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Abstract By using the generalized Huygens—Fresnel dif-
fraction integral, the analytical expressions for the cross-
spectral density matrix, spectral degree of polarization, ori-
entation angle and degree of ellipticity of polarization ellipse
of apertured stochastic electromagnetic modified Bessel—
Gauss beams (MBGBs) through a paraxial optical ABCD
system are derived, and used to study the changes in the
state of polarization of apertured stochastic electromagnetic
MBGBSs propagating in free space. The invariance of the
on-axis state of polarization of unapertured stochastic elec-
tromagnetic MBGBs propagating through paraxial optical
ABCD systems is illustrated analytically and numerically.
For apertured stochastic electromagnetic MBGBs, the on-
axis spectral degree of polarization, orientation angle and
degree of ellipticity of polarization ellipse increase with in-
creasing propagation distance, and approach asymptotic val-
ues when the propagation distance is large enough. There
is a uniform distribution region of the state of polarization
around the center of the beams whose range decreases with
increasing truncation parameter. In addition, the state of po-
larization of apertured stochastic electromagnetic MBGBs
upon propagation can be modulated by controlling the trun-
cation parameter.
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1 Introduction

The polarization properties of stochastic electromagnetic
wavefields are important when one takes into account their
vectorial nature in various applications, e.g. in connection
with optical communications, with imaging by laser radar
and optical coherence tomography, etc. [1-3]. It is usu-
ally assumed that the state of polarization of a beam is
invariant as the beam propagates in free space. This as-
sumption is true only for spatially fully coherent beams. As
usual, the state of polarization of a spatially partially coher-
ent beam will change in free-space propagation [4]. Up to
now, the changes in the spectral degree of polarization of
partially coherent electromagnetic beams in dielectric me-
dia, through turbulent atmosphere, gradient-index fiber and
through various complex optical systems have been studied
extensively [5—10]. Most studies restricted to the spectral de-
gree of polarization, and few papers explored the changes in
the state of polarization represented by the polarization el-
lipse of unapertured electromagnetic Gaussian Schell-model
(GSM) beams [11-13].

On the other hand, a class of partially coherent modi-
fied Bessel-Gauss beam (MBGBs) with a separable phase
introduced by Ponomarenko [14] possess some remarkable
properties, for example, it can carry optical vortices and its
spectral degree of coherence does not depend on the relative
orientation of a pair of points at the transversal plane. This
kind of beams could be utilized for the case where highly
isotropic coherence properties are need. Recently, Seshadri
studied the propagation properties of spatially fully coher-
ent scalar modified Bessel-Gauss beams [15]. The scin-
tillation index of spatially fully coherent scalar modified
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Bessel-Gaussian beams propagating in turbulent media was
reported by Eyyuboglu et al. [16]. However, the polariza-
tion properties of spatially partially coherent electromag-
netic MBGBs have not been studied.

In this paper, by using the generalized Huygens—Fresnel
diffraction integral, we study the changes in the state of po-
larization of apertured stochastic electromagnetic MBGBs
in free-space propagation. In Sect. 2, the analytical expres-
sions for the cross-spectral density matrix, spectral degree
of polarization, orientation angle and degree of ellipticity
of polarization ellipse of apertured stochastic electromag-
netic MBGBs through a paraxial optical ABCD system are
derived, and used to study the changes in the state of po-
larization of apertured stochastic electromagnetic MBGBs
propagating in free space. In Sect. 3 a numerical calculation
example is presented, and the results are interpreted physi-
cally. Section 4 concludes the main results obtained in this

paper.

