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Abstract The analytical expressions for the spectral de-
gree of coherence and spectral intensity of spatially and
spectrally partially coherent cosh-Gaussian pulsed (ChGP)
beams propagating in free space are derived. It is shown
that the spectral degree of coherence and spectral intensity
of spatially and spectrally partially coherent ChGP beams
depend on the spatial correlation parameter, decentered pa-
rameter and temporal coherence length. Depending on the
decentered parameter, the effective width of the spectral de-
gree of coherence can be larger than, smaller than or equal
to that of the spectral intensity. The results are illustrated by
numerical examples.
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1 Introduction

In recent years the spatial correlation properties of spatially
partially coherent wave fields have attracted much atten-
tion [1–8]. Fischer and Visser analyzed the variation of the
spectral degree of coherence and spectral intensity of fo-
cused spatially partially coherent Schell-model beams on
the axis and in the focal plane [2]. Roychowdhury et al.
dealt with electromagnetic Gaussian Schell-model (GSM)
beams propagating through a gradient-index fiber, and the
periodic variation of the spectral degree of coherence [3].
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The spatial correlation properties of partially coherent flat-
topped beams and Schell-model beams propagating through
atmospheric turbulence were studied by Ji et al., who found
that the oscillatory behavior of the spectral degree of co-
herence becomes weaker with increasing turbulence [5, 6].
Eyyuboglu et al. evaluated the spectral degree of coherence
of partially coherent general beams including partially co-
herent cosh-Gaussian, cos-Gaussian, Gaussian, annular, and
higher-order Gaussian beams in atmospheric turbulence and
found that the modulus of the spectral degree of coher-
ence for partially coherent general beams in free space ap-
proaches unity for large propagation distances [7].

On the other hand, much interest has been exhibited in
ultra-short optical pulsed beams due to rapid advances in
femtosecond pulsed laser technologies capable of generat-
ing few-cycle pulses in the laboratory [9–17]. As usual, the
spectral components of ultra-short pulses are assumed to be
fully correlated [12]. Recently, the concept of partially co-
herent pulses was introduced by Pääkkönen et al. [13], and
a coherent-mode representation for spatially and spectrally
partially coherent pulses was proposed by Lajunen et al.
to describe some basic properties of such a type of pulses,
and illustrated by spatially and spectrally partially coherent
GSM pulses [12, 14].

In the present paper, taking the spatially and spectrally
partially coherent cosh-Gaussian pulsed (ChGP) beam as
another type of spatially and spectrally partially coherent
pulsed beams, changes in the spectral degree of coherence
and spectral intensity of ChGP beams are studied. In Sect. 2
analytical expressions for the spectral degree of coherence
and spectral intensity of spatially and spectrally partially co-
herent ChGP beams propagating in free space are derived.
The on-axis and transverse spectral degrees of coherence
and spectral intensity of the ChGP beams are analyzed in
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Sects. 3 and 4, and illustrated by numerical examples. Fi-
nally, the main results obtained in this paper are summarized
in Sect. 5.

2 Simulation model

In the space–time domain the mutual correlation function of
a two-dimensional spatially and temporally partially coher-
ent ChGP beam at the source plane z = 0 is written as [12,
18]
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where w0 and Ω are the waist width of the Gaussian part
and the parameter associated with the cosh part, respec-
tively, both of which are assumed to be independent of the
frequency ω [18]. (x′

1, x
′
2) and (t1, t2) are coordinates and

times of two points at the source plane, respectively. ω0 is
the carrier frequency of the pulse and Γ0 is a constant. σ0 is
the spatial correlation length, T0 is the pulse duration and Tc

describes the temporal coherence length of the pulse, which
denotes the temporal correlation of the pulse.

Using the Fourier transform, the cross-spectral density
function of the spatially and spectrally partially coher-
ent ChGP beam at the source plane z = 0 in the space–
frequency domain can be derived and is given by
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(spectral width), (3)
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Ω0 (spectral coherence width), (4)
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2πΩ0
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The spectral coherence width Ωc is a measure of the corre-
lation between different frequency components of the pulse.
Equations (3) and (4) give the relation between the pulse
duration T0, temporal coherence length Tc, spectral width
Ω0 and spectral coherence width Ωc. It is readily seen that
the spatially partially coherent and spectrally fully coher-
ent ChGP beams can be regarded as a special case by letting
Tc → ∞ (Ωc → ∞). In the limit σ0 → ∞ the spatially fully
coherent and spectrally partially coherent ChGP beams are
obtained. If σ0 → ∞ and Tc → ∞, we obtain spatially and
spectrally fully coherent ChGP beams.

