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Abstract Based on the Huygens–Fresnel diffraction inte-
gral method, we report a theoretical investigation on the
closed-aperture Z-scan technique by using the flat-topped
beam. The sensitivity of the flat-topped beam Z-scan tech-
nique, which can be enhanced with the increase of the flat-
ness order N for the flat-topped beam, is greatly higher
than of the Gaussian beam. Some salient characteristics of
the flat-topped beam Z-scan traces are addressed. The flat-
topped beam Z-scan technique for characterizing the instan-
taneous nonlinearity is also presented.

PACS 42.65.An · 42.25.Bs · 42.70.Jk

1 Introduction

Since the Z-scan technique by the use of the Gaussian beam
was firstly pioneered [1], the Z-scan technique has been ex-
tensively used as an important tool to explore the optical
nonlinearities of materials. Subsequently, several modified
Z-scan techniques by the use of various non-Gaussian beams
have been presented, such as by using the Gaussian–Bessel
beam [2], the top-hat beam [3], the quasi-one-dimensional
slit beam [4], the Laguerre–Gaussian beam [5], and the flat-
topped beam [6].
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Besides the Z-scan measurement, the flat-topped beam
has also many potential applications including optical process-
ing, inertial confinement fusion, sorting and imaging, track-
ing, and long-distance optical communication [7]. A number
of devices could be used to produce the flat-topped beam
from a Gaussian beam, such as filters and diffractive ele-
ments. Xie et al. presented a Fabry–Perot etalon with an-
gular dependence of the transmission characteristic to pro-
duce a flatten beam [8]. Veldkamp showed a technique to
obtain a flat-topped distribution beam by modulating only
the phase of the laser beam between two binary values [9].
Hoffnagle et al. designed a refractive optical system to con-
vert a Gaussian beam to a flat-topped beam [10]. Further-
more, some models for describing the flat-topped beam
have been proposed, for example, the super-Gaussian beam
model [11], the flattened Gaussian beam model [12], the
multi-Gaussian beam model [13], and the model composed
of lower-order Gaussian modes [14, 15]. In [6], the nonlin-
ear absorption of materials was investigated by the use of
the open-aperture flat-topped Z scan.

In the present article, we explore the sensitivity enhance-
ment of the closed-aperture Z-scan technique by using the
flat-topped beam for characterizing the nonlinear refraction
of the optically thin sample. Based on the Huygens–Fresnel
integral method, we give the numerical simulations of the
Z-scan traces. We verify that the sensitivity of the flat-topped
beam Z scan is dramatically improved with respect to the
Gaussian beam Z scan as the flatness order N increases.
Some salient features of the flat-topped beam Z scan are dis-
cussed in detail. We also extend this Z-scan scheme for char-
acterizing the optical nonlinearity from the steady state to
instantaneous case.
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2 Theoretical foundation

There are many models for describing the flat-topped beam,
such as the super-Gaussian beam model, the flattened
Gaussian beam model, and the model composed of lower-
order Gaussian modes [11–15]. On the basis of the model
developed in [14, 15], the flat-topped beam can be written
as

F(r) =
N∑
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where r is the radial coordinate and N is referred as the
flatness order for the flat-topped beam. Assuming a flat-
topped beam propagating along the +z direction, which is
composed of finite number of the fundamental Gaussian
modes with different beam waists, the electric field can be
expressed as follows [14]
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where
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−1/2, (3)
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[
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2]. (6)

Here λ and k = 2π/λ are the wavelength and the wavenum-
ber of the used laser in free space, respectively; ωn0, zn0,
ωnz, and Rnz are the beam waist, the Rayleigh length, the
beam radius at the z plane, and the radius of curvature of
the wavefront at the z plane for the nth order component of
the flat-topped beam, respectively. It should be noted that
(1) degenerates into a TEM00 Gaussian beam when taking
N = 1.