2 Cross-spectral density matrix of apertured stochastic
electromagnetic MBGBs propagating through
a paraxial optical ABCD system

Consider a stochastic, statistically stationary electromag-
netic MBGBs, located at the plane z = 0. The second-order
correlation properties of the beam are characterized by a
2 x 2 electric cross-spectral density matrix [17]

<>
Wo(pl’ P2, Cl)) = [Wl,?v(pl’ P2, (l))]

(u =x,y;v=x,y,unless otherwise stated), (1a)

where p; = (o1, ¢1) (I =1,2) is the two-dimensional posi-
tion vector at the source plane z = 0. The matrix element
is

Woy(p1. Py, @)
—m/2
= AuAv By 1 1

exp[—im(p1 — ¢2)]

uv

1 +Euv (:012 + P%) 4\/ Euu P102
x exp| — 3 I > |
1— ";:uv w 1- éuv w

(1b)

where, I,, (o) denotes the modified Bessel function of order
m, wo stands for the waist width of the Gaussian part (m =
0, &,» =0), &,y is the coherence parameter, 0 < &,, < 1, and
two limiting cases &,, — 0 and &,, — 1 correspond to the
fully coherent and incoherent cases, respectively. The coef-
ficients A,, By, &4y and wy are independent of the position
but may depend on the frequency w [1]. The coefficients By,
are generally complex when u # v and By, = 1 whenu = v.
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Within the framework of the paraxial approximation, the
propagation of the cross-spectral density matrix through
a paraxial optical system parameterized by transfer matrix
(2 g) obeys [18]

<>
W (ry,r2,z,0)

k 2 pd400 ptoo p2m P21 <0
=\ 7 5 W ) )
(2]_[3) /0 /0 /0 A (P, P2, )
ik
x H(p1) H* (p2) exp(—ﬁ{A(pf -03)

—2[r1p1cos(61 — @1) — r2p2cos(62 — )]
+D(712—Vg)})plpzdmdpzd(pldﬁoz, )

where k is the wave number related to the wavelength A by
k=2m/A.r;=(r;,0;) (I =1,2) is the position vector at the
plane z.

The hard-edged aperture function is written as

1, |pl=a,

0. Ipl>a. )

H(p)={

H (p) can be expressed as a finite sum of complex Gaussian
functions

N 2
Gy
H(p) = E F, exp(— P ), “4)

a2

n=1

where a is the half width of circular aperture, the coefficients
F,, G, and N are given in [19].

By substituting (1), (3) and (4) into (2), and perform-
ing integral calculations, the cross-spectral density matrix
of apertured stochastic electromagnetic MBGBs propagat-
ing through a paraxial optical ABCD system at the plane z is
given by

<>
W (ri,r2,z,0) =W, r,z o) (5a)
where

Wuv(rla r27 < (U)

w2 NN —m/2
_ 0 * uv
=2 > FF AuloBun T

Uv s=1n=1

X exp[—im(@l — 02)]

x exp| — 1+ &y n G_Z i
1— guv 82 wbzw
1+&u Gy }’22
- T2 ) w
- ‘i:uv ) Wiy

45w rin . (r12_r22)
I, ouY T < —ik——=", 5b
X (l—aw w? )e"p[ R ©ob)

uv
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B? Gs iAz0\(G: iAz Wi (r1,72,2, ®
wﬁv=w§—2[1+<5—;+ Bo)((s_;_ Bo w(r1,r2,2,0)
0 wo £
A,AyB —im(0; — 0
1+5uv (G_zr + G_E)jl (50) w2 1 _guv udyDyy CXP[ im(6 2)]
1— 82 /)]
o ) exp[ 480 02+ rzz)]
B I 2
R,y = %, (5d) Eu w
Dwuv—AwO 4\/«’;:_7‘ (2_2
uv 112 ., 7 rz)
4 x Iy exp| —ik——=—|, (7a)
6 = — (truncation parameter), (5e) 1—&, w? 2R
wo
w2 where
0 .
z0 = — (Rayleigh length). (59)
A w? = wi[A% + (B/z0)?], (7b)
2
In the derivation of (5) the following integral formulae R = % (7c)
were used [20]: Dw? — Awg

