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Abstract A detailed study of laser-diode intermodulation
distortion (IMD) using the Volterra model that was devel-
oped for the single-mode laser-diode with optoelectronic
feedback is presented in this paper. The IMD is analyzed
by analyzing the amplitudes of the output sinusoids of var-
ious frequencies resulting from an input which is the sum
of two sinusoids. The sinusoids at all frequencies due to
the first-, second-, and third-order Volterra operators were
determined and are discussed in this paper. The ones with
frequencies which are not used in practical applications are
included since, even though they are not in the pass-band of
the first-order operator, they still can possibly effect system
performance.

PACS 42.55Px - 42.65Ky

1 Introduction

In this paper, we use the system theory of the single-mode
laser-diode which was developed and discussed in [1] and
also reprinted in Appendix C of [2] in which the laser-
diode was shown to be a nonlinear low-pass system which
achieves a band-pass characteristic as a consequence of
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feedback. Some applications of the theoretical model de-
veloped in [1, 2] are reported in [3] and also reprinted in
Appendix C of [2]. In addition to those discussed in [2, 3],
the theoretical model also can be used to determine desirable
values of the laser-diode parameters as well as to determine
and analyze the laser-diode response to any given excitation.
Another application is a detailed study of distortion and its
sources. This is studied in this paper by an analysis of inter-
modulation distortion (IMD) by using the Volterra model of
the single-mode laser-diode with electronic feedback which
was developed and analyzed in [1, 2].

Laser-diode studies in recent years have focused on the
effects of optical and electronic feedback effects [4—15].
The effect of nonlinear distortion is often discussed in terms
of the output harmonics resulting from an input sinusoidal
waveform. Another method of discussing nonlinear distor-
tion is in terms of the output amplitudes of the sinusoids
of the various frequencies produced by an input consist-
ing of a sum of sinusoids. This more closely demonstrates
the nonlinear distortion effect in practical application. Clas-
sically, this nonlinear distortion was observed by applying
an amplitude modulated sinusoid and noting the effective
change in the amplitude modulation of the resulting output
sinusoid with the same frequency as that of the input sinu-
soid. This type of distortion was thus referred to as inter-
modulation distortion (IMD). In this paper, the IMD of the
laser-diode is studied by analyzing the amplitudes of the out-
put sinusoids of various frequencies resulting from an input
which is the sum of two sinusoids. The output sinusoidal
amplitudes resulting from the first-, second-, and third-order
Volterra operators were determined analytically using the
nonlinear model developed in [1, 2] and the equations were
programmed using MatLab. The sinusoids at all frequencies
due to the first-, second-, and third-order Volterra operators
were determined and are discussed in this paper. The ones
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with frequencies which are not used in practical applications
are included since, even though they are not in the pass-band
of the first-order operator, they still can possibly effect sys-
tem performance.

2 The Volterra model

In the Volterra model, the laser-diode photon population re-
sponse, p(t), to the current input i(z) is expressed as the
sum

pO=po+ Y pm(®) ey

m=0

in which p,,(¢) is the photon population response of the
mth-order Volterra operator. The charge carrier population
number, n(t), is also expressed as the sum

n(6y=no+ Y nm(t) ©)

m=0

in which n,,(¢) is the charge carrier population number re-
sponse of the mth-order Volterra operator. The IMD is de-
termined in this paper for the injection current input

i(t) = I cos(wit + 81) + 1> cos(wart + 82) 3)

in which 7; and I, are the amplitudes of the sinusoids with
frequencies w; and wp and the phases §; and &, respec-
tively. The IMD was determined for a laser-diode with elec-
tronic feedback in which the feedback current is numerically
equal to the photon output multiplied by a constant, g, and
delayed by #y seconds so that the feedback current added
to the injection current input is gp(t — t9). The first three
Volterra operators for the laser-diode with electronic feed-
back, Z,, given in [1, 2] are described below.

