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Abstract The concept of vectorial partially coherent flat-
topped beams is proposed, and their nonparaxial propaga-
tion in free space is studied in detail. Based on the vector
Rayleigh diffraction integral formulae, the analytical prop-
agation expressions for the cross-spectral density matrix of
the polarized vectorial nonparaxial partially coherent flat-
topped beams are derived and applied to study the nonparax-
ial propagation properties of vectorial partially coherent flat-
topped beams. The effect of propagation parameters on the
intensity and the coherence property of the nonparaxial vec-
torial partially coherent flat-topped beam is illustrated and
analyzed comparatively with the corresponding paraxial re-
sults.

PACS 41.85.Ew · 42.60.Jf · 42.25.Kb

1 Introduction

Laser beams with flat-topped spatial profiles have been
widely investigated both theoretically and experimentally
due to their wide applications in material thermal process-
ing, inertial confinement fusion and otherwise. Several the-
oretical models have been proposed to describe light beams
with flat-topped profiles, such as the super-Gaussian beam,
the flattened Gaussian beam proposed by Gori, etc. [1, 2].
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Recently, Li proposed a new theoretical model to describe
the light beams with flat-topped profiles, which can be ex-
pressed as a finite series of lower-order Gaussian modes
with different parameters [3]. Some extensive studies based
on this model have been done on its propagation properties
[4–6], yet those works have been limited mainly to the fully
spatially coherent case. In practice, most light beams are
partially coherent; completely coherent and completely in-
coherent beams are nonexistent. Recently, more and more
attention has been paid to partially coherent beams with
flat-topped profiles under the framework of the paraxial ap-
proximation [7–13]. However, the paraxial approximation is
not applicable to beams with a large divergence angle or a
small spot size that is comparable with the wavelength [14].
Therefore, it is necessary to consider partially coherent flat-
topped beams and their nonparaxial propagation properties.
The aim of this paper is to introduce vectorial partially co-
herent flat-topped beams and apply a 3 × 3 electric cross-
spectral density matrix to investigate their nonparaxial prop-
agation properties.

2 Theoretical analyses

For a quasi-monochromatic partially coherent beam gener-
ated by a source located in the plane z = 0 and propagat-
ing into the positive direction of the z-axis, the second-order
coherence properties of such a vector field at any pair of
points r1, r2 can be characterized with the 3 × 3 electric
cross-spectral density matrix [15]

↔
W (r1, r2) = [

Wij (r1, r2)
]

= [〈
E∗

i (r1)Ej (r2)
〉]

(i, j = x, y, z). (1)
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Here the asterisk denotes the complex conjugate and the
angular brackets stand for the ensemble average in the
sense of coherence theory in the space-frequency domain.
The angular frequency ω is suppressed for brevity. E(r) =
Ex(ρ, z)i + Ey(ρ, z)j + Ez(ρ, z)k is the vector field in the
half-space z > 0, where i, j and k are unit vectors in the x-,
y- and z-directions, respectively, and ρ = (x, y) is the trans-
verse position vector in the z-plane. The propagation of each
component of the vector beam can be treated by the use of
the vector Rayleigh diffraction integral formulae [16–20]:

Ei(ρ, z) = − 1

2π

∫ ∫
Ei(ρ0,0)

∂

∂z

[
exp(ikR)

R

]
d2ρ0

(i = x, y), (2a)

Ez(ρ, z) = 1

2π

{∫ ∫
Ex(ρ0,0)

∂

∂x

[
exp(ikR)

R

]

+ Ey(ρ0,0)
∂

∂y

[
exp(ikR)

R

]}

d2ρ0, (2b)

where R = [(x − x0)
2 + (y − y0)

2 + z2]1/2, k is the wave
number related to the wavelength λ by k = 2π/λ, and ρ0 =
(x0, y0) is the transverse position vector in the plane z = 0.
Equation (2) is a general method suited to describing propa-
gation in the extreme nonparaxial regime w0 <

√
2λ, which

in particular enables us to find an analytical solution asso-
ciated with a realistic Gaussian boundary condition, valid
for propagation distances z ≥ w2

0/2λ [20], where w0 is the
waist width. When R � λ, in (2), the partial derivative of
the nucleus exp(ikR)/R on the variables x, y and z can be
approximated as

∂

∂γ

[
exp(ikR)

