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Abstract Optimum conditions for sideband cooling of
40Cat are numerically analyzed and appropriate parame-
ters are evaluated. The dependence of optimum parameters
for sideband cooling on the realistic experimental condi-
tions, such as laser linewidth or heating rate, is investi-
gated. For experimental verification of the analysis, a sin-
gle ¥°Ca* is sideband-cooled using parameters based on
the analysis, and the achieved average oscillation quantum
numbers are evaluated. As a result, a good agreement be-
tween the experimental value and numerical analysis is ob-
tained.

PACS 32.80.Hd - 03.67.Lx - 37.10.Vz - 42.50.Wk

1 Introduction

As first proposed by Cirac and Zoller, a collection of ions
trapped in electric potentials is currently considered as
one of the probable candidates for the quantum computa-
tion [1]. One of the prerequisites for the implementation
of the Cirac—Zoller proposal is that the motional mode of
the ion strings used for the gate operation is prepared in
its ground state. Such preparation of motional ground state
can be achieved by sideband cooling. The motional ground
state cooling has been theoretically analyzed [2—4], and suc-
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cessful demonstration of sideband cooling has been reported
with 18Hg ™, °Be™, 4°Ca™, and '''Cd* [5-8]. In the theo-
retical analysis previously reported, however, a part of para-
meters that strongly affect realistic experimental situations,
such as laser linewidths or heating rates, has not been thor-
oughly considered. Therefore, it has been difficult to ex-
tract practically valid information on the optimum values
of parameters for sideband cooling to the motional ground
state.

In this report, we have numerically evaluated optimum
conditions for sideband cooling of three-level ions, espe-
cially °Cat including the effects due to the laser linewidths
and heating rates. From the analysis, it is concluded that
the laser linewidths and heating rates determine optimum
values of other parameters such as Rabi frequencies or de-
tunings of lasers for sideband cooling. In the recent ex-
perimental research of ion traps, operations with smaller
trap have been required. Subsequently, heating rates of ion
traps become higher following d~* rule due to fluctuating
patch potentials on the trap surfaces, where d is the dis-
tance between the ion and the closest electrode [9]. The
numerical analysis introduced in this report can be uti-
lized to investigate optimum parameters for sideband cool-
ing even if such a high heating rate needs to be consid-
ered.

For experimental verification of the analysis, a single
40Ca ion is sideband-cooled using parameters based on the
analysis. The resulting average oscillation quantum num-
bers, and the optimum parameters minimizing them, are
close to the values obtained from the analysis. This numeri-
cal analysis is applicable to different ion species with similar
three-level structure such as Sr™ or Ba*.
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2 Motional ground state cooling
2.1 Three-level system of “°Ca*

Motional ground state cooling is achieved by two cooling
schemes [5]. For the first step, a single ion is stored in an
ion trap, and Doppler-cooled to near the Doppler limit tem-
perature. In the case of a two-level ion, the Doppler limit is
given as Tp = hl"/2kp, where I" denotes the spontaneous
decay rate of the upper level of the cooling transition [10].
For the second step, sideband cooling is performed to cool
the ion to the motional ground state.

40Ca* is a hydrogen-like ion with one valence electron
and no hyperfine structure. An energy diagram of “°Ca*
relevant to the sideband cooling is shown in Fig. 1. The en-
ergy diagram forms a three-level system in E-configuration.
Notations |0), |1), and |2) represent internal states Sp,2
(m=-1/2), P3;» (m=-3/2), and D55 (m = —5/2), re-
spectively. A quadrupole transition |0)—|2), whose transi-
tion wavelength is 729 nm, is used for the sideband cool-
ing. Both |1)—|0) and |1)—|2) are dipole allowed transitions,
and have radiative decay rates of I'1gp =27 x 21.5 MHz and
I'') =27 x 1.6 MHz, respectively [11]. The |2) level has a
relatively long lifetime of 1.2 s [12]. An 854 nm laser cou-
ples the |2) level to the |1) level and shortens its effective
lifetime, which is called quenching. The quenched popula-
tion decays back to the |0) level and the sideband cooling
cycle is almost closed. By applying the 729 nm beam, which
is red-detuned from a carrier transition by the motional fre-
quency in the harmonic potentials called secular frequency,
one vibrational quantum number is removed for each cool-
ing cycle until attaining the motional ground state.

