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Abstract We investigate, analytically and numerically, the
influence of an angular mismatch of counter-propagating
pump beams on the threshold of oscillation for the photore-
fractive semi-linear oscillator driven by non-local non-linear
response. Our analysis includes the frequency degenerate
and non-degenerate regimes within a wide range of the vari-
able input parameters—the coupling strength, the pump ra-
tio, and the feedback mirror reflectivity. The limiting case of
mirrorless oscillation is considered as well. The main out-
come of our studies is the possibility of strong reduction
of the oscillation threshold owing to the angular mismatch.
Furthermore, increasing the mismatch induces pronounced
bifurcations of the oscillation parameters, including tran-
sitions between degenerate and non-degenerate oscillation
modes. The main findings are verified by direct simulations
of the dynamic equations.
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1 Introduction

The semi-linear oscillator is the simplest representative of
a wide variety of photorefractive (PR) optical oscillators
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[1–5]. It consists of an ordinary feedback mirror M and a PR
crystal which is pumped by two counter-propagating light
beams of the same frequency; see Fig. 1. The optical oscil-
lation occurs above a certain threshold owing to the phase
conjugation [6, 7] via recording of dynamic index gratings
and Bragg diffraction from these gratings [3, 4]. This os-
cillation is frequency degenerate on the optical scale—the
frequency of the oscillating beams is practically the same as
the pump frequency.

Despite its simplicity, the semi-linear oscillator shows a
rich dynamics, including optical bifurcations, mode com-
petition, and transition to chaos [8–12]. It serves often as
a sample for the studies of dynamic non-linear processes.
Among the still unclear features of this device is an unex-
pectedly low threshold for the so-called non-degenerate os-
cillation, which is characterized by the presence of small,
�102 Hz, frequency detunings between the pump and oscil-
lating waves [13, 14].

Most of experimental and theoretical studies of the semi-
linear and other photorefractive oscillators are performed for
the so-called non-local PR response, which is driven by dif-
fusion of photo-excited charge carriers and characterized by
a real coupling constant [3, 4]. Numerical simulations for
this case have shown recently that the threshold lowering can
be caused by a strong impact of small angular mismatches
between the pump waves [15]. The roots of this effect can
be found in the previous numerical studies of the influence
of the pump mismatch on the phase conjugation and also in
studies of the parametric four-wave scattering [16–19].

In this paper, we analyze analytically and numerically the
effect of the pump mismatch. The corresponding results are
of a great generality. They supplement and generalize the
previous numerical data for the non-local PR response.
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2 Basic relations

2.1 Wave and grating vectors

The following considerations correspond to the two-dimen-
sional geometric scheme of Fig. 1. Here x is the transver-
sal coordinate ranging from −∞ to ∞ along the input face,
and z is the longitudinal (interaction) coordinate ranging
from 0 to the crystal thickness l. An important feature of
this scheme is the spatial uniformity in x. The spatial de-
pendences are reduced thus to dependences on the propaga-
tion coordinate z. In accordance with the scheme, we sup-
pose that pump waves 1 and 2 are incident onto the opposite
faces of a sample, z = 0 and z = l, respectively. Their wave
vectors inside the crystal, k1 and k2, are almost, but not ex-
actly, opposite to each other. Wave 4 is also incident onto
the face z = l, its wave vector k4 inside the crystal is ex-
pected to have an arbitrary orientation in the x, z plane. As a
result, a phase conjugated wave appears whose wave vector
k3 is almost, but not exactly, opposite to k4. Our first goal is
to determine the wave vector k3. In the photorefractive case
in question, we can restrict ourselves to waves of the same
optical frequency and polarization. This means without loss
of generality that k1,2,3,4 ≡ |k1,2,3,4| = 2πn/λ, where λ is
the vacuum wavelength and n is the background refrac-
tive index. The influence of frequency detunings �102 Hz
between the waves, i.e., of slow movement of the light-
interference fringes, is crucial for the PR response but neg-
ligible for k1,2,3,4.