R

]
≈ ik(γ − γ0)

R2
exp(ikR), γ = x, y, (3)

∂

∂z

[
exp(ikR)

R

]
≈ ikz

R2
exp(ikR). (4)

Using the above approximation and substituting from
(2) into (1), the following expression for the elements
Wij (ρ1,ρ2, z) of the cross-spectral density matrix of the
vector field in the output plane can be calculated in terms
of matrix element W 0

ij (ρ10,ρ20,0) in the source plane [17],
i.e.,

Wαβ(ρ1,ρ2, z)

=
(

z

λ

)2 ∫ ∫
W 0

αβ(ρ10,ρ20,0)

× exp[ik(R2 − R1)]
R2

2R2
1

d2ρ10 d2ρ20

(α,β = x, y), (5a)

Wγz(ρ1,ρ2, z) = − z

λ2

∫ ∫ [
W 0

γ x(ρ10,ρ20,0)(x2 − x20)

+ W 0
γy(ρ10,ρ20,0)(y2 − y20)

]

× exp[ik(R2 − R1)]
R2

2R2
1

d2ρ10 d2ρ20

(γ = x, y), (5b)

Wzz(ρ1,ρ2, z)

= 1

λ2

∫ ∫ [
W 0

xx(ρ10,ρ20,0)(x1 − x10)(x2 − x20)

+ 2W 0
xy(ρ10,ρ20,0)(x1 − x10)(y2 − y20)

+ W 0
yy(ρ10,ρ20,0)(y1 − y10)(y2 − y20)

]

× exp[ik(R2 − R1)]
R2

2R2
1

d2ρ10 d2ρ20. (5c)

In (5), the R1 and R2 can be approximately expanded into
[17, 20]

Rm = rm + x2
0m + y2

0m − 2xmx0m − 2ymy0m

2rm
(m = 1,2),

(6)

where rm = (x2
m + y2

m + z2)1/2. From (5) we can obtain the
cross-spectral density matrix of vectorial partially coherent
beams in the premise of the known source field, and further
can analyze their optical intensity and spectral degree of co-
herence.

Let us consider a polarized partially coherent flat-topped
beam generated by a Schell-model source, whose cross-
spectral density function at plane z = 0 can be expressed
in the following form:

W 0
αβ(ρ10,ρ20,0)

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

N∑

n1=1

N∑

n2=1

(−1)n1+n2−2

N2

(
N

n1

)(
N

n2

)

× exp

(
−n1ρ

2
10 + n2ρ

2
20

w2
0

)
exp

(
−|ρ10 − ρ20|2

2σ 2
0

)
,

0, otherwise

(α = β = x) (7)

where
(

N
n

)
denotes a binomial coefficient, w0 is the waist

width of the Gaussian beam and σ0 is the correlation length.
N (N = 1,2,3, . . .) is the beam order. The degree of flatness
increases with an increase of N . When N = 1, (7) reduces
to the cross-spectral density of a fundamental partially co-
herent Gaussian Schell-model beam.

Replacing Rm in the exponential term of (5) with (6),
and that in other terms with rm, and substituting (7) into
(5), after performing tedious integral calculations, we obtain
the nonparaxial propagation analytical formula of the cross-
spectral density matrix for a vectorial partially coherent flat-
topped beam in free space:
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Fig. 1 Normalized three-dimensional irradiance distribution of a vectorial nonparaxial partially coherent flat-topped beam with N = 20 at various
values of the propagation distances z. (a) z = 0.1zR , (b) z = 0.5zR , (c) z = 5zR , (d) z = 10zR

Wxx(ρ1,ρ2, z)

=
N∑

n1=1

N∑

n2=2

(−1)n1+n2−2

N2

(
N

n1

)(
N

n2

)

× z2 exp[ik(r2 − r1)]
r2

1 r2
2P

× exp

{

− k

P

[
C1

ρ2
2

r2
2

+ C2
ρ2

1

r2
1

− kf 2
σ (x1x2 + y1y2)

r1r2

]}

,

(8a)

Wxz(ρ1,ρ2, z)

=
N∑

n1=1

N∑

n2=2

(−1)n1+n2−2

N2

(
N

n1

)(
N

n2

)
z exp[ik(r2 − r1)]

r2
1 r2

2P1

×
{

2C1

P

[
i

(
kf 2

σ x1

2C1r1
− x2

r2

)]
− x2

}

× exp

{

− k

P

[
C1

ρ2
2

r2
2

+ C2
ρ2

1

r2
1

− kf 2
σ (x1x2 + y1y2)

r1r2

]}

,

(8b)

