But there also exist system eigenstates that are very well
approximated by all but one atoms located on a single site
and the remaining particle localized to some other site.
These states show similar features as the solitonic states de-
scribed so far and will be referred to as solitonic states of
second order. Since tunneling of a single atom over a single
site only is necessary for a transition from a solitonic state of
first order to a solitonic state of second order, one might ex-
pect significantly larger transition amplitudes as compared
to transitions to chaotic states. These transitions, however,
are strongly suppressed for energetic reasons: the energy dif-
ference between a solitonic state of first order and a solitonic
state of second order that results from the first order state by
a single tunneling event amounts to U(N − 1) − F ; due to
the localization of solitonic states their tunneling energy is
negligible. Thus, transitions are energetically allowed if the
tilt strength F is N − 1 times larger than the interaction en-
ergy, which is far outside the regime in which solitonic states
exist, as discussed for the IPR and seen in Fig. 3. Given
the linear increase of the difference in the interaction en-
ergy U(N − 1) with the particle number N , the energetic
stabilization of the solitons becomes even more pronounced
with increasing particle number. The same holds also for the
suppression of transitions from solitonic to chaotic states:
the more particles are participating in a solitonic state, the
more particles have to undergo tunneling processes in order
to realize a chaotic state. Therefore, the stability of solitonic
states is expected to be enhanced with increasing number of
particles. In our studies, we have verified that solitonic states
also appear for larger boson numbers and even for filling
factors N/M larger than one. However, for solitonic states
with an increasing number of particles located on a single
site, three-body interactions (that are not described by the
BHH) can become a non-negligible effect. Such three-body

collisions may result in additional decay channels [15] for
solitonic states, which eventually can set limits to the maxi-
mum number of atoms participating in such a state.

Summary In summary, we have analyzed the spectrum
of the Bose–Hubbard Hamiltonian in the predominantly
chaotic regime as an external parameter—in this case a sta-
tic field (tilt)—is varied. We have found that despite the
chaoticity there exist regular structures in the spectrum, that
exhibit a simple linear dependence on the external parame-
ter. The associated eigenstates are the solitonic states that
retain their shape during the change of the tilt. We have
shown that the robustness of these states is neither due to
Stark localization nor to an energetic isolation [7] but is in-
duced by the interplay of interaction and single-particle dy-
namics. The solitonic states are characterized by a strong
localization on the lattice and by their weak coupling to the
non-solitonic levels. The former property represents an ap-
pealing signature for their experimental detection in terms of
modern microscopy techniques in optical lattices [21]. The
latter property makes solitonic states excellent candidates
for coherent control, since—in contrast to basically all the
non-solitonic states—they are insensitive to (small) changes
in the external conditions. Specifically, we expect that this
robustness of the solitonic states becomes particularly man-
ifest in a dynamical evolution where, for example, the lattice
is driven non-adiabatically by sweeping its tilt.
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