The photorefractive four-wave coupling occurs gener-
ally via transmission (T) and reflection (R) index gratings
[3–5]. The wave vector k3 can be determined in the gen-
eral case without specification of the grating type. It is
necessary to realize merely that the phase-matching con-
dition k1 + k2 = k3 + k4, which gives k3 = −k4 for ex-
actly counter-propagating pump waves, irrespectively of the
type of the PR gratings, must be replaced by the condition
k1x + k2x = k3x + k4x in the presence of angular mismatch.
The latter condition can be treated as a conservation law; it is
dictated by the uniformity along the coordinate x. Combined
with the equality k1,2,3,4 = 2πn/λ, it allows one to express
easily the propagation angle for wave 3 via the propagation
angles for the incident waves 1, 2, and 4. The combination

Fig. 1 Geometric scheme of the semi-linear oscillator. The parallel
dashed lines illustrate the grating fringes of the reflection grating, M is
the ordinary feedback mirror, and l is the crystal thickness

Δ = k1z + k2z − k3z − k4z is non-zero in the general case.
This important parameter characterizes the Bragg mismatch
for both T- and R-cases. It is easily expressed by the angular
mismatch for one of the pump beams δθp ,

Δ � 2π

λn
(sin θp + sin θo)δθp, (1)

where θp and θo are the non-perturbed values of the pump
and oscillation angles measured from the normal. All angles
are given in air. Furthermore, the angular correction for the
angle θ3 (in air) is δθ3 � δθp .

Generally, the pump mismatch can lead also to the ap-
pearance of small y-components of the wave vectors (out-
of-plane distortions). In this case, we must use additionally
the strict phase-matching condition k4y = k1y + k2y − k3y to
get a more complicated, compared to (1), particular expres-
sion for the main mismatch parameter Δ. All subsequent
relations remain unchanged.

Consider now the necessary relations for the grating
vectors. Reflection gratings can be recorded by the wave
pairs 1,4 and 3,2, see Fig. 1. The corresponding grating
vectors, K14 = k1 −k4 and K32 = k3 −k2, are equal to each
other only at zero pump mismatch, when Δ = 0. Otherwise,
they are not exactly the same. This means that diffraction
of wave 3 from the K14 grating, as well as diffraction of
wave 4 from the K32 grating, is slightly off-Bragg. At the
same time, we have generally K14,x = K32,x owing to the
above conservation law. The same properties are inherent
in the transmission gratings formed by the wave pairs 1,3
and 4,2.

2.2 Slowly-varying amplitudes

The light electric field El can be represented as

El =
4∑

s=1

Ase
iks ·r−iωt + c.c., (2)

where A1,2,3,4 = A1,2,3,4(z, t) are slowly-varying com-
plex amplitudes of the light waves, ω is the light fre-
quency, and c.c. indicates complex conjugation. How-
ever, this definition is not unique. In particular, the vari-
ables Ã3,4 = A3,4 exp(−iΔz/2) can equally be regarded as
slowly varying amplitudes of waves 3,4 because the factor
exp(−iΔz/2) is a slowly varying function of z.

Consider now the implications of this circumstance for
the description of the grating recording which is determined
by the intensity modulation. The light intensity modulation
produced by the wave pair 1,4 is given by

A1A
∗
4e

iK14,xx+iK14,zz + c.c.

= A1Ã
∗
4e

iK14,xxei(K14,z−Δ/2)z + c.c. (3)
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Similarly, the intensity modulation coming from the wave
pair 3,2 is

A3A
∗
2e

iK32,xx+iK32,zz + c.c.

= Ã3A
∗
2e

iK32,xxei(K14,z−Δ/2)z + c.c. (4)

As we know, K14,x = K32,x . Furthermore, one can check
straightforwardly that K14,z −Δ/2 = K32,z +Δ/2. The spa-
tial dependence of the intensity modulation is thus the same
in the right-hand sides of (3) and (4). It is natural to denote
Kx = K14,x = K32,x , Kz = K14,z − Δ/2 = K32,z + Δ/2,
and refer to the vector K = (Kx,Kz) as the common grating
vector for the wave pairs 1,4 and 3,2. Correspondingly, the
space-charge field Esc produced by the wave pairs 1,4 and
3,2 can be represented as

Esc = EKeiK·r + c.c., (5)

where EK is the grating amplitude.

2.3 Dynamic equations

It is clear from the above considerations that the necessary
modifications of the known dynamic equations for the light
amplitudes are reduced to the replacement A3,4 → Ã3,4 and
to the addition of the term i(Δ/2)Ã3,4 to the left-hand side
of the equations for Ã3,4 to account for the exponential
z-dependence of these amplitudes in the absence of gratings.
For the R-geometry and the non-local PR response, we ob-
tain, using the known equations for Δ = 0 [1, 3, 12],

∂A1

∂z
= u∗Ã4,

∂A2

∂z
= uÃ3,

(
∂

∂z
+ iΔ

2

)
Ã3 = u∗A2,

(
∂

∂z
+ iΔ

2

)
Ã4 = uA1,

tr
∂u

∂t
+ u = γ

I0

(
A∗

1Ã4 + A2Ã
∗
3

)
.