Wzz(ρ1,ρ2, z)

=
N∑

n1=1

N∑

n2=2

(−1)n1+n2−2

N2

(
N

n1

)(
N

n2

)
exp[ik(r2 − r1)]

r2
1 r2

2P

×
[(

1 − i

2C1r1

)
x1x2 −

(
if 2

σ kx2

P
+ i2C1x1

P
+ x1

Pr1

)

×
(

x2

r2
− kf 2

σ x1

2C1r1

)
− 2C1kf

2
σ

P 2

(
x2

r2
− kf 2

σ x1

2C1r1

)2

+ f 2
σ

P

]

× exp

{

− k

P

[
C1

ρ2
2

r2
2

+ C2
ρ2

1

r2
1

− kf 2
σ (x1x2 + y1y2)

r1r2

]}

,

(8c)

and with the other matrix elements equal to zero. In (8),

C1 = kf 2
σ /2 + n1kf

2
w + i/2r1, (9)

C2 = kf 2
σ /2 + n2kf

2
w − i/2r2, (10)

P = 4C1C2 − k2f 4
σ , (11)

where fw = 1/kw0 and fσ = 1/kσ0 are the key parame-
ters for determining the nonparaxiality of the vectorial par-
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Fig. 2 Normalized irradiance distribution of a vectorial nonparaxial partially coherent flat-topped beam with N = 20 in the plane z = 15zR for
different fw and fσ values. (a) fw = 0.17, fσ = 0.01; (b) fw = 0.5, fσ = 0.01; (c) fw = 0.01, fσ = 0.17; (d) fw = 0.01, fσ = 0.5

tially coherent flat-topped beam. According to [14], the pa-
rameter fw must meet certain restrictive conditions. When
fw ≥ 1/

√
2, a Gaussian beam loses its reality, and the parax-

ial approximation completely fails [14].
The intensity distribution of vectorial nonparaxial par-

tially coherent flat-topped beams at the point (ρ, z) is given
by the formula

I (ρ, z) = Tr
↔
W (ρ,ρ, z)

= Wxx(ρ,ρ, z) + Wyy(ρ,ρ, z) + Wzz(ρ,ρ, z). (12)

The spectral degree of coherence of vectorial nonparaxial
partially coherent flat-topped beams at a pair of points r1 =
(ρ1, z) and r2 = (ρ2, z) is given by the formula

μ(ρ1,ρ2, z) = Tr
↔
W (ρ1,ρ2, z)√

Tr
↔
W (ρ1,ρ1, z)

√
Tr

↔
W (ρ2,ρ2, z)

, (13)

where Tr stands for the trace of the matrix.
Within the paraxial regime, we often neglect the longitu-

dinal component of the beam field and use the 2 × 2 cross-
spectral density matrix to investigate the paraxial propaga-
tion properties of partially coherent beams. With the paraxial

approximation rm ≈ z + (x2
m + y2

m)/2z, (8) reduces to

Wp(ρ1,ρ2, z)

=
N∑

n1

N∑

n2

(−1)n1+n2−2

N2

(
N

n1

)(
N

n2

)

× exp[ik(ρ2
2 − ρ2

1)/2z]
P ′z2

× exp

{
− k

P ′z2

[
C′

1ρ
2
2 + C′

2ρ
2
1 − kf 2

σ (x1x2 + y1y2)
]}

,

(14)

where

C′
1 = kf 2

σ /2 + n1kf
2
w + i/2z, (15)

C′
2 = kf 2

σ /2 + n2kf
2
w − i/2z, (16)

P ′ = 4C1C2 − k2f 4
σ . (17)

Equation (14) is the paraxial propagation analytical formula
of the cross-spectral density matrix for a partially coherent
flat-topped beam in free space.
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Fig. 3 The contour graphs of intensity distribution of a vectorial nonparaxial partially coherent flat-topped beam with N = 20 in the plane
z = 15zR for different fw and fσ values. (a) fw = 0.01, fσ = 0.01; (b) fw = 0.5, fσ = 0.01; (c) fw = 0.01, fσ = 0.5; (d) fw = 0.5, fσ = 0.5

