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Abstract The sixth-order coincidence fractional Fourier
transform (FRT) with incoherent and partially coherent light
is introduced as an extension of the recently introduced
fourth-order coincidence FRT. An optical system for imple-
menting sixth-order coincidence FRT is designed. It is found
that the visibility of the sixth-order coincidence FRT pattern
of an object is always much higher than that of the fourth-
order coincidence FRT pattern. The visibility is closely re-
lated to the transverse width and the transverse coherence
length of the light source and also depends on the fractional
order of the optical system.

PACS 42.25.Kb · 42.30.Kq

1 Introduction

During the past several decades, especially since Wolf first
found that partially coherent light undergoes a spectral shift
during its propagation in free space [1, 2], partially coher-
ent light has extensively been investigated both in experi-
ment and theory [3]. Many interesting phenomena due to the
low coherence of light have been reported, such as a spec-
tral switch of partially coherent light [4, 5], reduced point-
ing errors in atmosphere communication with partially co-
herent light [6], enhanced conversion efficiency for second-
harmonic generation [7, 8] etc. Partially coherent light has
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been widely applied in practice, such as for optical projec-
tion, laser scanning, improving the uniformity of the inten-
sity distribution in inertial confinement fusion and for the
reduction of noise in photography [8–11].

Partially coherent light is characterized by a second-order
correlation function of the electric field [3]. A Gaussian
Schell-model (GSM) source is a typical partially coherent
light source, which emits partially coherent beam whose
spectral density and spectral degree of coherence have
Gaussian shapes [12–14]. By scattering a coherent laser
beam from a rotating grounded glass, then transforming
the spectral density distribution of the scattered light into
a Gaussian profile with a Gaussian amplitude filter, a GSM
beam can be generated [15, 16]. GSM beams can also be
generated with specially synthesized rough surfaces, spa-
tial light modulators and synthetic acousto-optic holograms
(cf. [17]). Recently, much attention has been paid to electro-
magnetic (i.e., vectorial) GSM source [18–21].

The concept of the fractional Fourier transform (FRT)
was firstly proposed by Namias in 1980 as a generaliza-
tion of the conventional Fourier transform [22]. McBride
and Kerr developed Namias’s theory to a more rigorous
form [23]. In 1993, Ozaktas, Mendlovic and Lohmanm in-
troduced the FRT into optics and designed optical systems
to achieve FRT [24–26]. Since then, the FRT has been used
widely in signal processing, optical image encryption and
beam analysis [27–29] etc. The FRT optical system also
provides a convenient way to control the properties, e.g.,
the intensity distribution, spectral degree of coherence, po-
larization and spectrum of coherent and partially coherent
beams [30–36].

In 2005, Cai et al. introduced the concept of coincidence
FRT and designed an optical system for implementing the
coincidence FRT with incoherent light, partially coherent
light and entangled photon pairs [37, 38] as an extension of
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coincidence Fourier transform (also named ghost imaging
and interference) [39–47]. Coincidence FRT is a method to
obtain the FRT pattern of an object by measuring the coinci-
dence counting rate (i.e., the fourth-order correlation) of two
detected signals going through two different light paths, and
the object is located in one light path [37, 38]. The coinci-
dence subwavelength FRT was studied in [48]. The lensless
optical implementation of the coincidence fractional Fourier
transform was analyzed in [49]. Wang et al. successfully
observed the coincidence FRT pattern of an object imple-
mented with partially coherent light in experiment [50].

For the case of fourth-order coincidence FRT with en-
tangled photon pairs, the visibility of the FRT pattern of an
object is very high, but we know it is not cheap and easy
to produce and control entangled photon pairs, which lim-
its its application. For the case of fourth-order coincidence
FRT with incoherent and partially coherent light, the vis-
ibility of the FRT pattern of an object is low because of
the inevitable background noise as shown in [37] and [38],
which also limits its application. Therefore it is interesting
and valuable to propose a new method to enhance the vis-
ibility of the coincidence FRT pattern with classical light.
In this paper, enlightened by the recently introduced higher-
order coincidence Fourier transform (i.e., higher-order ghost
imaging and interference) [51–54], we introduce the sixth-
order coincidence FRT with incoherent and partially coher-
ent light, and design an optical system for implementing this
sixth-order coincidence FRT. Our results show that we can
enhance the visibility of the coincidence FRT pattern of an
object using our new method.