(6)

Here u is the effective grating amplitude, γ is a real coupling
constant, I0 = I1 + I2 + I3 + I4 is the total light intensity,
Is = |A2

s | is the intensity of the s-th wave, and tr ∝ 1/I0 is
the time of the photorefractive response [3, 4].

It is not difficult to rewrite this set of equations in terms
of the amplitudes A3,4; this leads to the appearance of the
exponent exp(−iΔz/2) in the right-hand sides [20]. Our
equivalent form of the dynamic equations is preferable for
the subsequent analysis.

The above modification procedure of the dynamic equa-
tions is fully applicable to the T-case. Moreover, the results

obtained below for the R-case can be easily rewritten for the
T-case.

Note finally that the definition of the mismatch as |k1z +
k2z − k3z − k4z|, used in [15], includes the symbol of ab-
solute value, which restricts artificially the range of varia-
tions of Δ.

3 General characteristics

3.1 Undepleted pump approximation

In this important case, which implies smallness of the os-
cillation amplitudes, the pump amplitudes can be treated as
constants, A1 = A0

1 and A2 = Al
2, and we have from (6) a

closed system of linear differential equations for Ã∗
3, Ã4,

and u:
(

∂

∂z
− iΔ

2

)
Ã∗

3 = uA∗
2,

(
∂

∂z
+ iΔ

2

)
Ã4 = uA1,

tr
∂u

∂t
+ u = γ

I0

(
A∗

1Ã4 + A2Ã
∗
3

)
,

(7)

where tr is a constant determined by the input pump in-
tensity I0 = I1 + I2. These equations admit a solution
Ã∗

3, Ã4, u ∝ exp(−iΩt) with an arbitrary frequency detun-
ing Ω . The grating amplitude is algebraically expressed then
by the light amplitudes,

u = γ

I0(1 − iΩtr )

(
A∗

1Ã4 + A2Ã
∗
3

)
. (8)

The resulting set of ordinary linear differential equations for
Ã∗

3 and Ã4 can be written in matrix form:

d

dz

(
Ã∗

3
Ã4

)
=

(
S33 S34

S43 S44

)(
Ã∗

3
Ã4

)
. (9)

The matrix elements are given by

S33 = γ |A2|2
I0(1 − iΩtr )

+ iΔ

2
, S34 = γA∗

1A
∗
2

I0(1 − iΩtr )
,

S44 = γ |A1|2
I0(1 − iΩtr )

− iΔ

2
, S43 = γA1A2

I0(1 − iΩtr )
.

(10)

The diagonal elements S33 and S44, which account for the
two-beam coupling effects [4], depend on the mismatch Δ,
but do not depend on the pump-wave phases. The non-
diagonal elements S34 and S43 account for the parametric
effects [17]. They depend on the phases, but do not depend
on Δ.
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3.2 Phase conjugate reflectivity

Equation (9) admits solutions Ã∗
3, Ã4 ∝ exp(Γ z), where the

characteristic exponent Γ satisfies the standard characteris-
tic equation and takes two values,

Γ± = h ±
√

h2 − d (11)

with h = (S33 + S44)/2 and d = S33S44 − S34S43 being the
half-trace and the determinant of the Ŝ-matrix, respectively.
As seen from (10), h does not depend on the mismatch Δ,
and Γ± does not depend on the phases of the pump waves.
The general solution of (9) is

(
Ã∗

3
Ã4

)
= c+

(
Γ+ − S44

S43

)
eΓ+z + c−

(
Γ− − S44

S43

)
eΓ−z,

(12)

where c± are two arbitrary constants.
Using the boundary condition for the semi-linear oscil-

lator Ã∗
3(0) = 0, see Fig. 1, we easily calculate an impor-

tant characteristic [1, 4]—the amplitude reflection coeffi-
cient ρ = Ã∗

3(l)/Ã4(l) characterizing the phase conjugation:

ρ = S−1
43 (eΓ+l − eΓ−l )

(Γ+ − S44)−1eΓ+l − (Γ− − S44)−1eΓ−l
. (13)

At first sight, this expression has no expected symmetry in
the matrix indices. It is necessary to keep in mind, how-
ever, that (Γ − S44)/S43 = S34/(Γ − S33) according to the
characteristic equation for Γ . Thus, ρ can be reexpressed by
(Γ± − S33)/S34, which displays the necessary symmetry.

