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ABSTRACT Experiments and numerical simulations are used
to study non-phasematched single-mode third harmonic gen-
eration occurring simultaneously with fs pulse spectral broad-
ening in highly nonlinear fibre. Pump pulses around 100 fs
at 1560 nm injected into sub-5 cm lengths of commercially-
available highly nonlinear fibre are observed to undergo spectral
broadening spanning over 700 nm at the −30 dB level, and
to simultaneously generate third harmonic radiation around
520 nm. Simulations based on a generalized nonlinear envelope
equation are shown to well reproduce the spectral structure of
the broadened pump pulses and the generated third harmonic
signal.

PACS 42.65.-k; 42.81.Dp

1 Introduction

The physics of nonlinear propagation effects in
novel optical waveguides and photonic structures is a sub-
ject that continues to attract intense interest [1–4]. Much of
this recent work has been motivated by experiments in highly
nonlinear and photonic crystal fibres, where the combina-
tion of engineered dispersion and elevated nonlinearity has
led to the generation of broadband supercontinuum spectra
that have found many important applications [5–9]. The spec-
tral broadening associated with supercontinuum generation is
now well-understood, and develops from the combination of
nonlinear effects such as soliton fission, stimulated Raman
scattering and four wave mixing [10]. In addition to these
processes arising from the intensity-dependent Kerr nonlin-
earity, there has been growing interest in the dynamics of
third harmonic generation (THG) that depends on the full
field-dependent χ(3) material response. Although studies have
mostly focussed on THG generated under multimode phase-
matching conditions [11–24], recent theoretical work has also
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incorporated harmonic generation into generalized nonlinear
envelope equation simulations of ultrashort pulse propaga-
tion under single mode non-phasematched conditions [25].
This modelling approach is particularly relevant in extend-
ing envelope-based models of pulse propagation into a regime
free of bandwidth constraints, but has not yet been the subject
of any comparison with experimental work.

Our objective in this paper is to present just such a com-
parison between experimental investigations and generalized
nonlinear envelope equation simulations for the particular
case where sub-100 fs pulse propagation in highly nonlinear
fibre (HNLF) results in significant spectral broadening, and
the simultaneous generation of non-phasematched third har-
monic radiation. Specifically, we report a comparison of the
output spectral characteristics over the range 500–1670 nm
for a fibre length of 600 µm where only one distinct THG
peak is observed, as well as for a longer fibre length of 4.5 cm
where two peaks around the THG wavelength appear in the
spectrum. In both cases, the measured spectral structure is
well-reproduced by the numerical simulations, confirming
the validity of the generalized envelope equation approach to
modelling spectral broadening to the third harmonic wave-
length range.

2 Experiments

Our experiments used a passively-modelocked
oscillator/amplifier fibre laser system (Precision Photonics
PPL) producing pulses at 1560 nm with a 35 MHz repetition
rate. The output pulses after propagation through a 1 m long
SMF-28 fibre pigtail were characterized using second har-
monic generation frequency resolved optical gating (FROG)
and the pulse duration (FWHM) was found to vary over the
range 90–110 fs as the (amplified) average output power was
varied over the range 30–60 mW. The pulses at the end of the
SMF-28 fibre were close to transform-limited with a −3 dB
spectral width (FWHM) of around 70 nm but a small low-
amplitude spectral pedestal on the pulses could be observed at
intensities of −50 dB relative to the pump. A short length of
speciality HNLF (OFS Denmark) was spliced to the SMF-28
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pigtail and it was in this HNLF segment that both spectral
broadening of the pump pulse and THG was observed. More
parameters of this fibre are given below. The splice loss be-
tween the SMF-28 and HNLF was typically less than 0.2 dB,
and we carefully checked that no THG signal was present at
the output of the SMF-28 pigtail in the absence of the HNLF
segment.