2 Theory

In this section, we introduce sixth-order coincidence frac-
tional Fourier transform (FRT) implemented with incoherent
and partially coherent light. The optical system for imple-
menting sixth-order coincidence FRT with incoherent light
is shown in Fig. 1. The light emitted from the source is firstly
split into two beams by a beam splitter (BS1). The reflected
beam propagates through path 3 to detector D3. The trans-
mitted beam is split into two beams by a second beam split-
ter (BS2); then the two outgoing beams propagate through
paths 1 and 2 to detector D1 and D2, respectively. D1,D2

and D3 are single-photon detectors, D1 is fixed at u1 = 0,D2

and D3 are connected with single mode optical fibers whose
tips are scanning on the transverse planes u2 and u3 sepa-
rately. In path 1, there is an object with transmission func-
tion H(v) between the second beam splitter and D1, and a
thin lens with focal length f1 exists between the object and
D1. The distance from the object to the thin lens and the dis-
tance from the thin lens to D1 both are f1. In path 2, there
is a thin lens with focal length f between the second beam
splitter and D2, and the distance from the light source to the
thin lens and the distance from the thin lens to D2 are l1 and
l2, respectively. Path 3 is almost identical to path 2. The out-
put signals from D1,D2 and D3 are then sent to an electronic
coincidence circuit to measure the coincidence counting rate
(i.e., the sixth-order correlation, G(3)(u1, u2, u3)) of three
detected signals.

Based on classical optical coherence theory and by use
of the moment theorem, the sixth-order correlation function

Fig. 1 Optical system for
implementing the sixth-order
coincidence fractional Fourier
transform with incoherent and
partially coherent light



Sixth-order coincidence fractional Fourier transform implemented with partially coherent light 189

of the classical incoherent or partially coherent light source
can be expanded in terms of the second-order correlation
function as follows [3]:
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where Es(xi) (i = 1,2,3) denotes the electric field of the
light in the source plane, the asterisk denotes the complex
conjugate and the angular brackets denote the ensemble av-
erage. 〈E∗

s (xi)Es(xj )〉 (i, j = 1,2,3) denotes the second-
order correlation function of the light in the source plane.

After propagating through the optical system as shown
in Fig. 1, the second-order correlation function between two
arbitrary detectors can be expressed as follows:
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where E(ui) (i = 1,2,3) is the electrical field at the receiver
detector. h1(x,u1), h2(x,u2) and h3(x,u3) are the response
functions of the three optical paths in Fig. 1, respectively. By
applying (1) and (2), we express the sixth-order correlation
function G(3)(u1, u2, u3) = 〈E∗(u1)E

∗(u2)E
∗(u3)E(u1) ×

E(u2)E(u3)〉 (i.e., the sixth-order coincidence counting
rate) of three detectors as follows:
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where 〈Ii(ui)〉(i = 1,2,3) is the average intensity distrib-
ution at the i-th detector. Γij (ui, uj ) (i, j = 1,2,3) is the
second-order correlation function between two different de-
tectors Di and Dj . Equations (4) and (5) are valid for the
optical system under the condition of linear shift invariance
and in the paraxial regime.

With the help of the matrix method [55], the response
functions of the paths 1, 2 and 3 can be expressed as follows:
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where λ is the wavelength of the light source, a2, b2, c2, d2

are the elements of the transfer matrix of path 2 or 3 and can
be expressed as follows:
(
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We assume the light source to be an incoherent light source
with uniform intensity distribution I0; then its second-order
correlation function at the source plane can be expressed as
follows:

〈
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Substituting (6)–(9) into (2)–(5), after a tedious integration,
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In the above derivations, we have assumed the parameters of
the optical system in Fig. 1 to be

l1 = z + fe tan
φ

2
, l2 = fe tan

φ

2
, f = fe/ sinφ.

(15)

Let’s recall the definition of the conventional FRT, which is
expressed as follows [24]
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where fe is called “standard focal length”, and φ is defined
as pπ/2 with p being the fractional order of FRT. By com-
paring (12), (13) and (16), one finds that both (12) and (13)
contain the FRT information of the object.

Now we discuss the properties of the sixth-order corre-
lation G(3)(u1, u2, u3) (see (3)). The first term on the right
side of (3) is the multiplication of the average intensity dis-
tribution at the three detectors, which does not contain FRT
information of the object and acts as a background noise.
The second term is the multiplication between the average
intensity distribution at D1 and the square of the modulus
of the second-order correlation between D2 and D3, which
also does not contain any FRT information of the object. The
third term and the fourth term contain the FRT information
of the object at D2 and D3 respectively. The fifth term is the
multiplication of the second-order correlations between two
arbitrary detectors, and the sixth term is the complex conju-
gate of the fifth term; they also contain the FRT information
of the object.