2.2 Principles for numerical analysis

Let us consider a three-level ion in a harmonic potential cou-
pled with two classical laser fields. Under the assumption
that the dynamics of the external motion in the harmonic
potential is much slower than the internal dynamics, the in-
ternal variables can be assumed to be in a steady state, and be

1) = 2Ps/z (mg =-3/2)

Iy 854 nm

2) = 2D5/2 (my =-5/2)
729 nm

0) = 25172 (my = ~1/2)

Fig. 1 E-configuration three-level energy diagram relevant to the
sideband cooling. I and I, are decay rates between the |1)—|0) and
[1)—|2) transitions, respectively
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eliminated adiabatically. When the Lamb-Dicke parameter
is non-zero, redistribution between the reduced density ma-
trix elements for the external degree of freedom occurs. As
long as the Lamb—Dicke parameter is much smaller than 1,
this can be treated perturbatively, and in the steady state
only diagonal elements survive. In the following, the deriva-
tion of the rate equation for the external population and the
steady state is reviewed [2—4, 13, 14].

The master equation of the density matrix is described by

dp i 1 AT A AT A
o= _ﬁ[H’ ol — > %:(CUCUP + 0C;; Cij
—Zéijpéjj)
=Cp. (1)

where L is the Liouvillian [2]. For the E-configuration en-
ergy level, the Hamiltonian of the atom and atom-field inter-
action is given as

0 0 §220/2
H=h| 0 —(Si2+80) $£12/2], (2)
920/2 912/2 —820

where §;; and £2;; are the detuning and the Rabi frequency
of the field coupling between |i) and |j) levels, respec-
tively [3]. The decay matrix C;; is given as

Cij = Tijli)l, 3)

which represents a decay process from |i) to | j) levels. I7; is
the spontaneous decay rate between i) and |j) levels. The
linewidths of 729 and 854 nm lasers are effectively included
in the terms I and Iy, respectively.

The cooling and heating mechanisms are considered
through the evolution of the motional state population p, =
(n|p|n), described by the following rate equation [14]

dpy
dt

=+ DA_pup1 —[(1+ DAL +nA ]p,
+nAipnp_1. 4)

A,/ is a heating/cooling transition rate given as [4]

Ag =2Re[D + S(Fw)] o)

where D denotes the diffusion coefficient,

D =a{pi)ss(Tony + Tani,) (6)

due to the spontaneous emission from the excited level.
The quantities with subscript SS describe the values for the
steady state, and n = k+/fi/2mwcos is the Lamb-Dicke
parameter. k, m, and w are the wave number of the laser, the



Optimum parameters for sideband cooling of a °Ca* ion

mass of the trapped ion, and the secular frequency, respec-
tively. 6 is an angle between the laser beam and the oscilla-
tion axis. « is a constant due to the angular distribution of
the spontaneous emission. It is given as %(3 + cos? ¢) for
the o = =1 dipole transitions [15], where ¢ is the angle be-
tween the directions of the magnetic field and the vibrational
axis. In our case, « is 0.35 since the angle is ¢ = 45°. S is
the power spectrum,

S(w) = Te[ F(=iw — L)~ F(p)ss] )

2mhw

of the dipole force,
h h
F= _EQZOkZOOyZO - Eﬂlzklzﬁylz, (8)

where oy20 and o2 are the y components of the Bloch vec-
tors, which are given as

oypo=|0 0 0], oyp=|0 0 i|. (9
—i 0 0 0 —i 0

From (4), the time evolution of the average oscillation
quantum number is given as

d

= —W((n) — (n)ss), (10)

where W is the cooling rate
W=A_—A,4, (11)

and (n)ss is the final oscillation quantum number

(n)ss = ———. 12)

Rnea represents the heating rate, which is defined as increase
of average oscillation quantum numbers per unit time in the
absence of laser cooling [5].