A similar setup was also used in our previous experiments
that were carried out in the context of pulse compression using
longer HNLF fibre segments of length 4–10 cm [26]. These
experiments excited higher order solitons in the HNLF at
average pump powers in the range 30–60 mW. It was also no-
ticed that the spectral broadening of the pump pulses in the
HNLF was accompanied by the generation of a THG signal
but, although this could be clearly observed visually, no quan-
titative characterization was performed. In the present experi-
ments, the spectrum of both the 1560 nm pump pulses and the
generated signal around the third harmonic of 520 nm were
measured simultaneously using a broadband optical spectrum
analyser (Anritsu MS9702B) with 5 nm spectral resolution
over the range 500–1670 nm. In addition, the spatial charac-
teristics of the THG signal were measured by imaging the
fibre endface with a CCD camera. From the spatial character-
isation it was confirmed that the THG was generated in the
fibre fundamental mode. The maximum average power of the
output THG component at 520 nm was also measured to be
∼ 50 nW.

Figure 1 shows typical results obtained for 50 mW average
pump power and a 4.5 cm HNLF segment, showing both the
broadened pump spectrum as well as the generated THG com-
ponent. Although the optical spectrum analyser sensitivity
limits restrict our measurements of the broadened pulse spec-
trum to wavelengths beyond 1670 nm, we note nonetheless
that the pump broadening (due to soliton dynamics) extends
over more than 700 nm at the −30 dB level. Around the third
harmonic wavelength, we note a distinct component at 520 nm
(the exact third harmonic of the central pump wavelength) as
well as a second frequency-shifted peak at 575 nm that arises
from the combined effects of pump spectral broadening and
pump-THG group velocity mismatch [19, 20].

Our observations that the THG signal was generated in
the fibre fundamental mode suggested a non-phasematched
generation process and this was confirmed through addi-
tional measurements of modal and power characteristics as
the spliced HNLF segment was cut back progressively to
a minimum length of 600 µm. Note that this was carried out
using standard cleaving techniques under a microscope. Fig-
ure 2a shows the measured spectrum at the output of the
600 µm HNLF segment, with the inset showing the imaged
near field mode profile at the THG wavelength. The sharp
peak at 980 nm is residual cw radiation from the erbium fibre
amplifier pump, and the broad low amplitude pump spectral
pedestal on the pulses from the oscillator/amplifier source can
also be seen.

Note at this shorter segment length, only one distinct
peak at the expected third harmonic wavelength was ob-
served in the spectrum. The dependence on input pulse
peak power was then measured by increasing input pulse
power from 38 to 58 mW in 5 mW steps, and the increase
in the generated THG component at 520 nm was measured

FIGURE 1 Experimental spectrum showing both the broadened pump
spectrum and generated THG signal. The observed splitting of the generated
THG signal is discussed in the text

FIGURE 2 (a) Experimental spectrum measured at the output of 600 µm
of HNLF for 50 mW input power. The inset shows the (green) observed
mode profile of THG components. (b) Experimental spectra of THG com-
ponents centred at 520 nm obtained by increasing input pulse power from
38 to 58 mW in 5 mW steps. (c) Experimental third harmonic signal power
as a function of input pump power (with error bars) compared with a cubic
fit (dashed line). Numerical simulations modelling the generation of THG
power as a function of input pulse power for this case yield results that are
indistinguishable from this fitted dashed line

on the spectrum analyser as shown in Fig. 2b. The quanti-
tative dependence of the THG power on the corresponding
input pulse peak power is shown in Fig. 2c using a log–
log representation to plot the experimental results that are
shown with error bars. The dashed line is obtained from
numerical simulations as described below and follows the
cubic dependence expected from a third-order nonlinear
process.

3 Numerical modelling

The observations of the non-phasematched THG
were used to test the generalized nonlinear envelope equation
model of broadband ultrashort pulse propagation recently de-
veloped in [25]. Specifically, we model our experiments using
the nonlinear envelope equation expressed in the laboratory
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frame as:
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Here U(z, t) is a forward propagating envelope normalized
such that |U|2 yields the instantaneous power in W. On the
left hand side, α is the linear loss and the βk’s are the Tay-
lor series coefficients of a broadband expansion of the fibre
dispersion constant β(ω) over the wavelength range of inter-
est. On the right-hand-side, the terms proportional to |U|2U
and U3 describe self-phase modulation and THG respec-
tively. The nonlinear coefficient γ = ω0n2/cAeff, where the
nonlinear refractive index n2 and the effective area Aeff are
both evaluated at the carrier frequency ω0. The envelope
self-steepening timescale τss describes the dispersion of the
nonlinear response, and g(z, t, U) is a generalized Raman re-
sponse function with fR = 0.18 [25]. Quantum noise effects
were included through a phenomenological one photon per
mode background on the input pulse [10].