As follows from the definition of ρ, the frequency detun-
ing for the phase conjugate wave 3 is opposite to that of the
incident wave 4. This is indeed a general feature of the phase
conjugation [6, 7].

3.3 Threshold equations

To obtain the threshold equation for the semi-linear oscilla-
tor, we have to take into account the ordinary feedback mir-
ror M (see Fig. 1). This means fulfilment of the boundary
condition Ã4(l) = √

RÃ3(l), where R is the mirror reflec-
tivity. Introduction of an arbitrary phase factor in the right-
hand side of this condition gives no new results [14].

The physics of the oscillation can be clarified if we recall
the mentioned feature of the phase conjugation—inversion
of the frequency detuning. The component of the incident
wave 4 detuned by −Ω [Ã−

4 (l) ∝ exp(−iΩt)] gives the
conjugate reflected signal [Ã+

3 (l) ∝ exp(+iΩt)]. After a
reflection from the ordinary mirror M, it transforms into
the incident component Ã+

4 (l) ∝ exp(+iΩt). After the next
phase conjugation, we obtain the signal Ã−

3 (l) ∝ exp(−iΩt)

which must be transformed to the initial signal after the sec-
ond ordinary reflection. In short, the sequence of the ele-
mentary processes is Ã−

4 → Ã+
3 → Ã+

4 → Ã−
3 → Ã−

4 .
In accordance with this consideration, we represent the

amplitudes Ãl
3,4 in the form

Ãl
3,4 = c+

3,4e
+iΩt + c−

3,4e
−iΩt . (14)

Then we have the obvious relations

c+∗
3

c−
4

= ρ(Ω,Δ),
c−∗

3

c+
4

= ρ(−Ω,Δ),
c±

4

c±
3

= √
R,

(15)

where ρ = ρ(Ω,Δ) is given by (13). By combining these
relations, we obtain the threshold equation in the general
form:

ρ(Ω,Δ)ρ∗(−Ω,Δ)R = 1. (16)

The only difference of this equation from the previous gen-
eral threshold equation [14] is the dependence of ρ on the
mismatch Δ. This difference is, however, very important.

To make the general equation (16) practically useful for
analysis of the pump mismatch, we reshape the expres-
sion (13) for ρ.

– First, we introduce the normalized/dimensionless vari-
able parameters

g = γ l, ν = Ωtr, δ = Δ/2γ, r = I2/I1. (17)

The parameter g is the coupling strength, ν is the normalized
frequency detuning, δ is the normalized mismatch, and r is
the pump ratio. Instead of δ one can use the normalized mis-
match δ̃ = Δl = 2gδ. The choice between δ and δ̃ is a matter
of convenience. The subsequent analytical expressions are
shorter in terms of δ, while the use of δ̃ is preferable for the
graphics. For any particular combination of the experimen-
tal parameters λ, θp , θo, n and l, the normalized mismatch
Δl (or Δ/2γ ) can be readily expressed by the angular mis-
match δθp using (1), see, e.g., Sect. 5.

– Second, we express, using (10), the phase conjugate re-
flectivity in terms of g, r , Φp = arg(A1A2), and three func-
tions (f , Q+, and Q−) of ν, δ, and r ,

ρ = exp(−iΦp)√
r

sinh(gf )

Q+ exp(gf ) − Q− exp(−gf )
. (18)

The functions f (ν, δ, r) and Q±(ν, δ, r) are given by

f =
[

1

4(1 − iν)2
+ iδ(r − 1)

(1 − iν)(r + 1)
− δ2

]1/2

,

Q± = [
r − 1 + 2(r + 1)(1 − iν)(iδ ± f )

]−1
.

(19)
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The pump phase Φp does not enter the threshold equa-
tion (16) and can be omitted without loss of generality.

With the dependence ρ(g, δ, ν, r) specified, we have a
firm basis for the threshold analysis. We have the com-
plex transcendental threshold equation (16), which is equiv-
alent to two real equations. It gives generally a sequence of
branches for the pair of functions g(δ, r,R) and ν(δ, r,R).
As follows from the symmetry properties, the branches of
g(δ) and ν(δ) are symmetric with respect to the mirror
reflection about the vertical axis δ = 0. Furthermore, the
branches of ν(δ) are symmetric with respect to the mirror
reflection about the horizontal axis ν = 0. We will see be-
low particular examples of the symmetry properties of the
branches.