3 Results of numerical analysis

Sideband cooling to the motional ground state is achieved
by choosing the appropriate values for the parameters £25¢,
820, §212, and §12. The transition frequency between a pair
of levels is shifted when 729 and 854 nm beams are applied.
The shifts of the transition frequency between the pairs of
|0) and |2), and |2) and |1) levels are given as

520 =w—,/w?— 9220,
2 (13)
812 = iy d12
(o + IN2)? + 482,

383
respectively, in the following regimes:
® > $20,
2 (14)

«1
(Io+ IM2)? + 45%2

820 should be adjusted to —w + 520 + 815 to minimize (n)ss,
where &> is due to the non-resonant excitation of the carrier
transition |0)—|2). In this paper, we define (n)ss opt as the
minimized (n)ss by adjusting ;¢ to the optimum value.

For the investigation of optimum values of 817 and £21,
a parameter ¢, determined by §12 and €21, is introduced.
Tefr 1s an effective decay rate on the |0)—|2) transition when
the E-configuration three-level system is regarded as an ef-
fective two-level system by eliminating the |1) level adia-
batically. The effective decay rate of the effective two-level
system is given as [3]

P
_ 2
(Tio + IN2)? + 482,

Tese I'y. (15)

(n)ss,opt is numerically simulated as 722 is varied to eval-
uate the range of the optimum [I¢f. The fixed parameters
used for the simulation are listed in Table 1. Then the Lamb—
Dicke parameter n is 0.03. Figure 2 shows the result of
the simulation in the case that the heating rate is not con-
sidered. The solid and dashed lines show the cases where
Iege/2m = 1 and 10 kHz, respectively. In the absence of
heating, (n)ss opt is limited to ~(Iet/w)?. In this case, the
value of I should be decided by balance of achievable
(n)ss,opt and time to be able to spend it on cooling. As de-
scribed below, this is not the case in the presence of appre-
ciable heating.

In a more realistic case where heating is considered, the
value of I should be chosen from the appropriate range.
We have simulated (n)ss opt for the typical heating rates

102

100 L
&
8107
£
10-4 L
1043 L ' L
102 10% 104
10 /27 [Hz]

Fig. 2 Final oscillation quantum number (n)ss opt as a function of
1§20 when the heating rate is not considered. The solid and dashed
lines show I¢f/2m =1 and 10 kHz, respectively
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Table 1 Parameters used for simulations

Parameter Value
TIo/2r 21.5 MHz
Ip/2m 1.6 MHz
Too/2m 5 kHz
Ip/2m 500 kHz
/2w 2.4 MHz
0 60°

[5-9, 16-23] reported previously. Figure 3 shows the de-
pendence of (n)ss, opt for 78220 with Rpeae (2) 1000, (b) 100,
and (c) 10 s~!. Here, the linewidth of 729 nm laser Iy /27
is fixed to 5 kHz (see Table 1). The solid lines shows the
optimum values for I.f that minimize (n)ss opt. As shown
in Fig. 3, (n)ss,opt is minimized when I is approximately
2 x 15 kHz, and the value of the optimum I ¢ is found to
be rather insensitive to the heating rate. The dashed or dot-
ted curves show simulated results for different I that gives
by one order higher minimum values for (n)ss,opt. Figure 3
shows that (n)ss opt increases by only one order higher min-
imum values even if we change the value of I between
several ten Hz and several hundred kHz.

It is found that the value of the optimum I depends
on the linewidth of the 729 nm laser 7. The relation be-
tween the optimum I and [ is shown in Fig. 4. As
shown in Fig. 4, the optimum [¢¢r is nearly proportional to
Iy, with the proportionality coefficient Ief/ I of about 3.
The heating rate assumed for the result in Fig. 4 is 100 s~!,
however, the proportionality coefficient is found to hardly
depend on Rpeyi. On the other hand, the optimum Rabi fre-
quency of 729 nm beam n£2¢ that minimizes (n)ss, opt de-
pends on Rpeq. Figure 5 shows the relation between the op-
timum 7£270 and Rpeac. As shown in Fig. 5, the optimum
1§27 depends almost linearly on Rpeqt. 75220 also depends
on Iyo; therefore, we should increase the value of 1n£2,q if
the linewidth of the laser used for sideband cooling is rela-
tively large.