2.1 The Volterra operator block diagrams

The first-order Volterra operator, Z1, is a linear system with
the transfer function

Z1(jo) = —UD @)
I+ H(jo)Gi1(jw)

in which

Hy(jo) = 20 L )
q (Do —w?) + jDiw

and

G1(jw)=ge /™ (6)

A block diagram of Z,, the second-order Volterra opera-
tor of the laser-diode with electronic feedback, is shown in
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Fig. 2 The operator H;

Fig. 1. In the figure, H; is the second-order Volterra oper-
ator of the laser-diode without feedback; Fig. 2 is a block
diagram of Hj. The transfer functions of the linear systems
in the block diagrams are

1
Ri(jw)= . . (N
T T H ()G (o)
[y Br-1
L(jw)= L 8
U= Dy ot + Do ®
1[G+ B)(jo— EL0)
Qum=—{ A A ©)
Byl  (Do—w”)+ joDi
The amplifier gains in Fig. 2 are
g1=TA[l —2¢Py] and
(10

g2 = —TAE[Ng — Ny]

Since the linear systems H in Fig. 2 and the first Ry
in Fig. 1 are connected in tandem, the transfer function of
the tandem connection is the product of the two individual
transfer functions which is

Hi(jo)

Ri(0)Hi(0) = T+ Gao)GrGw) Z1(jw) an

in which Z; (jw) is given by (4). In the block diagram, n1(¢)
is the response of the linear system K to the input p;(¢) in
which

1
Ki(jo)= B—O(Bl + jo) 12)

The amplifier gains in Fig. 2 are

g1 =TA[l —2¢Py] and

13)
g2 =—I"Aé[No — Nyl

The constants B,, and D,, are derived in [1, 2] in terms of
the other above constants which are diode parameters. The
parameter values used in this paper for the numerical deter-
mination of the laser-diode IMD are those given in Hassine
et al. [16] and also listed in [1, 2].
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FoRO in which
FPi=1|Zi(jo))| and FPy=15|Z(jw)| (15b)

Ry

Fig. 4 Equivalent operator Z3

From Fig. 6 of [1, 2], a block diagram of Z3, the third-
order Volterra operator of the laser-diode with electronic
feedback, is shown in Fig. 3. In the figure, H> is the second-
order Volterra operator of the laser-diode without feedback
shown in Fig. 2 above. The top branch is H3, the third-order
Volterra operator of the laser-diode without feedback. In that
branch, F3 is the function for which

fa(t) = 2I" AB[ Ny — Nolp1 (1) pa(t) — [T A&1pi(t)n (1)
+ T A[1 =28 Pyl[ni (1) p2(t) + p1(Dii()]  (14)

The time functions in (14) are those labeled in Fig. 2. The
computation required to determine p3(¢) is reduced some-
what by the equivalent block diagram of the operator Z3
shown in Fig. 4 which is obtained by noting that the time
functions are identical at some places in Fig. 3.

2.2 Computer simulation

The block diagrams shown could be simulated on a com-
puter and the responses for any input could be observed and
analyzed experimentally. However, for a study of IMD, the
outputs for the input given by (3) were determined analyti-
cally and the equations were programmed using MatLab.

From (4), the photon population response of the first-
order Volterra kernel due to the injection current input given
by (3) is

pi(t) = FPicos[wit + 81 + £ Z1 (jw1)]

+ FPcos[wat + 8 + £ Z1(jw2)] (15a)

In (15), | Z1(jw)| is the magnitude of Z; (jw) and £Z(jw)
is the angle of Z1(jw).

From Figs. 1 and 2, the block diagrams, the photon popu-
lation response of the second-order Volterra kernel, Z5, due
to the injection current input given by (3), was determined
analytically to be

pa(t) = SPRy + SPRy cos[2wt + SPR{ A]
+ SPR; cos[2wrt + SPRyA]
+ SPR3 cos[ (w2 — w)t + SPR3A]
+ SPRy cos[ (w2 + 1)t + SPR4A] (16)

Note that the expression is the sum of sinusoids with the
five sum and difference frequencies 0, 2w;, 2wy, Wy — w1,
and wy + w;. The expressions for the amplitudes, SPR;,
and the phases, SPR, A, were obtained analytically and pro-
grammed using Matlab to obtain the graphs to be discussed
below.