In the special case δ = 0 (zero mismatch) we have f =
1/2(1 − iν), Q+ = 1/2r , Q− = −1/2, and, correspond-
ingly,

ρ = √
re−iΦp

1 − exp[−γ l/(1 − iΩtr )]
1 + r exp[−γ l/(1 − iΩtr )] . (20)

This is a known result, see [14].
The general symmetry property of ρ, ρ(ν, δ) =

ρ∗(−ν,−δ), which follows from (18) and (19), is use-
ful. It allows one to rewrite the threshold equation (16)
as ρ(g, ν, r, δ)ρ(g, ν, r,−δ)R = 1 or, alternatively, as
ρ(g, ν, r, δ)ρ(g,−ν, r, δ)R = 1. It is thus even in both δ

and ν. Let a combination g, ν, δ, r,R satisfy the thresh-
old equation. Then, as follows from the symmetry prop-
erties, the combinations g,−ν, δ, r,R, g, ν,−δ, r,R, and
g,−ν,−δ, r,R also satisfy it. In particular, we always have
two opposite values of the detuning, ν = ±|ν(δ, r,R)|, for
each value of g(δ, r,R).

In contrast to the particular case δ = 0, where
ρ(ν)ρ∗(−ν) = ρ2(ν), the threshold equation cannot gen-
erally be split into two separate equations. This makes the
analysis of the case δ 	= 0 more complicated.

In accordance with (18), the phase conjugate reflectivity
ρ(g, ν, δ, r) goes to infinity at the zeros of the denominator.
These points satisfy the complex equation

g = 1

2f
ln

(
Q−
Q+

)
. (21)

It corresponds to the threshold of the mirrorless optical os-
cillation [21, 22]. This oscillation can be viewed as a limit-
ing case of the “semi-linear” oscillation for R → 0. How-
ever, there is a subtle difference. In accordance with the
symmetry property of ρ(ν, δ), we have only two equiva-
lent combinations of the threshold parameters for the mirror-
less oscillation, g, ν, δ, r and g,−ν,−δ, r , instead of four
combinations for the semi-linear oscillator. The difference
comes from the mentioned two-fold transformation Ω →
−Ω → Ω in the semi-linear oscillator, which occurs owing
to the ordinary mirror and symmetrizes (in ν) the threshold
properties.

4 Threshold analysis

Numerical analysis of the general complex transcendental
equation (16) with ρ(g, ν, δ, r,R) given by (18) and(19) is
not an easy task. An efficient method is to plot contour lines
of |ρ(δ)ρ(−δ)R − 1| on the (g, ν) plane. The zeros of this
absolute value, which correspond to the solutions for g and
ν with the other parameters fixed, can be easily determined
in this way. By varying δ (or, alternatively, δ̃ = Δl), one can
plot the threshold values of g and ν as functions of Δl for
different combinations of R and r . Similarly, one can ana-
lyze (21) for the mirrorless-oscillation threshold.

Before coming to an analysis of the impact of the angular
mismatch Δ on the threshold characteristics, it is useful to
summarize what is known for Δ = 0 [14].

4.1 Zero-mismatch threshold characteristics

For Δ = 0, we have a sequence of branches for g(r,R)

and ν(r,R) = ±|ν|(r,R). Solid lines 0, 1, and −1 in Fig. 2
(their numbering is a matter of convenience) show the low-
est branches of g(r) for R = 0.1. Branch 0 corresponds to
ν = 0, i.e., to a degenerate oscillation. With decreasing R,
this branch shifts up and to the right, and the minimum value
of g(r) goes to infinity for R → 0. Branches ±1 correspond
to non-degenerate oscillations, i.e., to |ν| 	= 0. The minimum
values of g(r) for these branches are the same and indepen-
dent of R: gmin = 2π . With decreasing R, branches 1 and
−1 approach each other. Their limit for R → 0, shown by
the dotted line, corresponds to the mirrorless oscillation. The
non-degenerate oscillation can thus be viewed as the mirror-
less oscillation perturbed by the feedback mirror.

Figure 3 shows the R-dependences of the optimum (min-
imizing g) pump ratio for branches 0, 1, and −1. For
branches 1 and −1, we have rmin = exp(π) at R = 0, which
corresponds to the mirrorless oscillation. For R 	= 0, the ±1
branches are separated, and the separation grows initially ex-
tremely fast with R. For sufficiently small values of R, the

Fig. 2 Degenerate (0) and non-degenerate (±1) branches of g(r) for
R = 0.1. The dotted line corresponds to R = 0
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Fig. 3 The optimum pump ratio for the branches 0, 1, and −1 versus
the reflectivity R

non-degenerate branches are also well separated from the
degenerate branch 0.