We try to explain the above mechanism qualitatively. We
numerically found that the optimum value of (n)gg is deter-
mined by a balance of at least five contributing factors in
case that the heating rate and the laser linewidth are con-
sidered. Among these factors, two factors depend on Rpey;.
Even if Rpey changes, however, the contributions to the
optimum I¢g by the two factors are canceled each other.
Therefore, the optimum I ¢ is hardly affected by the change
of Rheat-

On the other hand, if Ijo becomes higher, an excitation
rate on the off-resonance transition increases while that on
the resonance transition decreases. It causes a decrease of
the cooling rate W, and the effect of heating by Rpeq: be-
comes remarkable, especially in the range of Iefr << [o. In
addition, an excitation rate on the carrier transition increases
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Fig. 3 Final oscillation quantum number (n)ss opt as a function of
1§20 with the inclusion of typical heating rates. Figures show the re-
sults for Rpeac: (a) 1000, (b) 100, and (¢) 10 s~L. The solid lines show
the optimum I to minimize (n)ss,opt. The dashed and dotted lines
show the values of I that give by one order higher minimum values
for (")SS,opl
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is nearly proportional to Iyg. The proportionality coefficient hardly de-
pends on Rpeqt
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Fig. 5 Relation between the optimum 7$270 and Ry, for various Iyp.
The circle, triangle, and cross marks belong to I'yp/2m = 0.1, 1,
10 kHz, respectively. The optimum 729 depends almost linearly on
Rheat

in the range of I < Igo. It may increase the population on
the upper level, and consequently causes heating by stimu-
lated emission. As a result, the (n)ss is minimized when the
optimum [ shifts toward a higher direction by a balance
of other contributing factors.We found that the optimum [
is almost proportional to I in the range of o < w. This
proportional relation is violated when Iy approaches w.

4 Procedure for the experimental verification of the
numerical analysis

For the verification of the numerical analysis described in
Sect. 3, we perform sideband cooling of °Ca™ and measure

B = 027 mT Ion getter pump

397 nm 7
866 nm

397 nm o

Fig. 6 A schematic of the experimental setup

achieved average oscillation quantum numbers. Experimen-
tal procedure is shown as follows.

4.1 Experimental setup

In the experiment, a spherical Paul trap consisting of a ring
and two end-cap electrodes is used. The ring has an inner
radius of r9 = 0.6 mm, and the distance between the cen-
ter of trap and one of the end-caps is zop = 0.42 mm. The
material of these electrodes is stainless SUS304. The trap is
mounted in a vacuum chamber, whose background pressure
is kept at 3 x 108 Pa. An RF voltage of Vrr =200 V at
£2grp = 27 x 20 MHz and a DC voltage of Vpc =5 V are
applied between the ring and end-cap electrodes. The ap-
plied field produces a secular potential with radial and axial
frequencies of (wrag, wax) = 27 % (1.7,2.4) MHz, respec-
tively.

A schematic of the experimental setup is shown in Fig. 6.
The detail of the setup is described in [24]. A single *°Ca*
ion is loaded by the electron-impact ionization method.
The loaded ion is Doppler cooled by applying 397 and
866 nm beams. Fluorescence, on the S1,,—Pj /2 transition,
from the single *°Ca™ ion is detected by a photomultiplier
tube (PMT) to be used for the internal state determination.
Fluorescence photons of 10000 counts/s are typically col-
lected from the single ion. A titanium sapphire (Ti:Sa) laser
is used for the excitation of the |0)—|2) transition. As a sta-
ble frequency reference, a temperature-controlled high fi-
nesse cavity made of ultra low expansion (ULE) glass is
prepared. The ULE cavity is mounted in a vacuum cham-
ber. The 729 nm laser is locked to the ULE cavity using the
Pound-Drever method [25]. The linewidth of the 729 nm
laser Iy is estimated to be 27 x 5 kHz from the fluctu-
ation of the Pound-Drever error signal. Alternatively, we
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observed the carrier on the Sj/2—Ds/2 transition by apply-
ing this laser to the ion, and obtained a linewidth of less
than 10 kHz. Though this linewidth includes the contribu-
tion of magnetic field fluctuations, we deduce the laser has
a linewidth Iy of around 27 x 5 kHz.