The cross-spectral density function of the spatially and
spectrally partially coherent ChGP beam propagating in free
space is expressed as [19]
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where k is the wave number related to the frequency ω by
ki = ωi/c (i = 1,2), c being the speed of light in vacuum,
(x1, z1) and (x2, z2) are two points in the half space z > 0
and * denotes the complex conjugate.

On substituting from (2) into (6), tedious but straightfor-
ward integral calculations yield
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where
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and g = Ωw0 represents the decentered parameter. On plac-
ing x1 = x2 = x, z1 = z2 = z and ω1 = ω2 = ω into (7), the
spectral intensity of the ChGP beam at the position (x, z), at
frequency ω, turns out to be
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The spectral degree of coherence is defined as [19]

μ(x1, z1,ω1, x2, z2,ω2)

= W(x1, z1,ω1, x2, z2,ω2)√
S(x1, z1,ω1)S(x2, z2,ω2)

, (13)

where W(x1, z1,ω1, x2, z2,ω2) and S(xi, zi,ωi) (i = 1,2)

are given by (7) and (12), respectively. It follows from (13)
that the spectral degree of coherence μ(x1, z1,ω1, x2, z2,ω2)

is dependent on the waist width, decentered parameter, spa-
tial correlation parameter, pulse duration, temporal coher-
ence length, frequency and position of two points.

Some special cases of (13) are of interest.
(a) For γ = 1 (i.e. σ0 → ∞), (13) reduces to the spec-

tral degree of coherence of spatially fully coherent and spec-
trally partially coherent ChGP beams:
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Obviously, μ0 depends on the temporal coherence length Tc,
pulse duration T0 and frequency difference |ω1 − ω2|, and
μ0 = 1 if ω1 = ω2 or Tc → ∞.

(b) For spatially and spectrally partially coherent ChGP
beams at sufficiently long propagation distances (z1 = z2 =
z → ∞), we have

|μ| = μ0 = exp
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]
. (15)

For spectrally fully coherent ChGP beams (Tc → ∞), we
obtain |μ| = μ0 = 1, which is consistent with the result in
Ref. [7].

(c) For x1 = x2 = 0, we obtain the spectral degree of co-
herence at a pair of points on the z axis:
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(d) For g = 0, (13) reduces to the spectral degree of
coherence of spatially and spectrally partially coherent
Gaussian Schell-model pulsed (GSMP) beams:
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3 On-axis spectral degree of coherence and spectral
intensity

By using (12) and (16), the spectral degree of coherence and
spectral intensity of spatially and spectrally partially coher-
ent ChGP beams at a pair of points on the z axis can be stud-
ied, where (x1, z1) = (0,1 m) for μ kept fixed, and our main
attention is paid to the influence of the spatial correlation pa-
rameter γ , decentered parameter g and temporal coherence
length Tc on the spectral degree of coherence and spectral
intensity.

The modulus of the spectral degree of coherence
|μ(0, z1,ω,0, z2,ω)| and the normalized spectral intensity
S(0, z,ω)/Smax(0, z,ω) of a spatially and spectrally par-
tially coherent ChGP beam on the z axis are shown in
Fig. 1a and b, respectively, where the calculation parame-
ters are w0 = 0.5 mm, g = 3, T0 = 3 fs, ω0 = 2.979 rad/fs,
ω1 = ω2 = ω = 2.5 rad/fs and γ = 0.5,0.7 and 0.9. As
can be seen from Fig. 1a, |μ(0, z1,ω,0, z2,ω)| is depen-
dent on the spatial correlation parameter γ and z2; as γ

decreases |μ| decreases. Figure 1b shows that the varia-
tion of S(0, z,ω)/Smax(0, z,ω) with z2 is non-monotonic
in the region 0.5 m ≤ z ≤ 5 m, and with increasing γ

the position of the normalized maximum spectral intensity
S(0, z,ω)/Smax(0, z,ω)|max increases, that is to say, the po-
sition of S(0, z,ω)/Smax(0, z,ω)|max moves away from the
source plane.