Using Fig. 4, the photon population response of the third-
order Volterra kernel, Z3, due to the injection current input
given by (3), was determined analytically to be

p3(t) = TPRy cos[wit + TPR A]
+ TPR3 cos[3wt + TPR3 A]
+ TPRs cos[wat + TPR5A]
+ TPR7 cos[3wrt + TPR7 A]
+ TPRy cos[ 2wz + )t + TPR11 A
+ TPRi3cos| 2wi + wy)t + TPR3A

]
[ ]
+ TPR7 COS[(20)2 —w)t + TPR17A]
[ ]

+ TPRg cos[ (2w — wp)t + TPRigA (17)

Note that the expression is the sum of sinusoids with
the frequencies w1, 3w1, wz, 3wz, Qwy + w1), Qw; + w2),
2wy — w1), and (2w; — w2). The rather long expressions
for the amplitudes TPR,, and phases TPR, A were obtained
from Fig. 4 analytically and programmed using Matlab to
obtain the graphs discussed below. In the computation of the
third-order response, there are several other frequencies that
arise whose sinusoidal amplitudes are actually zero. How-
ever, the computation results in non-zero amplitudes due
to finite word length. Those sinusoids are easily identified
since their amplitudes are more than 100 dB below those of
the third-order Volterra operator outputs. Further, their am-
plitudes do not vary as the third power of the total input am-
plitude of i (#) as must be the case for the output of a third-
order Volterra operator. It should be noted though that the
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amplitude variation of a given IMD component with /1 or
I will depend on the paths through the block diagram from
which the given IMD component is formed. Whatever the
path, it is seen that the linear systems in the block diagrams
have a significant effect on the graph of the IMD compo-
nent versus frequency. We thus begin with a discussion of
the first-order photon response.

For convenience, in our discussion we define the normal-
ized radian frequency as w, = w - fo, the complex frequency
as s =0 + jo, and the normalized complex frequency as
Sp =S8 - 1p.

3 The first-order Volterra operator response

As a consequence of linearity, it is seen from (15) that the
first-order photon sinusoidal response at frequency wj is de-
pendent only on the input current sinusoid at that frequency
and its amplitude is determined by |Z;(jw;)| which, from
(4), (5), and (6), is dependent on the feedback parameters g
and #9. With no feedback, the poles of the system function,
Z1(s), are on or close to the o axis and travel away from

For 1y = 10710:

it and toward the w axis with increasing feedback resulting
in a band-pass characteristic of the laser-diode. As shown
in [1, 2], a lower bound of the largest value of the gain, g,
for which the pole is to the left of the w axis so that the
system is stable is go = %. We thus express the gain as
g§=Kgo.

For values of K near zero, the laser-diode has a low-pass
characteristic. For larger values of K, the laser-diode has a
band-pass characteristic. For such values of K, there are sev-
eral poles in the s-plane, but there is only one dominant pole
in the pass-band region. The dominant pole position thus
was determined from the graph of |Z(jw,)| vs. w, from
which the pole position can be approximately determined
from the graph as

Sp =0y + jown
1
~— [5 3dB bandwidth}
+ jlfrequency of maximum gain]

In this manner, the locus of the dominant pole in the pass-
band was found to be:

K 1.2 1.4 1.6 1.71
Sn —0.24485+;1.53 —0.13375+/1.61 —0.0396+-;1.66 0471.69
For 1o =10""s:

K 0.8 1.0 1.2 1.327

Sn —0.2735+;1.02 —0.1466+4j1.14 —0.0503+4;1.22 0+j1.26
Forto=10"12:

K 0.6 0.8 1.0 1.070

Sn —0.0695+;0.43 —0.0369+;0.50 —0.00855+0.55 0+450.57

The system is unstable for o, > 0. It is seen that the de-
lay, #9, and the amount of feedback, g, thus significantly af-
fect the graph of |Z1(jw)|. A graph of the amplitude of the
first-order photon response for #) = 10715, K =12, and
I1 = I = 50 ma, obtained using (15) is shown in Fig. 5.
The plot is of 20Log;(FP) vs. w, which is the magnitude
in dB since this graph will be used later for determining the
relative amplitudes of the various IMD components in dB.

It should be noted that the response maximum is in-
versely proportional to |o,|, the pole distance from the w-
axis. Consequently, for a given value of f#¢, the response
maximum increases monotonically with K so that the dis-
tortion increases with increasing K. To illustrate a rela-
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tively narrow pass-band case, all our examples below are
foriop=10""sand K = 1.2.