2
/ exp[ix cos(¢r — ¢2) — in(ﬂl] doi
0

=2mi" exp(—ingy) J, (x), (6a)
foo X exp[—exz] Jo(fx),(gx)dx
0

1 - gf

_ZCXP< 4e ) <2e) (6b)
/00 X exp[—ﬂxz] Jn(ax)J, (yx)dx
0

1 o’ + y? ay

=z~ )u(55) <6C>

Equation (5) indicates that the cross-spectral density ma-
trix of apertured stochastic electromagnetic MBGBs prop-
agating through a paraxial optical ABCD system is depen-
dent on the truncation parameter §, beam parameters m, &,,,
coefficients A,, Ay, By, and optical ABCD system. For the
unapertured case (§ — 00), the matrix element reduces to

ol

—m/2

%MU

wg N N E
_ *
Wuv(rvrszaw)—ﬁgz FAABuv

V=

Gs G 4 /&, 12
=4+ ) — |7 —,
XCXP|: (82+52> ]m<1_€uvw%v

The spectral degree of polarization P(r, z, w), orienta-
tion angle ¢ (r, z, ®) and degree of ellipticity (r, z, w) of
polarization ellipse of apertured stochastic electromagnetic
MBGBs through a paraxial optical ABCD system are ex-
pressed as [1, 11, 13]

P(r,Z,C())

<>
4Det[ W (r,r, 7, w)]
- <>
{TH[W (r,r, z, )]}

W (ror.z,0) — Wy (r,r, 2, 0) P + 4 Wy (r, 7, 2, 0)
[(Wex(r,r, z,0) + Wyy(r, 1, 2, 0)]?

(3)
2R W y LA IS
o(r,z,w) = —arctan{ Wy (1. 2, )] }
WXX(r’rvzva)) - Wyy(r,r,z,(l))
)
A .
E(r,Z,a)) — mmor’ (10)
Amajor

where the “degree of ellipticity” characterizes the shape of
polarization ellipse and Wy, Aminor and Amgjor are given by

Ar2n1nor(r’ 2, ®) = (\/[Wxx(ra r,z,w) —

Wyy(r» r, va)]z +4|ny(rar7 Zaw)|2

—JWetror.zo0) -

Wy (.7, 2, )P +4ReWyy (.7, 2. o)) /2,

major(r Z,w) = (\/[Wxx (r,r,z,w) —

Wyy(r»r» Z7a))]2 +4|ny(r, r,z, (,())|2

n \/[Wxx (r 7. 2. 0) — Wy (ro 1,2, @) 2 + 4[ReWyy (7, 7, 2. 0) ]2 )/2.

14+&,, 2r

l—fuu uv)
(11)
(12a)
(12b)
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The on-axis spectral degree of polarization P, orientation angle ¢ and degree of ellipticity of polarization ellipse ¢ of
apertured stochastic electromagnetic MBGBs are expressed as

FyFy A2 FFrAZ 2 FsFfAyAyByy |2
[Zv lZn 1 (.0 Zv 12;1 1—_}] +4|ZN: Z;]zvzlf),'
P(0 )= wi, (1=&xx) w, (1=&yy) wiy (1=6xy) (13)
7Z’w - FF A FYF A 2 ’
[Zv IZn 1 w2 (- fxx) +Zv IZn 1 wz (1— %—W)]
N N FsF;AxAyByy
2Re[3 1 Yo W]
¢0,z,0) = Earctan nEA nrA [ (14)
Zx IZn 1m—23 IZn 1w, (-6,
N N N N 2 2 2
FyFr A2 FyFr A2 FyF}AyAyBy,
(0,7, ®) = _ 5Tl __nty 4
(ZZainiss zz(s) 33
Y&, FFrA2 FF A A,B
S|P ac SR e R b et e )/
N\ Ls=1n= lw (1 = &) wy, (I_EY)’ —1n=1 (1_5)6»)
2
POODEZLLNES »f pcic M () o) oz )
= =w T wl, (1 —&y) (1—syv> w2 (1= )
+ — —— 22 | 44Re o LY ) (15)
T2 (1 _£ ) 2
N Ls=1 nm1 Wax (1_5 W) i wyy (1= 6yy) Exy)
When § — o0,
A2 A2 AyAyByy |2
(l_gxx - Syv) +4‘ l_éxv
P0,z,w) = r (16)
2 A2
A2 2 \2
(s + )
i 2Re(H2)
¢0,z,0) = —arctan ﬁ , (17)
1_5,\',\' ]_é:yy
A2 Az (2 AyAyByy |2 A2 A2 A AyBry\12
S 2 e (A R re(ite]
£(0,z,w) = 2 (18)