4.2 Sideband cooling

Motional ground state cooling is achieved by using a laser
pulse sequence, consists of five periods: Doppler cooling,
optical pumping, sideband cooling, shelving, and observa-
tion periods. (i) Doppler cooling period: the trapped ion is
Doppler cooled by the linearly polarized 397 nm (397 nm )
beam for 2 ms. The average vibrational quantum number of
the Doppler-cooled ion is typically (n) < 5 for the axial di-
rection (the details are shown in [24]). (ii) Optical pump-
ing period: the ion is prepared in the |0) level by apply-
ing the circularly polarized 397 nm (397 nm o) beam for
250 ps along the direction orthogonal to the 397 nm 7 beam.
A magnetic field of 0.27 mT is applied along the direction
parallel to the 397 nm o beam. (iii) Sideband cooling pe-
riod: the ion is sideband-cooled to near the motional ground
state by applying the 854 nm beam and 729 nm beam tuned
resonance to the first red sideband. (iv) Shelving period: the
729 nm beam tuned resonance to the transition is applied to
the ion for 1 ms. (v) Observation period: fluorescence from
the ion is collected by exciting the Doppler-cooling tran-
sition for 7 ms. Thus, we can determine whether the tran-
sition to the |2) level has occurred or not. If the trapped
ion is shelved to the |2) level, only few background pho-
tons are detected. The 866 nm beam is continuously applied
to the ion throughout the sequence. At the end of the side-
band cooling, the ion is prepared in |0) level by applying the
397 nm o and 854 nm beams for 250 ps. The duration for
the sideband cooling period is systematically varied, and the
dynamics of the cooling process is studied as is described
later.

The sequence (i)—(v) is repeated typically 100 times per
each data point. The 729 nm shelving beam is scanned
across the axial secular frequency of wyx/2m = 2.4 MHz,
and excitation probabilities are evaluated for the red/blue
sideband. The average oscillation quantum number (n) of
the sideband cooled ion is estimated from the equation

Prea __{0)
T+

(16)
Polue

where Preq/blue 15 the excitation probability for the red/blue
sideband.

5 Experimental results

We first describe the experimental parameters used for the
sideband cooling experiment. The intensity of the 729 nm
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Fig. 7 Result of sideband cooling experiment. The excitation proba-
bilities are shown for the axial red (left) and blue (right) sidebands.
The white or black point shows the result for before or after sideband
cooling. The achieved (n) after sideband cooling is estimated to 0.02

beam is 85 W/cm? in the trap position, which corresponds
to the Rabi frequency of 259 = 2w x 100 kHz. The Rabi
frequency §25¢ is measured by observation of the Rabi os-
cillation between the |0) and |2) levels. The intensity of the
854 nm beam is adjusted to 4.2 mW/cm?, corresponding
to the Rabi frequency £212 = 2w x 2.3 MHz. Alternatively,
£217 is estimated from a light shift of the |2) level due to
the 854 nm beam. The detuning of 854 nm laser is set to
812 = 2w x (—300) MHz. These parameters correspond to
Ieif = 2 x 315 Hz. The Lamb-Dicke parameter 7 is 0.03,
and n$2y is fixed to 2w x 3 kHz in the present experiment.

The result of the experiment is shown in Fig. 7. The figure
of the left/right column shows the excitation probability for
the axial red/blue sideband. The white and black points show
the transition spectra for before and after sideband cooling,
respectively. Here sideband cooling is performed for 20 ms.
The achieved (n) is approximately 0.02.

The duration for the sideband cooling is systematically
lengthened, and the dependence of (n(f)) on the cooling
time is studied. Here the experiments are performed under
two situations, referred to as Result I or II; Result I was
measured in the condition where Rpe, seemed to be rela-
tively low value. On the other hand, Result II was measured
in the condition almost same as Result I, but three months
later from the measurement of Result I. Since many other
experiments had been performed on the same trap during
the intervening three months, the surface of the trap might
have been got polluted. As pointed out in [20], this pollu-
tion of the trap surface might have caused the increase of
the heating rate.