The scheme of the flat-topped beam Z scan is shown by
the inset of Fig. 1. A flat-topped beam propagates along the
+z axis within an optically thin medium with linear absorp-
tion coefficient α and third-order nonlinear refraction coeffi-
cient γ . When the sample is located at a position z, the com-
plex optical field E(r, z; t) at the input plane of the sample
should be rewritten as, in the general case

E(r, z; t) = E(r, z)
√

ρ(t), (7)

where ρ(t) describes the temporal profile of the laser pulses
used in the Z-scan measurement. Two widely used pulse
profiles are ρ(t) = exp(−t2/τ 2) for Gaussian and ρ(t) =
sech2(t/τ ) for hyperbolic secant profiles, where τ is the e−1

pulse half width for both types of pulses. Under the excita-
tion of the continuous wave (CW) laser or the steady-state

Fig. 1 Dependences of the flat-topped beam Z-scan traces on the flat-
ness order N for S = 0.05 and Φ0 = 0.5π . The inset is the schematic
diagram of the Z-scan technique

condition, ρ(t) is always unity. The complex electric field
Ee(r, z; t) at the exit plane of the sample can be given, in
terms of the field E(r, z; t) at the incident plane of the sam-
ple

Ee(r, z; t) = E(r, z; t) exp(−αL/2)

× exp
[
ikLeffγ

∣∣E(r, z; t)∣∣2]
, (8)

where Leff = [1 − exp(−αL)]/α and L are the effective and
the physical thickness of the sample, respectively. When the
sample is located at the focal plane z = 0, the nonlinear
phase shift caused by nonlinear refraction effect at r = 0
is Φ0 = kγ I0Leff, where I0 is the on-axis peak intensity at
the focal plane.

We now consider the propagation of the optical field
Ee(r, z; t) from the exit plane of the sample to the plane of
the far-field aperture. The far-field aperture has a distance of
d with respect to the focal plane, the sample and the far-field
aperture has a distance of D (D = d − z), where z denotes
the sample position with respect to the focal plane (z = 0)

and is positive when the sample is located at the right side
of the focal plane. We assume the Fresnel approximations to
be valid (under the far-field condition, in general, d ≥ 20z0),
and Ea(ra, z; t) or Ea(xa, ya, z; t) can be express in terms
of Ee(r, z; t) or Ee(x, y, z; t), as follows [16]

Ea(xa, ya, z; t) = exp(ikD)

iλ(d − z)

×
∫ ∞

−∞

∫ ∞

−∞
Ee(x, y; t)

× exp
iπ[(xa − x)2 + (ya − y)2]

λD
dx dy,

(9)

where (x, y) and (xa, ya) are the Cartesian coordinates at-
tached to the sample plane and the far-field aperture plane,
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and r and ra are the radial coordinate in the corresponding
planes, respectively, with r2 = x2 + y2 and r2

a = x2
a + y2

a .
By the use of the Hankel transfer [16–18], the field distribu-
tion at the plane of the far-field aperture, Ea(ra, z; t), can be
expressed in terms of Ee(r, z; t), as follows [16]

Ea(ra, z; t) = 2π exp[iπr2
a /λ(d − z)]
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×
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0
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[
iπr2

λ(d − z)

]
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[
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]
dr, (10)

where J0(·) is the Bessel function of zero order. Thus the
normalized Z-scan transmittance T (z) can be easily rewrit-
ten as

T (z) =
∫ ∞
−∞ dt
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∫ ∞
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, (11)

where Ra is the radius of the far-field aperture. For the CW
laser and steady-state case, i.e., ρ(t) = 1, (9) and (10) de-
generate into, respectively
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, (12)
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Correspondingly, (11) is simplified as

T (z) =
∫ Ra

0 ra dra|Ea(ra, z)|2
∫ Ra

0 ra dra|Ea(ra, z)|2
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Φ0=0

. (14)

Thus we use (12)–(14) to perform the numerical simulations
of the CW or steady-state case.