3.1 IMD arising from the second-order Volterra operator

The response of the second-order Volterra operator is seen
from (16) to contain only four non-zero frequency sinusoids.
Each term varies as the square of the total input current am-
plitude but with a different dependence on /1 and ;. From
Fig. 2, the IMD sinusoidal component with frequency 2w; is
seen to arise only from the product of two sinusoidal terms
in which each term is the result of a linear operation on the
input sinusoid with frequency wi. Consequently, the ampli-
tude of this IMD component, SPR;, varies as / 12 and is in-



Intermodulation distortion of the single-mode laser-diode

841

Fig. 5 Amplitude of the
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dependent of I, so that the ratio SI;% is independent of the

input current amplitude. Similarly,lSPRz, the amplitude of
the IMD sinusoidal component with frequency 2w, varies
as 122 and is independent of /; so that the ratio SI;# is inde-
pendent of the input current amplitude. On the 02th6r hand,
the sinusoid with frequency (w2 — wy) is seen to arise from
the product of two sinusoidal terms in which one term is
the result of a linear operation on the input sinusoid with
frequency wj, and the other term is the result of a linear op-
eration on the input sinusoid with frequency wj.
Consequently, the amplitude of this IMD component,
SPRj, varies as I11, so that the ratio SPRs g independent

L1

of the input current amplitude. Similarly, SPR4, the ampli-
tude of the IMD component with frequency (w; + w1) also
varies as I 1> so that the ratio % is independent of the in-
put current amplitude. On the other hand, the exact variation
of these IMD amplitudes with frequency is seen to depend
on the transfer function of the linear systems involved. The
shape of the graph of each of these IMD components vs. w is
thus affected by the feedback gain, g, and delay, 7). A graph
of the amplitude ratio of the second-order photon response,
SPR, to FP, for I, =50 ma, K = 1.2, and 1o = 10"!! s
is shown in Fig. 6. The plot is of 20Log;((SPRy/FP>) vs.
wy2 so that the ordinate is the number of dB this IMD com-
ponent differs from the first-order response amplitude. The
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Fig. 7 Plot of SPR4 vs. w,] and
wpo for K =1.2
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Fig. 8 Amplitude ratio
SPR4/FP;y vs. wpn 10
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peak at w,> = 1.2 is due to the fact that the gain of the first
linear system, Rp, in Fig. 1 has a maximum at wy,y = 1.2;
the peak at w,> = 0.6 results from the response to its second
harmonic of the second linear system, Rj, in Fig. 1.

The IMD component amplitude SPR, depends only on
the value of w,. However, the IMD component amplitude
SPR4 depends on both w; and w; as shown in Fig. 7 which
is a three dimensional plot of 20Log;y(SPR4) vs. w,1 and
wpz for I = L =50 ma, 1o = 107! 5, and K = 1.2. It is
seen that the shape of a graph of the ratio (SPR4/FP3) vs.
wy2 depends on the value of w, used. A maximum value of
SPR4 occurs along the axis w;,; = 1.2. Figure 8 is a graph of
the ratio (SPR4/FP>) vs. wy,» for w,1 =0.9 and 1.2.

@ Springer

Similarly, the IMD component with frequency (w; — w1)
and amplitude, SPR3 depends on both w; and w, as shown in
Fig. 9 which is a three dimensional plot of 20 Log;y(SPR4)
vs. wp1 and wyn for I} = I, =50 ma, 7o = 10~ s, and K =
1.2 so that the shape of a graph of the ratio (SPR3/FP3) vs.
wp2 also depends on the value of w,; used. A maximum of
SPR3 occurs along the axis w,1 = 1.2. Figure 10 is a graph
of the ratio (SPR4/FP3) vs. wpy for w,; = 1.2 and 1.4.

It should be noted that the second-order curves can be
raised or lowered by changing the amplitude of the input.
Since the amplitude of each term of the second-order re-
sponse varies as the square of the total input current ampli-
tude, the ratio of any second-order component to the input
current amplitude varies as the amplitude of the total input
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Fig. 9 Plot of SPR3 vs. w,] and
wpo for K =1.2

Fig. 10 Amplitude ratio
SPR3/FP; vs. wp2

20 Log (SPR3 / FP2)

Flot of SPRZ vs. Wnl and Wn2 for K =12

Wyn2

Amplitude Ratio SPR3 / FP2 vs. Wn2

current. Thus, if the total input current amplitude is changed
by a factor of M, then the dB ratio of each second-order
component to the total current amplitude will be changed
by 20Log;,(M). As an example, for an input current am-
plitude of 25 ma, the plots in Figs. 6, 8, and 10 will be the
same except for a shift by an amount 20Log;,(25/50) =
—6.02 dB.