In addition to the 0 and ±1 branches, shown in Fig. 2,
there are branches with much higher values of the coupling
strength g. Usually, they are of minor interest.

4.2 Mirrorless-oscillation thresholds for Δ 	= 0

Since the mirrorless oscillation is closely related to the non-
degenerate regime of the semi-linear oscillator, it is natural
to consider first the impact of the pump mismatch on the
mirrorless-oscillation threshold. This case is the simplest
because it is free from particularities of the external feed-
back loop. Furthermore, it is expected to be important for
the analysis of numerous oscillation schemes based on phase
conjugation [1–5].

Figure 4a shows the lowest branches of g(Δl) for the
pump ratio r = 5, and Fig. 4b gives the corresponding values
of ν(Δl). The most striking feature is a strong decrease of
the threshold coupling strength with increasing pump mis-
match: the value of g decreases from � 7.74 to � 3.73! The
last number is almost two times smaller than the minimum
threshold value of the coupling strength for zero angular de-
tuning, gmin = 2π .

The structure of the branches in Fig. 4 is remarkable. We
have a sequence of branches gj (Δl) and νj (Δl) with j =
±1,±2,±3, . . . ; the minimum value of gj (Δl) increases
with increasing |j |. The branches with j < 0 and j > 0 are
linked by the symmetry relations: gj (−Δl) = g−j (Δl) and
νj (−Δl) = −ν−j (Δl). They fully comply with the symme-
try properties of ρ(ν, δ). Remarkably, the mirrorless oscilla-
tion with a zero frequency detuning (ν = 0) is possible for
Δ 	= 0; the coupling strength g is close to its local minima
in this case. Only quantitative changes occur with the above
branches when changing the pump ratio r .

A natural question arises: what is the absolute minimum
of the threshold value of the coupling strength g as a func-
tion of Δl and r? Our numerical analysis has shown, see

Fig. 4 Threshold values of the coupling strength (a) and the nor-
malized frequency detuning (b) versus the normalized mismatch
for the mirrorless oscillation at r = 5. Only the lowest branches
j = −1,1,2,3 are shown

Fig. 5 Contour plots g(Δl, r) = 3.73, 3.75, 3.8, and 3.9 illustrating
the absolute minimum of the coupling strength for the mirrorless oscil-
lation. The cental dot corresponds to g � 3.726

Fig. 5, that the absolute minimum is gabs
min � 3.726. It corre-

sponds to r � 5.244 and Δl � 4.563. The normalized fre-
quency detuning for these control parameters is ν � 0.257.
The same value of g and the opposite value of ν occur
indeed for Δl � −4.563. An almost twofold decrease of
the threshold coupling strength is thus achievable by in-
troducing proper angular mismatches. Note that the value
r = exp(π) � 23, minimizing g at Δ = 0, is far from 5.244.
On the other hand, the value r = 5 in Fig. 4 is close to the
pump ratio realizing the absolute minimum of g.
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4.3 Semi-linear oscillator thresholds for Δ 	= 0

Because of an additional variable parameter R, this case is
more complicated to exhaust. In what follows, we restrict
ourselves to representative examples.

The first example is for R = 0.5 and r = 336. For Δ = 0,
the degenerate branch 0 coexists with the non-degenerate
branch 1 (compare to Fig. 2) and we have initially g0 �
3.373, ν0 = 0, g1 � gmin

1 = 2π , and ν1 � ±1. The mismatch
does not affect the quality of the oscillation to be degenerate,
ν0(Δl) = 0, so that the effect of Δl is reduced to quantita-
tive changes. As follows from Fig. 6, the mismatch makes
the threshold of the degenerate oscillation higher. The situa-
tion with the non-degenerate oscillation is the opposite. The
value of the coupling strength g1 first decreases with |Δl|
and then increases; the minimum of g1(Δl) is pronounced—
gmin/g(0) � 0.9. The absolute value of the frequency de-
tuning for branch 1 decreases monotonically with increas-
ing Δl.

Note that the above dependences are even in Δl, which
differs from the symmetry properties of the branches g(Δl)

and ν(Δl) for the mirrorless oscillation; see Fig. 4. This in
full agreement with the general symmetry properties of the
threshold equations indicated in Sect. 3C.

Consider now a qualitatively different example of the
threshold behavior. It is for R = 0.4 and r = 2, which corre-
sponds to g−1 � 2π and ν−1 � ±1 at Δ = 0, see also Fig. 2.
The main feature of this choice is that the degenerate oscil-
lation is absent for zero mismatch.