3 Analysis and discussion

We now numerically investigate the characteristics of the
Z-scan traces under the steady-state condition. As an exam-
ple, Fig. 1 shows the flat-topped beam Z-scan traces for dif-
ferent flatness order N with S = 0.05 and Φ0 = 0.5π . The
parameter S is the linear transmittance of the far-field aper-
ture in the Z-scan scheme. For the sake of comparison, we
also plot the conventional Gaussian beam Z-scan trace (i.e.,

Fig. 2 The sensitivity of the flat-topped beam Z scan, TPV , as a func-
tion of the flatness order N for S = 0.05 and Φ = 0.5π

Fig. 3 The separation between the peak and the valley, ZPV /Z0, as a
function of the flatness order N for S = 0.05 and Φ = 0.5π

the case of N = 1). One can see that the peak height (TP −1)

and the valley depth (1 − TV ) synchronously enhance as the
flatness order N increases, where TP and TV are the normal-
ized peak and valley transmittances in the flat-topped Z-scan
trace, respectively. Therefore, the normalized peak–valley
transmittance difference TPV = TP − TV depends strongly
on N . Here we define the separation between the peak and
the valley to be ZPV . Figures 2 and 3 plot TPV and ZPV as
functions of N for S = 0.05 and Φ0 = 0.5π , respectively. It
can be seen that when the flat-topped beam degenerates into
a TEM00 Gaussian beam (N = 1), we find TPV = 0.406Φ0

and ZPV ∼ 1.7z0, which are in good agreement with the
results reported previously [19]. As N increases, the sensi-
tivity of the flat-topped beam Z scan increases dramatically
in the case of smaller N while increases slowly in the case
of larger N , as shown in Fig. 2. One can also see that ZPV

enlarges as N increases, for instance, ZPV ∼ 4.2z0 when
N = 10, as shown in Fig. 3.

As examples, the flat-topped Z-scan traces for different
values of Φ0 when N = 5 and S = 0.05 are investigated and
shown in Fig. 4. The peak and valley in the Z-scan traces
are enhanced synchronously as Φ0 increases. Furthermore,
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Fig. 4 The flat-topped beam Z-scan traces for N = 5 and S = 0.05 at
different values of Φ0

Fig. 5 The sensitivity of the flat-topped beam Z-scan, TPV , as a func-
tion of Φ0 for S = 0.05 and for different N

the peak position is almost independent of Φ0 while the val-
ley is away from the focal plane as Φ0 increases. Figure 5
plots TPV as a function of Φ0 for different values of N when
S = 0.05. We find that TPV of the Gaussian beam Z-scan
(N = 1) exhibits the near-linear growth as Φ0 increases,
which is consistent with the result reported previously. How-
ever, TPV of the flat-topped beam Z scan (N > 1) becomes
the nonlinear growth as Φ0 increases.

Figure 6 shows the dependence of the flat-topped Z-scan
traces on the linear transmittance S of the far-field aperture
when N = 2 and Φ0 = 0.5π . Numerical simulation results
reveal: (1) the magnitudes of the peak and the valley in
the flat-topped beam Z-scan trace decrease as S increases;
(2) the magnitude reduction of the peak is more rapid than
that of the valley as S increases. Figure 7 plots TPV ver-
sus S, when N = 2 and Φ0 = 0.5π . It can be seen that TPV

nonlinearly decreases as S increases. Therefore, to enhance
the sensitivity of the flat-topped beam Z-scan measurement,
the value of S should be as small as possible. However, it
should be noted that the too small S will gives rise to the
large perturbation. Therefore, in the practical measurements,

Fig. 6 Influence of the linear transmittance S of the far-field aperture
on the flat-topped beam Z-scan traces with N = 2 and Φ0 = 0.5π

Fig. 7 Dependence of the sensitivity of the flat-topped beam Z-scan,
TPV , on the linear transmittance S for N = 2 and Φ0 = 0.5π

S should be chosen to be a suitable or eclectic value, such as
S = 0.1.