A2 A2 \2 AcAyByy |2 A2 A7 \2 A Boy12
S - P gty (A AR re( )]

Equations (16)—(18) indicate the invariance of the on-axis state of polarization of unapertured stochastic electromagnetic
MBGBs propagating through paraxial optical ABCD systems.

3 Illustrative example 2 2 G, G .20
— 1 _° _ _n__ =
w;, u)o Z% + 2 +i B 52 i s
In free-space propagation, the ABCD matrix reduces 148wy (& G_;; (20)
to 1 —&u 82 .

In the following calculations, m = 0, §;, = 0.5, &, =
<A B) _ (1 Z). (19)  0.6.E =04, A, =2, Ay = 1, By = 03exp(ir/6), and
¢ D 0 1 N =10 are kept fixed, and the selected parameters satisfy
the non-negative definiteness of the cross-spectral density

On placing (19) into (5c), we obtain matrix [21].
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Figure 1(a)—(c) gives the on-axis spectral degree of polar-
ization P (a), orientation angle ¢ (b) and degree of elliptic-
ity of polarization ellipse ¢ (c) of an apertured stochastic
electromagnetic MBGB versus the propagation distance
z/z0(z0 = nw% /M) for different values of the truncation
parameter § = 2,2.5 and 4.8. For the unapertured case
(6 — 00) the on-axis P, ¢ and ¢ remain unchanged upon
propagation, which is consistent with (16)—(18). It is shown
that for the apertured case with increasing z/zoP, ¢ and ¢

increase and approach asymptotic values when z/z¢ is large
enough. For example, depending on §, the asymptotic value
of P is equal to 0.62, 0.60 and 0.56 for § = 2, 2.5 and 4.8,
respectively. In addition, the calculation results indicate that
there is nearly no difference between the results at § = 4.8
and § — oo, i.e. the aperture diffraction effect can be ig-
nored when § > 4.8. The above results can be interpreted as
follows.
Equation (13) can be rewritten as

2y

P(0,z, )
N N Wi FFEAT N N FEFAY o N <N FFfA;AByy |2
_ |:Zs=] L=t ::(1 ’éxx; = D s=1 2on=1 T Ié”) :| }Zs—l Ln=1 ~ nl_z:)cv} =
- N N wi FFrA FyF* A2 wd FyFrA2 w2, FsFrA} 12
ZS:] Zn 1 w2 (]Y Ecx) + ZS IZn 1 f—réyyy [ZS 1 Zn 1 w2 (1T Ecr) + ZS 1 Zn 1 m]

As can been seen from (21), P (0, z, w) increases with increasing z/zq if wiv/w%x

xy/wxx and wx} Jw?, are decreasing functions of z/zo.

Y. )’

2
Because the term wyy /wy, can be expressed as

» 1 yy K :
wl LG i)+ (F )
Who 1+(G+i2)(%-i2)+ PG+ G

and the selected parameters satisfy the condition
1+§yy Y_I_G* >1+$xx g‘l—G—Z ,
1—§&y, 82 1—& \ 82 §2

2 2
thus wy, /wi,

wh 1H(EHE TR+ )
whe 1 (G i) (i) (G )
wh, LG IG5
Wi UH(G )G i 2 ()

respectively, where

I +&xy S+G* -
1 —&, 82
1+%‘xy &4—6—2 <
1 —& 82

I+ (G, Gy
1—&,\ 82 82 )
1+sxx<g G_)
1_%_xx )

52

Therefore, w2 v/ w2,
of ¢ and ¢ upon propagation Wlth increasing z/zo.