Fig. 6 Threshold values of the coupling strength (a) and of the fre-
quency detuning (b) versus the normalized mismatch Δl for R = 0.5
and r = 336; curves 0 and 1 correspond to the degenerate and
non-degenerate branches, respectively

As one can see from Fig. 7, the situation is entirely dif-
ferent here. For sufficiently small mismatches, we still have
a single solution for the threshold coupling strength; the
value of g−1 decreases with Δl together with the corre-
sponding value of |ν−1|. At Δl = (Δl)c � 4.2 a bifurca-
tion takes place: for Δl > (Δl)c we have two solutions for
g and a single zero solution for ν, which corresponds to a
new frequency degenerate oscillation labelled by 0. The fre-
quency non-degenerate mode transforms thus in a critical
manner into a frequency degenerate one. For Δl > (Δl)c ,
the value of g0(Δl) decreases for the lowest sub-branch,
reaches a minimum (gmin � 3.59), and then starts to grow.
This growth is not monotonic, it is accompanied by oscilla-
tions. The values of g and ν for Δl < 0 can be obtained, as
before, by the mirror reflection of the curves in Fig. 7 about
the vertical axis Δl = 0.

The last example illustrates the transition to the mir-
rorless oscillation when decreasing the reflectivity R. This
transition is also accompanied by non-trivial qualitative
changes. Figure 8 shows the lowest branches of g(Δl) for
r = 5 and R = 0.01. It is instructive to compare it with
Fig. 4a plotted for r = 5 and R = 0. First, the expected split
of the branches of g appears at Δl = 0. Second, bifurcations
of the branches, which correspond to transitions between the
frequency non-degenerate and degenerate oscillations, occur
around Δl ≈ 6, 13, and 19. The degenerate oscillation ap-
pears thus via bifurcations when R increases starting from
zero. Numerous branches ν(Δl) = ±|ν(Δl)| are not shown
in Fig. 8.

Fig. 7 The threshold values of the coupling strength g (a) and of
the normalized detuning ν (b) versus the normalized mismatch Δl for
R = 0.4 and r = 2. Numbers −1 and 0 indicate the old non-degenerate
and new degenerate branches
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Fig. 8 Threshold coupling strength versus the normalized mismatch
for R = 0.01 and r = 5. The solid and dashed lines correspond to
non-degenerate (|ν| 	= 0) and degenerate (ν = 0) branches, respectively

4.4 Comparison with direct simulations

To verify the correctness of the above analysis and to gain a
different view of the threshold behavior, we have simulated
directly the initial set (6) of non-linear dynamic equations.
This set was solved with the zero boundary values of the os-
cillation amplitudes, A3(0, t) = 0, A4(l, t) = 0, and a very
small random initial value of the grating amplitude u(z,0),
see [12] for more details. This seed value initiates the oscil-
lation but, as we have checked, does not influence the steady
state. No particular values of the frequency detuning were
thus imposed in our numerical simulations. The time behav-
ior of the amplitudes is fully determined by the structure of
the non-linear equations.

In all cases considered, the temporal behavior changes
sharply when crossing the expected threshold of g. Be-
low the threshold, we always have a zero steady state for
I3,4(t), while above the threshold we have a pronounced
steady-state oscillation. Moreover, it is easy to see whether
the oscillation is degenerate or not. Two representative ex-
amples are given in Fig. 9. In case (a), the input parame-
ters are R = 0.01, r = 5, Δl = 4.5, and g = 3.9. We are
slightly above the threshold here in accordance with Fig. 8,

and the expected oscillation is non-degenerate. As one can
see from Fig. 9a, the steady-state behavior of I3(l), which
takes place for t/tr � 300 just corresponds to this oscilla-
tion mode. Moreover, the period of the oscillation, � 11.07,
corresponds to the relevant threshold value, ν � 0.258, in
Fig. 8. Small changes of the input parameters in case (b),
g → 3.8 and Δl → 6, bring us to the region of the expected
degenerate oscillation. The numerical results of Fig. 9b with
no steady-state oscillations of I3(l) are in a full agreement
with the threshold analysis.

Note that the contrast of the intensity modulation is not
unity in Fig. 9a. This means that the constants c+

3 and c−
3

in (14) have different absolute values. Furthermore, it is easy
to find from (15) that |c+

3 |2/|c−
3 |2 = |ρ(Δl, ν)|/|ρ(Δl,−ν).

This ratio is not unity for Δl 	= 0. The mentioned feature of
the intensity modulation is thus also the effect of the angu-
lar detuning. One can show that the value of the modulation
contrast is in a good agreement with the threshold character-
istics.