We only consider the steady state case (the input laser
pulse width is much larger than the response time of non-
linear materials) or the CW excitation case so far, in which
ρ(t) is always unity. However, there exists often the situ-
ation that the pulse duration of the laser pulses is close to
or smaller than the response time of nonlinear materials.
So, it is necessary to consider the influence of the tempo-
ral profile of the laser pulses on the Z-scan curves under
the excitation of ultrafast-pulsed lasers. To explore the ul-
trafast physical property and to determine the intrinsic op-
tical nonlinearity of a material, the Z-scan measurement is
usually performed with the ultrafast laser pulses with low
repetition rate. Here we deal with a situation that the pulse
duration of the laser used is much shorter than the charac-
teristic response time of the nonlinear sample. In this tran-
sient situation, the nonlinear response of the sample de-
pends on the transient intensity of the laser pulses. Con-
sequently, the temporal profile of the laser pulses used in
the Z-scan measurement should be considered. As an exam-



Enhanced sensitivity of Z-scan technique by use of flat-topped beam 777

Fig. 8 The flat-topped beam Z-scan traces for a CW laser
(squares), a Gaussian-shape pulsed laser (circles), and a hyper-
bolic-secant-squared pulsed laser (triangles) when N = 5, Φ0 = 0.5π ,
and S = 0.05

ple, we numerically simulate the flat-topped beam Z-scan
traces with N = 5, Φ0 = 0.5π , and S = 0.05. For the laser
pulses with the Gaussian- and hyperbolic-secant temporal
profiles, the simulated results are plotted by the circles and
triangles, respectively, as shown in Fig. 8. For comparison,
the Z-scan trace for the CW laser is also presented in Fig. 8
by the squares. It can be found that the Z-scan traces under
the excitation of the Gaussian- and hyperbolic-secant tem-
poral pulses have the negligible difference but exhibit the
great difference from that in the excitation of the CW laser.
Therefore, carrying out the flat-topped beam Z-scan mea-
surements under the excitation of ultrafast-pulsed lasers, one
also should take into account the temporal profile of the laser
pulses. It is of great interest why the CW and pulse lasers
have significant difference in the Z-scan trace. For the CW
excitation, the lens-like induced by the CW laser inside the
sample is time-independent or invariable. In contrast, for the
pulse excitation, the lens-like induced by the pulse laser is
time-dependent or instantaneous, that is to say, the lens-like
experiences a process from creating to demolishing (the be-
havior of the time evolution exhibits the same temporal pro-
file as the laser pulses). It is easily understood that the CW
laser Z scan is higher in sensitivity than the pulse laser, as
shown in Fig. 7. So, it is necessary to consider the influence
of the temporal behavior of the laser pulses on the Z-scan
curves under the excitation of pulse lasers.

In addition, two problems should be of importance and of
interest. First one is how to determine the value of N for the
flat-topped beam used in the practical experiments. In fact,
the value of N should be precisely identified before applying
the presented Z-scan theory. If the flat-topped beam is to be
generated like in [8–10], of course, the value of N becomes
to be known. Even though the value of N for the flat-topped
beam is unknown, N can be still determined through the
agency of the knife edge or other methods and the best fit-
ting between the flat-topped beam and the measured spatial

intensity profile. Second one is how to estimate the nonlin-
ear refraction index for the measured Z-scan traces. Once the
value of N for the used flat-topped beam is determined, the
relationship between TPV and Φ0 will become known (for
instance, from Fig. 5). When a TPV value is obtained from
the experimentally measured Z-scan trance, we easily find
the value of Φ0 or γ (for instance, from Fig. 5). Of course,
in order to confirm the reliability of the obtained result, we
can use this value of Φ0 to calculate the Z-scan trace and to
compare with the measured Z-scan trace.

4 Conclusion

We present a theoretical investigation on the enhanced sen-
sitivity of the flat-topped beam Z-scan scheme. The results
reveal that the flat-topped beam Z-scan scheme can have
higher sensitivity than the Gaussian beam Z-scan scheme.
Some salient features of the flat-topped beam Z-scan traces
are discussed. We also explore the flat-topped beam Z-scan
traces under the excitation of CW laser, and Gaussian- and
hyperbolic-secant temporal laser pulses, respectively. The
flat-topped beam Z-scan technique should be a promising
tool for characterizing the optical nonlinearity.
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