For large enough z/z¢, (20) can be approximately expressed as

2 * *
5 57 GG 1+&, (Gx G)]
wi, Swy5 | 1+ + <+
v =0 (2)[ s T l—g, \ 82 82

increases with increasing z/zo. The terms w)zcy Jw?,

is an increasing function of z/zg, whereas

(22)

(23)

2 2 ;
and wy, /wy, are given by

(24)

(25)

(26)

27

and w? Y/ w , decrease with increasing z/zo. A similar procedure can be used to explain the evolution

(28)
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thus (13)—(15) are written as
FyFr A2 FyF;A2 N FSF AyAyByy |2
[ZS IZn 1H2 1— Zs IZn 11-[2 1— ] +4|ZS IZ H2 1— .
(1—&xx) (=4 (1—&xy)
P, z,w) = A FEAL 1 - , (29)
[Zs IZn 1 st(ln gr ) + Zs lZn 1 HZ (1’1 gi))]
N FFfA A By
ZRe[E:s 12 0= ‘7;ra—g;3—
¢0,z,w) = —arctan{ 30)

FyFrA2
Zr lZn 1H2(1 Sr

FyF A ’

Y TR )

(32)

N N N N 2 2
F,F*A2 FyFrA3 F, F A AyB,”
S(O,Z,a))z s n x _ I
2
iﬁ: FyFA2 ii FFyA? R ZZF F*A A,B,, /
- —rx —_— e
\ s=1 n=1 szx(l_%-xx) s—=1n=1 H)%y(l_éyy) s—1n=1 (I_Sxy)
r 2
( ii FFr A2 XN:i FyF A3 } ZZFFAABxy
_ 2 _ 2 _
Ls=1n=1 (1= &xx) s=1n=1 Hy, (1 —&yy) s=1n=1 Hy (1= &xy)
N N N N 2 N N 2\ 12
FyF A F,F*A FF A AyB
+ ZZ 1 ZZH2 Tr | T4Re ZZ e : 31)
s=1n=1 ( — &) s=1n=1 yy( _éyy) s=1n=1 sx}
where
GG, 1+§uv Gy G}
HY =14 =" s 4 n),
uv + 54 + I_Euv 82

We see that P, ¢ and ¢ are independent of z/zg, and on
substituting § = 2,2.5 and 4.8 into (29), we obtain P =
0.62, 0.60 and 0.56, respectively, which is consistent with
the above results in Fig. 1(a).

In Fig. 2(a)-(c), we plot the off-axis spectral degree of
polarization P (a), orientation angle ¢ (b) and degree of el-
lipticity of polarization ellipse € (c) of an apertured stochas-
tic electromagnetic MBGB versus the propagation distance
z/z0 for different values of the truncation parameter 6 = 0.5,
1.2 and oo with r/wp = 10. It is shown that the truncation
parameter § affects the state of polarization. The range of
the off-axis AP, A¢ and Ae defined as the difference be-
tween the maximum and minimum values of the P, ¢ and ¢
increases with increasing §.

The color-coded plots of the spectral degree of polariza-
tion P ((a)—(c)), orientation angle ¢ ((d)—(f)) and degree of
ellipticity of polarization ellipse ¢ ((g)—(i)) of an apertured
stochastic electromagnetic MBGB at the plane z/z9 = 10
for different values of the truncation parameter § are given
in Fig. 3(a)-(i). In Fig. 3(a), (d) and (g), i.e., for the case of
6 = 0.5, we see that there is a uniform distribution region
of the state of polarization around the center of the beams.
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With increasing §, the range of the uniform distribution re-
gion decreases.

