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ABSTRACT The on-axis scintillation index for a circular dark
hollow beam (DHB) propagating in a weak turbulent at-
mosphere is formulated, and the scintillation properties of
a DHB are investigated in detail. The scintillation index for
a DHB reduces to the scintillation index for a Gaussian beam, an
annular beam and a flat-topped beam under certain conditions. It
is found that the scintillation index of a DHB is closely related
to the beam parameters and can be lower than that of a Gaussian
beam, an annular beam and a flat-topped beam in a weak tur-
bulent atmosphere at smaller waist sizes and longer propagation
lengths.

PACS 42.25.Bs; 42.68.Ay

1 Introduction

In the past several years, dark hollow beams
(DHBs) with zero central intensity have been widely inves-
tigated both theoretically and experimentally due to their
unique physical properties and their important and extensive
applications in laser optics, atomic optics, binary optics, op-
tical trapping of particles and medical sciences [1]. DHBs can
be used as optical pipes, optical tweezers and spanners, and
for guiding, cooling and trapping of atoms [1–7], and they
also provide a powerful tool to study the linear and nonlin-
ear particle dynamics in a storage ring [8]. Various techniques,
e.g. the transverse mode selection method, the geometrical
optical method, the computer-generated hologram and spa-
tial filtering, have been used to generate various dark hollow
beams [9–13]. Several theoretical models, e.g. higher-order
Bessel beams, high-order Mathieu beams, doughnut hol-
low beams and hollow Gaussian beams have been proposed
to describe DHBs [2, 14–18]. The propagation properties
of a DHB through free space or a paraxial optical system
have been widely studied [14–21]. Recently, DHBs were ex-
tended to the partially coherent case [22, 23]. Higher-order
partially coherent dark hollow beams have also been intro-
duced recently [24].
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On the other hand, the investigation of the propaga-
tion properties of laser beams in a turbulent atmosphere
becomes more and more important because of its wide ap-
plications in e.g. free-space optical communications, imaging
systems and remote sensing and, up to now, much work
has been carried out concerning the propagation of vari-
ous coherent and partially coherent laser beams in a tur-
bulent atmosphere [25–40]. Cai and He have investigated
the irradiance and spreading properties of various DHBs in
a turbulent atmosphere [40]. Scintillation properties (i.e. fluc-
tuations of the intensity of a laser beam) of various laser
beams, e.g. spherical and plane waves, Gaussian beams,
elliptical Gaussian beams, annular beams, flattened Gaus-
sian beams, cos-Gaussian beams and cosh-Gaussian beams,
have been widely studied [41–50]. Konyaev et al. studied
the effect of phase fluctuation on propagation of the vortex
beams (one kind of DHBs) recently [51]. In the present pa-
per, we study the on-axis scintillation properties of a DHB
in a weak turbulent atmosphere, and we find that the on-
axis scintillation index for a DHB can be smaller than that
of a Gaussian beam, an annular beam and a flat-topped
beam in a weak turbulent atmosphere under certain condi-
tions, which will be useful in long-distance free-space optical
communication.

2 Formulation

The electric field of a DHB of circular symmetry at
z = 0 can be expressed as the following finite sum of Gaussian
modes [18]:
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denotes a binomial coefficient, w2
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0/n, w0 is the beam waist size of the fundamen-
tal Gaussian mode, N is the order of a circular DHB and
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FIGURE 1 Cross line (y = 0) of the normalized irradiance distribution of a circular DHB for several different values of N and p with w0 = 1 cm

0 < p < 1. When N = 1 and p = 0, (1) reduces to the expres-
sion for the electric field of a fundamental Gaussian beam.
When N > 1 and p = 0, (1) reduces to the expression for the
electric field of a flat-topped beam proposed by Li [52]. When
N = 1 and 0 < p < 1, (1) reduces to the expression for the
electric field of an annular Gaussian beam as shown in [46].
Figure 1 shows the cross line (y = 0) of the normalized ir-
radiance distribution of a circular DHB for several different
values of N and p with w0 = 1 cm. One sees that the central
size across a DHB increases as N or p increases.