3 Numerical calculations and discussions

For illustrating the propagation properties of vectorial non-
paraxial partially coherent flat-topped beams in free space
and comparing the results with that of the paraxial case, nu-
merical calculations were carried out by use of the formulae
derived in Sect. 2. The normalized three-dimensional irra-
diance distributions of a partially coherent nonparaxial flat-
topped beam with N = 20, fw = 0.01, fσ = 0.01 at various
values of the propagation distance z are given in Fig. 1. The
propagation distances are normalized to the Rayleigh dis-
tance z/zR (zR = πw2

0/λ). One can see from Fig. 1 that the
flat-topped profile of the vectorial nonparaxial partially co-
herent flat-topped beam gradually disappears during prop-
agation and degenerates to the Gaussian distribution in the
far field. In addition, numerical results show that this con-
version from the flat-topped profile to the Gaussian profile
occurs more rapidly during propagation for the beams with
a large fw or fσ value.

Figure 2 gives the normalized irradiance distribution of
a vectorial nonparaxial partially coherent flat-topped beam
with N = 20 in the plane z = 15zR for different fw and
fσ values. The corresponding paraxial results Ip and the
z-component of the intensity Iz are plotted together for com-
parison. From Fig. 2(a) and (c), we see that when both

parameters fw and fσ are very small, the result by using
(6) coincides with that by using (12) quite well, so that
for this case the paraxial approximation holds true and the
z-component is very small and can be negligible. However,
with the increasing fw or fσ , such as in Fig. 2(b) and (d),
the difference between the nonparaxial results I and paraxial
results Ip become obvious, the longitudinal component in-
tensity becoming large and non-neglected. Therefore, from
Fig. 2, we draw the conclusion that the paraxial approxima-
tion holds true for a vectorial partially coherent flat-topped
beam when fw ≤ 0.177 and fσ ≤ 0.18, which is consistent
with the previous results [14, 17]. It means that for the large
values of fw > 0.177 or fσ > 0.18 the vectorial nonparaxial
approach instead of the scalar paraxial one should be em-
ployed, and the vectorial nonparaxial behavior of the par-
tially coherent flat-topped beam should be taken into con-
sideration.

Figure 3 shows the contour graphs of the intensity dis-
tribution of a vectorial nonparaxial partially coherent flat-
topped beam with N = 20 in the plane z = 15zR for dif-
ferent fw and fσ values. From Fig. 3(a), we can see that
when both parameters fw and fσ are very small, the inten-
sity distribution is axially rotational symmetry, which is co-
incident with the paraxial result. However, when fw or fσ
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Fig. 4 The spectral degree of coherence of a vectorial nonparaxial GSM beam in the plane z = 15zR for different parameters fw and fσ .
(a) fw = 0.01, fσ = 0.01; (b) fw = 0.5, fσ = 0.01; (c) fw = 0.01, fσ = 0.5; (d) fw = 0.5, fσ = 0.5

is not very small, shown as Fig. 3(b–d), the intensity dis-
tributions of partially coherent flat-topped beams lose their
circular symmetry and become elliptically symmetric due
to the longitudinal component intensity becoming large and
non-neglected.

Figures 4–5 show the spectral degree of coherence of
a vectorial nonparaxial partially coherent flat-topped beam
with different beam orders in the plane z = 15zR for dif-
ferent parameters fw and fσ ;N = 1 in Fig. 4 and N = 20
in Fig. 5. For convenience of comparison the correspond-
ing paraxial results |μp| are also given in the figures. It can
be seen from Figs. 4–5 that the transverse distribution of
spectral degrees of coherence of partially coherent beams is
dependent on the parameters fw and fσ . Comparing Fig. 4
with Fig. 5, we find the transverse distribution of spectral
degrees of coherence for a vectorial nonparaxial partially
coherent flat-topped beam with N = 20 are evidently dif-
ferent from those for a Gaussian Schell-model (GSM) beam
(N = 1). The curves of spectral coherent degrees of a GSM
beam are similar to a Gaussian profile distribution. For a
partially coherent nonparaxial flat-topped beam, there are
many sidelobes appearing in the curves of spectral degrees.
The reason for this difference can be explained by the fact
that a partially coherent flat-topped beam is not single mode;
different modes evolve differently and overlap and inter-

fere in the propagation. Furthermore, for the small value of
fw = 0.01 in Fig. 4(a) and (c) and Fig. 5(a) and (c), the |μ|
of the nonparaxial beam coincide with those of the parax-
ial beam, thus the paraxial approximation of spectral coher-
ent degrees is applicable. For the large value of fw = 0.5
in Fig. 4(b) and (d) and Fig. 5(b) and (d), the discrepancy
between the paraxial and nonparaxial results becomes no-
ticeable, which makes the paraxial approximation of spectral
coherent degrees inappropriate. It implies that the nonparax-
iality of |μ| is dependent on parameter fw and independent
of parameterfσ .