The spectral degree of polarization P (a), orientation an-
gle ¢ (b) and degree of ellipticity of polarization ellipse ¢
(c) of an apertured stochastic electromagnetic MBGB versus
the truncation parameter § at the plane z/z9 = 10 for differ-
ent values of the relative transversal distance r/wg = 10, 20
and 30 are plotted in Fig. 4(a)—(c). As can be seen, P, ¢
and ¢ change with increasing truncation parameter §, and
exhibit an oscillatory behavior when § < 3 at r/wg = 30.
This phenomenon is induced by the aperture diffraction
and can be used to modulate the state of polarization of
apertured stochastic electromagnetic MBGBs upon propa-
gation. For example, (P, ¢, ) = (0.484,0.183 rad, 0.078)
and (P, ¢,e) = (0.347,0.115 rad, 0.065) are obtained at
6 =1 and 2, respectively.

4 Conclusion
In this paper, based on the generalized Huygens—Fresnel

diffraction integral, the analytical expressions for the cross-
spectral density matrix, spectral degree of polarization,
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Fig. 1 On-axis spectral degree of polarization P (a), orientation an-
gle ¢ (b) and degree of ellipticity of polarization ellipse & (¢) of
an apertured stochastic electromagnetic MBGB versus the propaga-
tion distance z/zo for different values of the truncation parameter
§=2,2.5,4.8 and o0

0.4

02F

0.0

0.3

0.2

Fig. 2 Off-axis spectral degree of polarization P (a), orientation angle
¢ (b) and degree of ellipticity of polarization ellipse € (¢) of an aper-
tured stochastic electromagnetic MBGB versus the propagation dis-
tance z/zo for different values of the truncation parameter § = 0.5, 1.2
and oo
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yiwg

p

Fig. 3 Color-coded plot of the spectral degree of polarization P
((a)—(c)), orientation angle ¢ ((d)—(f)) and degree of ellipticity of po-
larization ellipse ¢ ((g)—(i)) of an apertured stochastic electromag-

orientation angle and degree of ellipticity of polarization
ellipse of apertured stochastic electromagnetic MBGBs
through a paraxial optical ABCD system have been derived.
We have shown analytically and numerically the invariance
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x/wy
-0.58 0.44 0 0.25

¢ (rad) €

netic MBGB at the plane z/zo = 10 for different values of the trun-
cation parameter §. (a), (d), (g): § = 0.5, (b), (e), (h): § = 0.6,
(©, M, ():6=12

of the on-axis state of polarization of unapertured stochas-
tic electromagnetic MBGBs through paraxial optical ABCD
systems, which is different from stochastic electromagnetic
GSM beams, where the on-axis spectral degree of polariza-
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0.8

¢ (rad)

0.10 1 1 1 1 1

0.10

0.09

0.08

0.07

0.06 1 1 1 1 1

c 0

Fig. 4 Spectral degree of polarization P (a), orientation angle ¢ (b)
and degree of ellipticity of polarization ellipse ¢ (¢) of an apertured
stochastic electromagnetic MBGB versus truncation parameter § at the
plane z/zo = 10 for different values of the relative transversal distance
r/wo = 10, 20 and 30

tion, orientation angle and degree of ellipticity of polariza-
tion ellipse change upon propagation [11]. For apertured sto-

chastic electromagnetic MBGBs the on-axis spectral degree
of polarization, orientation angle and degree of ellipticity
of polarization ellipse increase with increasing propagation
distance, and approach asymptotic values when the propaga-
tion distance is large enough. The range of off-axis AP, A¢
and Ae defined as the difference between the maximum and
minimum values of the P, ¢ and ¢ increases with increas-
ing §. There is a uniform distribution region of the state of
polarization around the center of the beams whose range de-
creases with increasing §. The state of polarization of aper-
tured stochastic electromagnetic MBGBs can be modulated
by controlling truncation parameter §. The results obtained
may provide additional information about the sample under
test in optical diagnostic application such as polarization
sensitive optical coherence tomography, etc. [2, 3].
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