The propagation of a DHB in free space satisfies the fol-
lowing Huygens–Fresnel integral:

uFS
N (p, z) = k exp(ikz)

2π iz
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]
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where p = (px, py) and r = (x, y) are the transverse receiver
and source coordinates, respectively. Substituting (1) into (2),
we obtain (after some integration) the following expression
for the electric field for a DHB at z in free space:
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(3)

In the range of weak turbulence, the on-axis scintillation index
m2 of a coherent laser beam on the output plane (z = L) can be
expressed as follows [47, 49, 50, 53, 54]:

m2 = 4Bx(p = 0, L) = 4π

L∫

0

dz1

∞∫

−∞
dκx

∞∫

−∞
dκy

× [
Re(HH)+Re(H∗H)

]
ϕn(κ) , (4)

where ‘Re’ denotes the real part of a complex parameter
and ‘H∗’denotes the conjugate of H . Bx(p, L) is the log-
amplitude correlation function of the laser beam [53, 54],
ϕn(κ) is the spectral density for the index-of-refraction fluc-
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tuations, κx and κy are the x and y components of the spatial
frequency and κ = (

κ2
x +κ2

y

)1/2
and is expressed as follows:
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Here uFS(p, z) is the field of the laser beam at the propagation
distance z in free space.

Applying (3), uFS(0, L) in (5) is expressed as follows:

uFS(0, L) = exp(ikL)
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Substituting (3) into (5), after some tedious but straightfor-
ward integration, we obtain the following expression for H =
(p = 0, L, κx, κy, z1):
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By applying (7), we can express HH and H∗H as follows:
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We use the Kolmogorov spectrum for the spectral density
of the index-of-refraction fluctuations, which is expressed as
ϕn(κ) = 0.033C2

nκ
−11/3 [25]; here C2

n is the structure constant
of the turbulent atmosphere. By using the coordinate trans-
formation dκx dκy = κ dϕdκ, κ =

√
κ2

x +κ2
y in (4), and then

substituting (8) and (9) into (4), we obtain (after some tedious
integration) the following expression for the on-axis scintilla-
tion index of a DHB on the output plane (z = L):
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In the above derivations, we have applied the following inte-
gral formula [55]:

∞∫

0

xv−1 exp(−αx p)dx = 1
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Equations (11) and (12) are the main formulae derived in the
present paper. Under the condition of N = 1 and p = 0, (11)
reduces to the expression for the on-axis scintillation index of
a fundamental Gaussian beam. Under the condition of N > 1
and p = 0, (11) reduces to the expression for the on-axis scin-
tillation index of a flat-topped beam proposed in [47]. Under
the condition of N = 1 and 0 < p < 1, (11) reduces to the
expression for the on-axis scintillation index of an annular
Gaussian beam [46]. Thus, (11) provides a convenient for-
mula for studying the scintillation properties of a Gaussian
beam, an annular beam, a flat-topped beam and a circular
DHB in a weak turbulent atmosphere.

3 Results and discussion

In this section, we study the on-axis scintillation
properties of a circular DHB in a weak turbulent atmosphere
by using (11). We speak about the weak-turbulence regime
when the scintillations of a plane-wave incidence are less than
unity (i.e. 1.23C2

nk7/6 L11/6 < 1) [26].

FIGURE 2 Variation of the scintillation index of a DHB
against propagation length L for several different values of
N and p in a weak turbulent atmosphere

Figure 2 shows the variation of the scintillation index
of a DHB against propagation length L for several differ-
ent values of N and p in a weak turbulent atmosphere with
w0 = 1 cm, C2

n = 10−15 m−2/3 and λ = 1.55 µm. For the con-
venience of comparison, the corresponding results of a Gaus-
sian beam (N = 1, p = 0), an annular beam (N = 1, p = 0.2)
and a flat-topped beam (N = 5, p = 0) are also shown in
Fig. 2. One sees from Fig. 2 that the scintillation index of var-
ious laser beams in a weak turbulent atmosphere increases
as the propagation length increases, the numerical results of
the scintillation index of a Gaussian beam, an annular beam
and a flat-topped beam agree well with the existing results
reported in previous literature [45–47] and the scintillation in-
dex of a DHB beam is larger than that of a Gaussian beam
and an annular beam at extremely short propagation distances,
but is smaller than that of a Gaussian beam, an annular beam
and a flat-topped beam at long propagation distances, which
will be useful in long-distance free-space optical communica-
tion. One also finds from Fig. 2 that the scintillation index of
a DHB decreases as its beam order N or p increases at long
propagation distances. Figure 3 shows the variation of the
scintillation index of a DHB against waist size w0 for several
different values of N and p in a weak turbulent atmosphere
with L = 1 km, C2