Comparison with the numerical solution of Maxwell’s
equations has shown that this propagation equation accurately
models propagation effects over bandwidths many times the
carrier frequency at intensities below the damage threshold
of fused silica. It thus would be expected to realistically de-
scribe the simultaneous pump pulse spectral broadening and
non-phasematched harmonic generation that we observe in
our experiments. (Note that typical modal intensities in our
experiments are around 1015 W m−2, orders of magnitude less
than the material damage threshold of fused silica around
1018 W m−2). The fibre parameters used in the simulations
were γ = 9.4 W−1 km−1, τss = 1.67 fs, α = 0 m−1 and the dis-
persion was determined over the extended wavelength range
300–3000 nm using beam propagation techniques based on
a model refractive index profile for the fibre constrained to the
manufacturer’s dispersion data over 1500–1600 nm. The sim-
ulations directly included the global dispersion β(ω) in the nu-
merical integration of the GNEE but Fig. 3 shows the corres-
ponding group velocity dispersion parameter (in ps/nm km)

FIGURE 3 Group velocity dispersion curve used in simulations of pulse
propagation in HNLF. The fibre zero dispersion wavelength is around
1410 nm and at 1560 nm the group velocity dispersion and third-order dis-
persion are β2 = −5.4 ps2 km−1 and β3 = 4.2×10−2 ps3 km−1

for completeness. The input pulses used were based on FROG
measurements of the experimental intensity and phase profile.

Simulations were first used to provide insight into the
general dynamics of the THG generation process, and Fig. 4
shows results from the numerical solution of (1) plotting the
evolution of the THG signal at 520 nm over a propagation
distance of 5 mm. The pulses used in these simulations had
near hyperbolic secant profiles with 90 fs FWHM and peak
power of 16 kW. The observed oscillatory behaviour is typi-
cal of a non-phasematched process, and the inset shows details
of the oscillations at the expected coherence length of Lcoh =
2π/|∆β| = 2π/|β3ω0 − 3βω0| ≈ 15 µm. The decrease in the
oscillation contrast over a length scale of ∼ 500 µm arises
from the group velocity mismatch between the fundamental
and harmonic fields [19, 20]. These simulations confirm that
our experiments with fiber lengths greater than 600 µm are
carried out in a regime where these coherence oscillations on
a 15 µm length scale are not observed.

Figure 5 presents specific comparisons between simula-
tion and experiment, plotting the experimentally-measured
and simulated spectra after a propagation distance of (a)
600 µm and (b) 4.5 cm. In both cases, the simulations repro-
duce well both the observed supercontinuum spectral broad-
ening of the pump pulse as well as the structure of the gen-
erated third harmonic, specifically the double-peaked THG
peak was observed at 4.5 cm propagation. Additional simula-
tions for the 600 µm case were also carried out to study the
quantitative variation in the generated THG power as a func-
tion of input pulse power and the simulation results (which
exhibit the expected cubic dependence on input power) are
superimposed on the experimental results in Fig. 2c as the
dashed line.

FIGURE 4 Simulation results illustrating the initial evolution of the third
harmonic signal

FIGURE 5 Comparison between experimental and simulated spectra as
shown for spliced HNLF segment lengths of (a) 600 µm and (b) 4.5 cm
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4 Conclusions

The results in Fig. 5 are the first to directly com-
pare experimental measurements and generalized envelope
equation simulations of nonlinear spectral broadening over
a spectral range extending from the pump to the third har-
monic. This numerical approach is extremely convenient
and complements analysis or simulation based on coupled
propagation equations for the pump and third harmonic
fields, particularly in cases where the fields begin to spec-
trally overlap as in Fig. 5b. Interestingly, we note that har-
monic generation effects in optical fibres has actually been
known for some time [1, 27], but the absence of appropri-
ate broadband modelling techniques have previously pre-
cluded a detailed comparison with numerical simulations.
However, our results confirming that generalized nonlin-
ear envelope simulations can accurately describe the THG
generation process lead us to expect that further combined
experimental and numerical studies will yield improved
insight into the nonlinear interactions in this propagation
regime.
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