3.2 IMD arising from the third-order Volterra operator

As is seen from (17), the response of the third-order Volterra
operator contains eight non-zero frequency sinusoids. Each
term varies as the cube of the total input current amplitude.
However, their dependence on /1 and /5 is not as simple as
in the case of second-order IMD since there are a number of

different paths by which a given third-order IMD frequency
term arises.

The various paths will have a different dependence on
I and I; the various possibilities are Ii" 12(37”1) for m =
0, 1,2, and 3. For example, TPRs, the amplitude of the sinu-
soid with frequency wj, is seen to arise from the following
paths: (A) the product of the second-order term with fre-
quency 2w, with the first-order term with frequency w»,
(B) the product of the second-order term with frequency
w7y — w1 with the first-order term with frequency w1, (C) the
product of the second-order term with frequency w; + wq
with the first-order term with frequency w;, and (D) the
product of the second-order term with zero frequency with
the first-order term with frequency w». The amplitude 7PR5
will thus be a linear combination of terms whose amplitudes
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Fig. 11 Plot of TPR5 vs. wy
and w,n for K =1.2

20 Log (TPRS)

Fig. 12 Amplitude ratio
TPRs/FP; vs. w2

20 Log (TPR2 / FP2)
N L
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&
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-100

Plot of TPRS ws. Wil and Wn2 for K=1.2

vary as 123 and I; 122. Also, as with the second-order IMD,
the exact variation of the third-order IMD amplitudes with
frequency depends on the transfer function of the linear sys-
tems involved so that the graph of each of these IMD com-
ponents is affected by the feedback gain, g, and delay, 7.

From our discussion above, the third-order IMD com-
ponent with frequency w» and amplitude TPRs depends
on both w; and w; as shown in Fig. 11 which is a three-
dimensional plot of 20Log;o(TPRs) vs. w,1 and wyy for
I} =1 =50ma, o= 10" s, and K = 1.2. The shape of
a graph of the ratio (TPRs5/FP;) vs. wy is seen to depend
on the value of w,| used. Figure 12 is a graph of the ratio
(TPR5/FP3) vs. wyy for wy; = 1.1, 1.2, and 1.3.

The third-order IMD component with frequency 3w, and
amplitude TPR7, however, is seen to arise only from the
product of two sinusoidal terms; one which is the result of a

@ Springer

linear operation on the input sinusoid with frequency w, and
the other which is the second-order IMD component with
the frequency 2w;. Thus, the amplitude of this IMD com-
ponent, TPR7, varies as I; and is independent of I; so that

the ratio Tf Ry

is independent of the input current amplitude

and also TI§R7 is independent of w;. Figure 13 is a plot of
20Logo(TPR7/FP3) vs. wp2.

The frequency of the IMD component with the amplitude
TPR13 is (2w + w2). The amplitude depends on both w; and
wy as shown in Fig. 14 which is a three-dimensional plot
of 20Log;o(TPR13) VvS. wy1 and wyy for I1 = I, =50 ma,
th = 10~ "'s, and K = 1.2. As seen from Fig. 14, the shape
of a graph of the ratio (TPR13/FP3) vs. wyy varies with the
value of w, used. This is illustrated in Fig. 15 which is a
graph of the ratio (TPR13/FP3) vs. wy» for w,1 =0.01, 1.1,
and 1.2.



Intermodulation distortion of the single-mode laser-diode

845

Fig. 13 Amplitude ratio

Amplitude Ratio TPR7 / FP2 vs Wn2

TPR7/FP; vs. w2 -20
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Fig. 14 Plot of TPR|3 vs. wy
and w,p for K =1.2

20 Log (TPR13)
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The frequency of the last third-order IMD component
with the amplitude TPR9 is (2w1 — w2). The amplitude de-
pends on both w; and w; as shown in Fig. 16 which is a
three-dimensional plot of 20 Log;o(TPR19) vs. w,1 and w,2
for Iy = I, =50 ma, to = 107! s, and K = 1.2. As seen
from Fig. 16, the shape of a graph of the ratio (TPR19/FP>)
VS. wyp varies with the value of w,1 used. This is illustrated
in Fig. 17 which is a graph of the ratio (TPR19/FP>) Vs. w2
for w,1 = 0.0, 0.6, and 1.2.