Figure 2 represents (a) |μ(0, z1,ω,0, z2,ω)| and
(b) S(0, z,ω)/Smax(0, z,ω) for different values of the de-
centered parameter g = 0,3 and 5, where γ = 0.5, and
the other calculation parameters are the same as those in
Fig. 1. From Fig. 2a we see that g does not affect the max-
imum and the position of |μ|max, and |μ| decreases with an
increase of g. It can be seen from Fig. 2b that, in the re-
gion 0.5 m ≤ z ≤ 5 m, S(0, z,ω)/Smax(0, z,ω) varies with

Fig. 1 (a) Modulus of the on-axis spectral degree of coherence
|μ(0, z1,ω,0, z2,ω)| versus z2 and (b) normalized spectral intensity
S(0, z,ω)/Smax(0, z,ω) versus z for different values of the spatial cor-
relation parameter γ

z non-monotonically if g �= 0, and the larger the decen-
tered parameter g, the more the maximum position moves
away from the source plane, whereas, for the GSMP beam
of g = 0, S(0, z,ω)/Smax(0, z,ω) decreases with increas-
ing z.

The spectral degree of coherence μ0 of spatially fully co-
herent and spectrally partially coherent ChGP beams (γ =
1) as a function of Tc for different values of the pulse du-
ration T0 is given in Fig. 3, where ω1 = 2.5 rad/fs, ω2 =
3.5 rad/fs and T0 = 2,3,4 and 5 fs. It follows from (14) that
μ0 is independent of the position of two points due to the
spatially full coherence. As shown in Fig. 3, μ0 increases
with increasing Tc and decreasing T0.

Figure 4a gives |μ(0, z1,ω1,0, z2,ω2)| of a spatially and
spectrally partially coherent ChGP beam for different values
of the temporal coherence length Tc, where the calculation
parameters are γ = 0.5,ω1 = 2.5 rad/fs, ω2 = 3.5 rad/fs and
Tc = 5 fs, 10 fs and ∞; the other parameters are the same
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Fig. 2 (a) Modulus of the on-axis spectral degree of coher-
ence |μ(0, z1,ω,0, z2,ω)| and (b) normalized spectral intensity
S(0, z,ω)/Smax(0, z,ω) for different values of the decentered parame-
ter g

Fig. 3 The spectral degree of coherence μ0 of spatially fully coherent
and spectrally partially coherent ChGP beams versus Tc for different
values of the pulse duration T0

Fig. 4 (a) Modulus of the on-axis spectral degree of coherence
|μ(0, z1,ω1,0, z2,ω2)| for different values of Tc. (b) Normalized spec-
tral intensity S(0, z,ω)/Smax(0, z,ω)

as those in Fig. 1. From (16), it is seen that for ω1 = ω2

the spectral degree of coherence μ is independent of Tc

and |μ|max = μ0 = 1 (e.g. Figs. 1a and 2a). However, for
ω1 �= ω2, |μ| depends on Tc, as shown in Fig. 4a; a decrease
of Tc results in a decrease of |μ| as well as of its maxi-
mum |μ|max, namely, |μ|max is not equal to 1 owing to the
spectrally partial coherence, because (16) implies that μ0

modifies the spectral degree of coherence μ. μ0 decreases
with decreasing Tc, which leads to a decrease of |μ| as
well as of its maximum |μ|max. The normalized spectral in-
tensity S(0, z,ω)/Smax(0, z,ω) is depicted in Fig. 4b with
ω = 2.5 rad/fs; two curves for Tc = 5 fs and Tc → ∞ are
shown to be coincident. The result can be interpreted by
(12), for which we see that the term exp[−(ω − ω0)

2/Ω2
0 ]

depends on Tc, but does not affect the normalized spectral
intensity S(0, z,ω)/Smax(0, z,ω).
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Fig. 5 Modulus of the spectral degree of coherence |μ(x1, z,ω, x2, z,ω)| for different values of g. (a) g = 0; (b) g = 2.5; (c) g = 5

4 Transverse spectral degree of coherence and spectral
intensity

To illustrate the effect of the decentered parameter g on the
transverse spectral degree of coherence, in Fig. 5 the modu-
lus of the spectral degree of coherence |μ(x1, z,ω, x2, z,ω)|
for a pair of points (x1, z) and (x2, z) is plotted, where the
calculation parameters are w0 = 0.5 mm, γ = 0.5, T0 = 3 fs,
ω0 = 2.979 rad/fs, ω1 = ω2 = ω = 2.5 rad/fs, z1 = z2 = z =

3 m, (a) g = 0; (b) g = 2.5; (c) g = 5. It is observed that
for g = 0, |μ| decreases gradually with increasing distance
|x2 − x1|, whereas, for g = 2.5 and 5, |μ| exhibits an oscil-
latory behavior, which becomes stronger with increasing g.
This is due to the oscillatory behavior of the cosh-Gaussian
function for a large value of Ω . Therefore, besides the aper-
ture diffraction [6], an oscillatory behavior of the spectral
degree of coherence also appears by a suitable variation of
the decentered parameter g.
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Fig. 6 (a) Modulus of the spectral degree of coherence |μ(0, z,ω, x,
z,ω)| as a function of x for different values of γ . (b) Relative spectral
intensity S(x, z,ω)/S(0, z,ω)