Let us recall the fourth-order coincidence FRT with clas-
sical light, where the fourth-order correlation function be-
tween two detectors (D1 and D2 or D1 and D3) is expressed
as follows [37, 38]:
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I1(u1)

〉〈
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〉 + ∣∣Γ12(u1, u2)
∣∣2
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One finds that only the second term of (17) contains the FRT
information of the object. In the case of sixth-order coinci-
dence FRT, there are four terms containing the FRT infor-
mation of the object, which implies that the proportion of

the background noise in sixth-order coincidence FRT may
be lower than that in fourth-order coincidence FRT, thus en-
hancing the visibility of the coincidence FRT pattern of the
object. Equation (15) is a necessary condition for the optical
system shown in Fig. 1 to implement the sixth-order coinci-
dence FRT.

We note that the visibility of the sixth-order coincidence
FRT pattern implemented with incoherent light is zero due
to (11) and (14). To obtain visible sixth-order coincidence
FRT pattern, we can replace the incoherent light source with
a typical partially coherent light source, named the Gaussian
Schell-model (GSM) source, whose second-order correla-
tion function is expressed as [12–15]
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〉 = exp
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2

σ 2
I0

− (x1 − x2)
2

σ 2
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)
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where σI0 and σg0 are the transverse width and transverse
coherence length of the GSM source, respectively. Simi-
larly to fourth-order coincidence FRT [38], we can obtain
the sixth-order coincidence FRT pattern of the object with
good visibility and quality by choosing suitable values of
σI0, σg0.

3 Numerical results

In this section, we give some numerical results of the sixth-
order coincidence FRT of an object implemented with par-
tially coherent light. For the sake of comparison, the corre-
sponding results of the fourth-order coincidence FRT of an
object are also shown.

For the convenience of calculation, we assume u2 = u3,
which means that D2 and D3 are placed in the same corre-
sponding positions. In this case, we have

Γ31(u1 = 0, u2) = Γ ∗
12(u1 = 0, u2),

Γ23(u2, u2) = 〈
I2(u2)

〉 = 〈
I3(u2)

〉
.

(19)

The last two terms of G(3)(u1 = 0, u2, u2) is simplified as
follows:

2Re
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. (20)

Then we rewrite the sixth-order correlation G(3)(u1 =
0, u2, u2) as follows:

G(3)(u1 = 0, u2, u2) = 2
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+ 4
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Substituting (6)–(9) and (18) into (4), (5) and (21), we
can calculate the sixth-order coincidence FRT pattern of
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Fig. 2 Normalized sixth-order coincidence FRT patterns (solid lines)
of the double slit for different values of the transverse coherence length
σg0 of the GSM light source. The dotted lines correspond to the results
of the fourth-order coincidence FRT patterns

an object implemented with a GSM light source numer-
ically. We assume the object in our case to be a double
slit whose transmission is H(v) = 1 for −d/2 − a/2 <

v < −d/2 + a/2 and d/2 − a/2 < v < d/2 + a/2, and
0 for otherwise. a, d are slit width and the distance be-
tween two slits, respectively. We calculate in Fig. 2 the nor-
malized sixth-order coincidence FRT patterns (solid lines)
g(3)(u1 = 0, u2, u2)/g

(3)(u1 = 0, u2, u2)max of the dou-
ble slits for different values of the transverse coherence
length σg0 of the GSM light source with a = 100 µm,
d = 200 µm, fe = 40 cm, σI0 = 2 mm, p = 1.0, z = 15 cm,
λ = 632.8 nm. For comparison, the corresponding normal-
ized fourth-order coincidence FRT patterns (dotted lines)
g(2)(u1 = 0, u2)/g

(2)(u1 = 0, u2)max of the double slits are
also shown in Fig. 2. Here g(3)(u1 = 0, u2, u2) is defined as

follows:

g(3)(u1 = 0, u2, u2) = G(3)(u1 = 0, u2, u2)

(〈I1(u1 = 0)〉〈I2(u2)〉〈I2(u2)〉) (22)

and g(2)(u1 = 0, u2, u2) is defined as follows

g(2)(u1 = 0, u2) = G(2)(u1 = 0, u2)

〈I1(u1 = 0)〉〈I2(u2)〉 . (23)

One finds from Fig. 2 that we can obtain the visible FRT
pattern of the double slit with good quality in both the
sixth-order and fourth-order coincidence FRT cases when
the source’s transverse coherence length σg0 is low (see
Fig. 2(a)) and the source’s transverse width σI0 takes a fi-
nite value. As the transverse coherence length of the GSM
source increases, the coincidence FRT pattern of the double
slit gradually disappears (see Figs. 2(b)–(c)), but the visi-
bility of the coincidence FRT pattern increases. In all cases,
we find that the visibility of the sixth-order coincidence FRT
pattern is much higher than that of the fourth-order coinci-
dence FRT pattern. The visibility of the coincidence FRT
pattern is defined as the maximum of the FRT pattern di-
vided by the maximum of the coincidence counting rate. For
the case of the sixth-order coincidence FRT, the visibility
can be expressed as follows:

V = (4〈I2(u2)〉|Γ12(u1 = 0, u2)|2)max

G(3)(u1 = 0, u2, u2)max
(24)

and for the case of fourth-order coincidence FRT, the visi-
bility is expressed as follows:

V = |Γ12(u1, u2)|2max

G(2)(u1, u2)max
. (25)

The visibilities are 0.0790, 0.115, 0.155 for Figs. 2(a)–(c) in
the case of the sixth-order coincidence FRT patterns, and
they are 0.0412, 0.0613, 0.0838 for Figs. 2(a)–(c) in the
case of the fourth-order coincidence FRT patterns. Figure 3
shows the normalized sixth-order coincidence FRT patterns
(solid lines) of the double slit for different values of the frac-
tional order p. The corresponding normalized fourth-order
coincidence FRT patterns (dotted lines) are also shown in
Fig. 3. One finds from Figs. 3(a)–(f) that the visibility of
the coincidence FRT pattern is also closely related to the
fractional order p. As the value of p varies, the visibility
changes. Our numerical results show that the dependence
of the visibility on p is periodic with period 2. But for any
value of p, the visibility of the sixth-order coincidence FRT
pattern is much higher than that of the fourth-order coinci-
dence FRT pattern.

Figure 4 shows the dependence of the visibility (solid
line) of the sixth-order coincidence FRT pattern on the trans-
verse coherence length with a = 100 µm, d = 200 µm, fe =
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Fig. 3 Normalized sixth-order
coincidence FRT patterns (solid
lines) of the double slit for
different values of the fractional
order p. The dotted lines
correspond to the results of the
fourth-order coincidence FRT
patterns

Fig. 4 Dependence of the visibility (solid line) of the sixth-order co-
incidence FRT pattern on the transverse coherence length σg0

40 cm, σI0 = 2 mm, p = 1.0, z = 15 cm, λ = 632.8 nm. The
corresponding result of the fourth-order coincidence FRT
pattern (dotted line) is also shown. It is clear from Fig. 3
that the visibility of the coincidence FRT pattern increases

quickly as the value of the transverse coherence length in-
creases. For any value of the transverse coherence length,
the visibility of the sixth-order coincidence FRT pattern is
always higher than that of the fourth-order coincidence FRT
pattern, which agrees well with the results of Fig. 2. Figure 5
shows the dependence of the visibility (solid line) of the
sixth-order coincidence FRT pattern on the transverse width
with a = 100 µm, d = 200 µm, fe = 40 cm, σg0 = 0.005
mm, p = 1.0, z = 15 cm, λ = 632.8 nm. The dotted line cor-
responds to the result of the fourth-order coincidence FRT
pattern. One finds from Fig. 5 that the visibility of the co-
incidence FRT pattern decreases quickly as the transverse
width increases, but the visibility of the sixth-order coinci-
dence FRT pattern is always higher than that of the fourth-
order coincidence FRT pattern for any value of the trans-
verse width. From the above discussion, we can come to the
conclusion that the sixth-order coincidence FRT indeed can
enhance the visibility of the FRT pattern, while it is neces-
sary for us to choose suitable values of σI0 and σg0.
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Fig. 5 Dependence of the visibility (solid line) of the sixth-order co-
incidence FRT pattern on the transverse width σI0

4 Summary

In conclusion, we have introduced the sixth-order coinci-
dence FRT implemented with incoherent and partially co-
herent light, and we proposed an optical system to achieve
the sixth-order coincidence FRT. The necessary condition
for implementing the sixth-order coincidence FRT has been
derived. Our numerical results show that the visibility of the
sixth-order coincidence FRT pattern of an object is always
much higher than that of the fourth-order coincidence FRT
pattern, and its value is also closely related to the transverse
width and the transverse coherence length of light source,
and also depends on the fractional order of the optical sys-
tem. Our method and results will enhance the application of
the coincidence FRT. We expect to carry out the experiment
in future to verify our results. Furthermore, in the present
paper, we have adopted Lohmanm’s definition of the FRT,
so the scale factors for the input and output planes are the
same. For the more general case, the FRT can go with dif-
ferent scale factors for the input and output planes as shown
in [56, 57]. We leave the coincidence FRFT with different
scale factors for future study.
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