4 Concluding remarks

In conclusion, starting from the generalized vector Rayleigh
diffraction integrals for the 3 × 3 cross-spectral density ma-
trix of vectorial partially coherent beams, the analytical
propagation expressions for the cross-spectral density ma-
trix of the polarized vectorial nonparaxial partially coher-
ent flat-topped beams have been derived. The correspond-
ing paraxial approximation expressions have been dealt
with as special cases of our general results. With the help
of numerical calculations, the propagation properties of
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Fig. 5 The spectral degree of coherence of a vectorial nonparaxial partially coherent flat-topped beam with N = 20 in the plane z = 15zR for
different parameters fw and fσ . (a) fw = 0.01, fσ = 0.01; (b) fw = 0.5, fσ = 0.01; (c) fw = 0.01, fσ = 0.5; (d) fw = 0.5, fσ = 0.5

the polarized vectorial nonparaxial partially coherent flat-
topped beams have been studied and analyzed compara-
tively with the paraxial results. It has been found that the
irradiance distribution of a vectorial nonparaxial partially
coherent flat-topped beam cannot keep its shape invariant
during propagation, and the spectral degrees of coherence
are evidently different from those for a GSM beam. The
nonparaxiality of partially coherent flat-topped beams for
the irradiance distribution is determined by two key pa-
rameters fw and fσ , yet the nonparaxiality of the spec-
tral degree of coherence is dependent on parameter fw .
The results afford an essential theoretical foundation of
the applications of partially coherent flat-topped beams,
and the method can be applied to study the nonparaxial
propagation of other complicated partially coherent beams,
such as partially coherent Hermite-Gaussian beams, par-
tially coherent laser arrays, and partially coherent general-
type beams.
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Appendix: Derivation of the propagation formula of
the cross-spectral density matrix (8)

Substituting from (7) into (5a), replacing Rm in the expo-
nential term of (5) with (6) and the other terms with rm, the
cross-spectral density matrix element Wxx can be expressed
as

Wxx(ρ1,ρ2, z)

=
(

z

λ

)2 N∑

n1=1

N∑

n2=2

(−1)n1+n2−2

N2

×
(

N

n1

)(
N

n2

)
exp[ik(r2 − r1)]

r2
1 r2

2

×
∫ ∞

−∞

∫ ∞

−∞
exp

[

−C1x
2
10 +

(
ikx1

r1
+ x20

σ 2
0

)
x10

]

× exp

[
−C2x

2
20 − ikx2x20

r2

]
dx10 dx20

×
∫ ∞

−∞

∫ ∞

−∞
exp

[

−C1y
2
10 +

(
iky1

r1
+ y20

σ 2
0

)
y10

]



516 Z. Mei et al.

× exp

[
−C2y

2
20 − iky2y20

r2

]
dy10 dy20. (A1)

Applying the following integral formula,
∫ ∞

−∞
exp

(−ax2 − 2bx − c
)
xR dx

=
(

−b

a

)R√
π

a
exp

(
b2 − ac

a

) [ R
2 ]∑

ε=0

�(2ε − R)

�(−R)ε!
(

a

4b2

)ε

,

(A2)

after performing tedious but straightforward integral calcu-
lations, we get

Wxx(ρ1,ρ2, z)

=
N∑

n1=1

N∑

n2=2

(−1)n1+n2−2

N2

(
N

n1

)(
N

n2

)

× z2 exp[ik(r2 − r1)]
r2

1 r2
2P

× exp

{

− k

P

[
C1

ρ2
2

r2
2

+ C2
ρ2

1

r2
1

− kf 2
σ (x1x2 + y1y2)

r1r2

]}

.

(A3)

In the same way, the other cross-spectral density matrix ele-
ments can also be obtained.
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