Figure 6 represents (a) the modulus of the spectral de-
gree of coherence |μ(0, z,ω, x, z,ω)| and (b) the relative
spectral intensity S(x, z,ω)/S(0, z,ω) versus x for different
values of the spatial correlation parameter γ = 0.5,0.8 and
0.9, where (x1, z1) = (0,3 m) is kept fixed, x2 = x,g = 3
and the other calculation parameters are the same as those
in Fig. 5. From Fig. 6a we see that the oscillatory behavior
of |μ| becomes smaller and |μ| increases with increasing γ .
As can be seen from Fig. 6b, S(x, z,ω)/S(0, z,ω) increases
with decreasing γ . For γ = 0.9, S(x, z,ω)/S(0, z,ω) shows
an oscillatory behavior, which, however, disappears when γ

becomes small (e.g. γ ≤ 0.8).
Figure 7 gives |μ(0, z,ω1, x, z,ω2)| versus x for dif-

ferent values of Tc, where the calculation parameters are
γ = 0.5,ω1 = 2.5 rad/fs, ω2 = 3.5 rad/fs, Tc = 5 fs, 10 fs
and ∞ and the other calculation parameters are the same
as those in Fig. 6. It is seen that both |μ| and its maximum
|μ|max decrease with decreasing Tc; the physical explana-

Fig. 7 Modulus of the spectral degree of coherence |μ(0, z,ω1, x,
z,ω2)| as a function of x for different values of Tc

tion of Fig. 7 is similar to Fig. 4a. Additionally, it can be
shown that the temporal coherence length Tc does not affect
the transverse spectral intensity distribution, and the illustra-
tive numerical example is omitted.

It is interesting to compare the effective width of the
spectral degree of coherence with that of the spectral in-
tensity; Fig. 8a–d give |μ(0, z,ω, x, z,ω)| and S(x, z,ω)/

S(0, z,ω) for different values of the decentered parame-
ter g = 0,1.3,3 and 6, respectively, where γ = 0.6, and
the other calculation parameters are the same as those in
Fig. 6. The effective width of the spectral degree of co-
herence is defined as the distance between two points for
which |μ(0, z,ω, x, z,ω)| is decreased from its maximum
value to one-half [1]. From Fig. 8a–d it is seen that the ef-
fective width of |μ(0, z,ω, x, z,ω)| is larger than that of
S(x, z,ω)/S(0, z,ω) with g = 0, but the effective width of
|μ(0, z,ω, x, z,ω)| is less than that of S(x, z,ω)/S(0, z,ω)

with large values of g, e.g. g ≥ 3, and, in particular,
the effective width of |μ(0, z,ω, x, z,ω)| equals that of
S(x, z,ω)/S(0, z,ω) for g = 1.3.

5 Conclusions

In this paper, the analytical expressions for the spectral de-
gree of coherence and spectral intensity of spatially and
spectrally partially coherent ChGP beams propagating in
free space have been derived and used to study changes
in their spectral degree of coherence and spectral inten-
sity. The spatially and spectrally partially coherent GSMP
beam can be regarded as a special case by letting g = 0. It
has been shown that, for the on-axis and transverse spec-
tral degrees of coherence and spectral intensity, a decrease
of the temporal coherence length Tc leads to a decrement
of the modulus of the spectral degree of coherence |μ|
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Fig. 8 Modulus of the spectral degree of coherence |μ(0, z,ω, x, z,ω)| and relative spectral intensity S(x, z,ω)/S(0, z,ω) for different values
of g. (a) g = 0; (b) g = 1.3; (c) g = 3; (d) g = 6

and its maximum |μ|max, whereas Tc does not contribute
to the spectral intensity distribution. As the decentered pa-
rameter g increases, the modulus of the on-axis spectral
degree of coherence |μ(0, z1,ω,0, z2,ω)| decreases and
the position of the normalized maximum spectral intensity
S(0, z,ω)/Smax(0, z,ω)|max moves away from the source
plane. At a transverse plane an increase of g results in an
oscillatory behavior of |μ(0, z,ω, x, z,ω)|, which becomes
more prominent with decreasing spatial correlation parame-
ter γ . The relative spectral intensity S(x, z,ω)/S(0, z,ω) in-
creases with a decrease of γ . Depending on g, the effective
width of the spectral degree of coherence can be larger than,
smaller than or equal to that of the spectral intensity.
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