As with the second-order IMD, the third-order IMD
curves can be raised or lowered by changing the ampli-
tude of the input. Since the amplitude of each term of the
third-order response varies as the cube of the total input cur-
rent amplitude, the ratio of any third-order component to
the input current amplitude varies as the square of the in-
put current amplitude. Thus, if the input current amplitude

e
4-

Ao

Plot of TPR13 vs. Wn1 and Wn2 for K=1.2

NS
’Il/ ‘ ‘Qgg‘:‘ “-

;\\ “‘q.,:_:{‘\\\\}

is changed by a factor of M, then the dB ratio of each third-
order component to the total input current amplitude will
be changed by 20 Log,,(M?) = 40Log,o(M). As an exam-
ple, for an input current amplitude of 25 ma, the plots in
Figs. 12, 13, 15, and 17 will be the same except for a shift
by an amount 40 Log;,(25/50) = —12.04 dB.

4 Conclusions

The Volterra model of the single-mode laser-diode devel-
oped in [1, 2] is useful for the determination and analy-
sis of the laser-diode response to any given excitation. In
this paper, it was used for the determination and analy-
sis of the intermodulation distortion (IMD) of the single-
mode laser-diode with electronic feedback. The output pho-
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Fig. 15 Amplitude ratio

Amplitude Ratio TPR13 / FP2

TPR3/FP>

10 Log (TPR13 / FP2)

Fig. 16 Plot of TPR19 vs. wy
and w,p for K =1.2

YWnl

ton sinusoidal amplitudes resulting from the first-, second-,
and third-order Volterra operators for an input which is the
sum of two sinusoids were determined analytically from the
Volterra model and programmed to obtain numerical results.
These results allowed the study of the sources in the system
model by which a given IMD component arises and also am-
plitude of each IMD component relative to the first-order
photon output. As discussed in Sect. 3, the frequency re-
sponse is determined by the feedback gain, K. To illustrate
a relatively narrow pass-band case, all our examples were
for K = 1.2. Lower values of IMD would be obtained for
smaller values of K. Note from Fig. 12 that, for the parame-
ter values used, the maximum amplitude of the third-order
IMD component with a frequency which is the same as the
input is approximately equal to that of the input’s. This can
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be reduced by decreasing the total input current amplitude
as discussed in Sect. 3.2. However, we also observe from
this study the manner by which a larger gain of the first-
order photon response increases the IMD amplitudes. Low-
ering the gain of the first-order linear system thus reduces
the IMD amplitudes. This can be accomplished by decreas-
ing the value of K to decrease the amount of feedback and/or
increasing the feedback delay, #o. The quantitative analysis
on the dependency of an IMD amplitude on the input current
that was presented can be used to determine the dB reduc-
tion of the IMD by this procedure.

The three-dimensional IMD graphs give insight of how
the total IMD is affected by the input spectrum shape. Note
that the shape of the three-dimensional graphs is determined
by the Volterra kernels. Changing the feedback does re-
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Fig. 17 Amplitude ratio

Amplitude Ratio TPR19/ FP2 vs. Wn2

TPR19/FPy Vs. w2

20 Log (TPR19 / FP2)

sult in a change of the Volterra kernels and so the shape
of the three-dimensional IMD graphs. The feedback can be
changed by inserting a system in the feedback path. The de-
sired system to use can be determined using the theory of
nonlinear feedback systems developed in Sect. 8.5 of [2].
The insight obtained especially from the Volterra model of
the manner by which various IMD components are formed
thus greatly assists in the determination of ways by which
its effects can be controlled.

In addition to the usefulness of the Volterra model in
laser-diode IMD studies illustrated in this paper, it also can
be used to determine and analyze the laser-diode response to
any given excitation. The model also can be used for the de-
termination of desirable values of the laser-diode parameters
for a given application.
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