n = 10−15 m−2/3 and λ = 1.55 µm. The cor-
responding results of a Gaussian beam, an annular beam
and a flat-topped beam are also shown in Fig. 3. One sees
from Fig. 3 that the curve of the numerical result of the case
N = 1 and p = 0 appropriately reflects the limiting case of the
well-known scintillation behavior of a Gaussian beam while
matching the scintillation index values obtained numerically
from the well-known formulae 0.5C2

nk7/6 L11/6 for a spher-
ical wave and 1.23C2

nk7/6L11/6 for a plane wave [41]. The
scintillation index for various laser beams will initially dis-
play a downward trend at small source sizes but, after reach-
ing a dip, will start to increase, and the scintillation index
of a DHB is smaller than that of a Gaussian beam, an annu-
lar beam and a flat-topped beam only for small source size
w0 (w0 < 2.5 cm) when other conditions remain as given.
The scintillation index of a DHB also is smaller than that of
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FIGURE 3 Variation of the scintillation index of
a DHB against waist size w0 for several different
values of N and p in a weak turbulent atmosphere

a spherical wave and a plane wave for small source size as
shown in Fig. 3. Note that both the scintillation index values
of a Gaussian beam and a flat-topped beam will approach the
plane-wave limit for larger beam waist size, while an annular
beam and a dark hollow beam exhibit different characteris-
tics for larger beam waist size. For an annular beam and a
dark hollow beam, to approach the plane-wave limit, p should
be chosen to go to zero. Here it is worth noting that DHBs,
being annular-beam based, do not obey the plane-wave limit
as explained in [49]. Additionally, the analysis of the inten-
sity characteristics of DHBs using our previous results in [38]
and [49] indicates that when the propagation length is kept
constant at L = 1 km, the on-axis intensity tends to fall rapidly
with increasing waist size of the source beam. This effect is
essentially similar to measuring the scintillation index at the
very outer edges of the beam, where the intensity has dropped
to nearly zero. Thus, as discussed and illustrated in [50], in
such cases the scintillation index will begin to rise sharply.
This behavior is clearly visible from the curves of N = 1,
p = 0.2 and N = 5, p = 0.2 of Fig. 3. Figure 4 shows the vari-
ation of the scintillation index of a DHB against beam order

FIGURE 4 Variation of the scintillation index of a DHB against beam order
N for several different values of p in a weak turbulent atmosphere

N for several different values of p in a weak turbulent at-
mosphere with L = 1 km, w0 = 1 cm, C2

n = 10−15 m−2/3 and
λ = 1.55 µm. The scintillation index decreases as its beam
order N or p increases, and the results agree well with Fig. 2.
It is also obvious from (12) and (13) that m2 is linearly propor-
tional to C2

n .

4 Conclusions

In conclusion, we have formulated the on-axis
scintillation index of a circular DHB propagating in a weak
turbulent atmosphere. We have investigated the on-axis scin-
tillation properties of a DHB in a weak turbulent atmosphere,
and have made some comparisons between the scintillation
index of a Gaussian beam, an annular beam, a flat-topped
beam and a DHB. As the limiting case solutions, the scintil-
lation index for a DHB reduces to the scintillation index for a
Gaussian beam or an annular beam or a flat-topped beam. We
have found that the scintillation index of a DHB can be smaller
than that of a Gaussian beam, an annular beam, a flat-topped
beam, a spherical wave and a plane wave in a weak turbu-
lent atmosphere particularly at small waist sizes, while the
scintillation index of a DHB will be larger than those beams
at large waist sizes and longer propagation lengths. We also
found that the scintillation properties are closely related to the
beam parameters of the DHB. Our results will be useful in
long-distance free-space optical communication.
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