Result I and II are shown in Fig. 8. The circle symbols in-
dicate Result I. The curve is the fit to the data set using (10).
From the fit, we estimate (n(0)) = 4.3, Rpeat = 5 s~! and
W =420 s~!. Here it is assumed that A is approximately
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Fig. 8 (n) versus durations of sideband cooling. The circle or cross
symbols show Result I or II. Curves are fitted to both data sets using
(10), which evaluate the values of parameters (n(0)), Rpeat, and W

10 s~! from (5) and experimental parameters. We could
not estimate confidence intervals of the fitting parameters
for Result I since the number of the fitting parameters is
equal to that of the data points. The cross symbols indi-
cate Result II. The fitted curve evaluates (n(0)) =6.4 £ 1.1,
Rheat =43 £ 15 571, and W =690 + 71 s~!. From (11),
the value of W is supposed to reach approximately 5000 in
the present experimental parameters, that means (n) reaches
(n)ss in a few ms. However, W is sensitive to the drift of
the laser frequency. In our case, there is 10 kHz drift in the
729 nm laser frequency during the experiment. This may re-
duce W to near one-tenth.

Rheat is directly measured for the Result II. The ion is
sideband cooled for 5 ms, and delay times are inserted for
a few ms. The resulting (n) for delay times is shown in
Fig. 9. A straight line is fitted to the data set, and estimated
Rheat = 40.5 £+ 5.0 s~'. We could not directly measure the
heating rate about Result I. However, we consider its value
is 5 s~! since the heating rate from the direct measurement
for Result II is comparable to the value measured through
the cooling dynamics.

The spectral density of the electric field fluctuations is
deduced from the present Rpey. For an ion trapped by a
combination of static fields and inhomogeneous rf fields, the
heating rate is generalized to

d ) &2
)=
dt dmhw

SE(w), A7)

where e is the charge of the trapped ion, and Sg has an
unit of (V/m)% Hz~! [26]. From (17), Sg(w) = 6.6 x 10713
(V/m)*Hz~! at w = 27 x 2.4 MHz and d (n) /dt = 40 s .
The distance between the ion and the closest electrode is
zo = 0.42 mm in the present experiment. In this case, the
value of Sg is positioned at the center of the gray band of
Fig. 6 shown in [23].

Delay time [ms]

Fig. 9 The axial (n) when delay times are inserted. The /ine fitted to
the data set evaluates Rpeq = 40.5 571

102

10°
7
=
102 ¢
L | — ResultI
--- Result II
104 . . .
10? 10° 10*
nQao/2m [Hz]

Fig. 10 Simulated (n)ss for the present experimental parameters. The
solid and dashed lines indicate the results for Rpea = 5 s~1 (Result I)
and 40 s~ (Result II), respectively. The achieved (n) are approxi-
mately 0.01 and 0.06 at n§2,9 = 27 x 3 kHz for Results I and II, re-
spectively

The achieved (n)ss can be simulated for the present
experimental condition. Figure 10 shows the results when
Teef = 2 x 315 Hz, where 215 = 27 x 2.3 MHz and
812 = 27 x (—300) MHz. The solid or dashed line indi-
cates Result T (Rheat = 5 s71) or I (Rheat = 40 s~1). Here,
it seems that the 729 nm laser used in the present experi-
ment has frequency drift of about 10 kHz during the typical
measurement time. To consider the effect of this drift, we as-
sume that 8, is effectively shifted by 27 x (+10) kHz. As
shown in Fig. 10, (n) at n§279 = 27w x 3 kHz are obtained to
be approximately 0.01 and 0.06 for Results I and II, respec-
tively. These values are close to the values derived from the
experiment, 0.02 and 0.08, respectively.

Finally, this experiment was performed with I = 27 X
315 Hz, and it is not a real optimum value. However, the
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value seems to be optimum in our present experimental
setup, and it is consistent with the result of the numerical
analysis. In addition, the resulting (n)ss in the present case,
is not greatly different from ideally minimized (n)ss. We are
sure that we can achieve the real optimum value if we can
improve the performance of the experimental setup.

6 Conclusion

As a representative of three-level ions, optimum conditions
for sideband cooling of “°Ca* are numerically analyzed.
From the analysis, it is found that the optimum parameters
for sideband cooling to the motional ground state depend
on the heating rate and the laser linewidth. Using parame-
ters expected from the analysis, a single °Ca™ is sideband-
cooled. The achieved average oscillation quantum numbers
and the optimum experimental parameters are close to the
values deduced from the analysis.
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