5 Discussion

A strong influence of small angular mismatches between the
pump beams on the threshold characteristics of the semi-
linear oscillator is highly remarkable. This influence is not
reduced to small corrections of the oscillation thresholds.
Instead, it can lead to strong reduction of these thresholds.
In particular, the minimum threshold value of the coupling
strength for the mirrorless oscillation, which was expected
to be 2π [13, 14], can be lowered almost by a factor of two
owing to angular detunings. This modified value is com-
parable with the minimum threshold value of the coupling
strength for the local photorefractive response, gmin = π

[1, 21].
It is interesting that an increase of the angular mismatch

can be accompanied by non-trivial bifurcations, i.e., by qual-
itative changes of the oscillation behavior. In particular, the
non-degenerate oscillation can become degenerate and vice
versa. Generally, bifurcations are typical of non-linear dy-
namic systems [23], but particularities of the bifurcation be-
havior are strongly individual.

Fig. 9 Time dependence of the
intensity ratio I l

3/I
l
2 during the

oscillation development for two
specified sets of the input
parameters. Cases (a) and (b)
correspond to the
non-degenerate and degenerate
oscillation, respectively
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The results of the threshold analysis, obtained within the
undepleted pump approximation in the R-case for g > 0, ad-
mit two useful generalizations. (i) To consider the region of
negative coupling strength in the R-case, it is sufficient to
replace g → −g and r → 1/r in the above relations. (ii) To
consider the T-case (dominating transmission gratings) it is
sufficient to replace r → 1/r [12]. These generalizations ex-
tend the results known for the case of zero angular and fre-
quency detunings [1].

We have analyzed above the most common case of the
non-local (diffusion driven) photorefractive response. One
can expect that the influence of the pump mismatch will be
essentially different in the case of local response. An in-
crease of the oscillation threshold seems to be most likely
in this case.

While the strong effect of the angular detuning is impor-
tant, it is not completely surprising. Similar mismatch ef-
fects are known in the theory of four-wave parametric scat-
tering in photorefractive crystals [17]. The underlying rea-
son is closely related to the compensation of the non-linearly
introduced corrections of the wave vectors by the angular
mismatches.

It is useful to estimate the angular deviation δθp which
corresponds to Δl ≈ 3 and is sufficient for the investigated
effects. By taking the refractive index n = 2.3, the wave-
length λ = 514 nm, the crystal thickness l = 3 mm, and the
angle θo = 30◦, we obtain δθ ≈ 2 × 10−2 deg.

Focused pump beams, which are often used in the oscil-
lation experiments, have much larger angular divergences.
Correspondingly, they comprise plenty of plane-wave pairs
with essentially different mismatches. It is difficult to ex-
pect a quantitative agreement between the four-wave theory,
including only two plane pump waves, and experimental re-
sults in this case. Non-focused laser beams have an angular
spread because of their finite width. This width has to be
large enough, �1 cm, to ensure a small effect of the angular
mismatches. This condition can be achieved but it is not the
case of a typical experiment.

Analysis of the oscillation characteristics outside the
plane-wave approximation would involve complicated and
highly-specialized three-dimensional numerical calcula-
tions. This analysis is beyond the scope of this paper.

6 Summary

A general threshold equation for the semi-linear oscillator,
including a frequency detuning between the pump and os-
cillating waves and an angular mismatch between the pump
beams, is derived. This complex transcendental equation
contains five variable parameters—the coupling strength,
the frequency detuning, the angular mismatch, the pump in-
tensity ratio, and the reflectivity of the ordinary feedback

mirror. The limiting case of zero reflectivity corresponds to
the mirrorless-oscillation threshold.

An analysis of the effect of the pump mismatch on the
oscillation thresholds is performed for the mirrorless oscilla-
tion and the semi-linear oscillator combining analytical and
numerical tools. A strong, almost two-fold, lowering of the
threshold coupling strength by introducing the angular mis-
match is found.

We predict for certain cases that increasing pump mis-
match results in bifurcations of the output characteristics,
i.e., in qualitative changes of the oscillation behavior. This
includes mutual transformations between degenerate and
non-degenerate oscillation modes.

As follows from our results, serious restrictions have to
be imposed on the pump beam quality in order to use the
plane-wave model for comparison with experimental data.
In particular, the use of focused beams has to be excluded
and the width of non-focused beams has to be of the order
of 1 cm. In the opposite case, the oscillation behavior must
be analyzed outside the wide-spread plane-wave approach.
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