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ABSTRACT The degree of polarization is found for optical ex-
citations of cosh-Gaussian, cos-Gaussian and annular-Gaussian
beams in a turbulent atmosphere. The related formulation is
based on the beam coherence polarization matrix. The self
and mutual coherence functions appearing in the beam coher-
ence polarization matrix are evaluated, when the above men-
tioned excitations exhibit partial source coherence for self and
cross fields. Plots showing the variation of the degree of po-
larization are provided versus the propagation length when
the source size, displacement parameter, structure constant
and the degree of source coherence for self and cross fields
change.

PACS 42.25.Dd; 42.25.Ja; 42.25.Kb

1 Introduction

Polarization changes of beams along the propaga-
tion axis have recently been the subject of many articles. In
this context, Gori gave a matrix treatment for partially polar-
ized and partially coherent beams proposing the name beam
coherence polarization (BPC) matrix [1]. Piquero et al. de-
vised an experimental setup based on a Mach–Zehnder in-
terferometer for the synthesis of partially polarized Gaussian
Schell-model (GSM) sources [2]. In another study [3], by tak-
ing the argument of the Laguerre part as complex, Deng et
al. analysed the propagation of radially polarized elegant light
beams. Duan and Lü reported on the polarization properties
of Gaussian beams in the far field using the nonparaxial ap-
proach [4]. For GSM beams, Gori et al. derived the degree
of polarization expression giving examples of how the de-
gree of polarization is affected as the beam progresses along
the propagation axis [5]. With the help of the tensor method,
Cai and his co-workers conducted a study on the properties
of partially coherent and partially polarized beams for the
fractional Fourier transform plane [6]. Through the use of
cross spectral density functions, propagation induced polar-
ization changes for partially coherent Gaussian beams were
investigated by Agrawal and Wolf [7]. For stochastic electro-
magnetic beams, it was shown in a recent article by Pu and
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others that the spectra of the radiated field depend both on
coherence properties of the source and its degree of polar-
ization and also appear differently in different directions of
observation [8].

The above mentioned works mostly concern propagation
in free space. There are also studies carried out for other
types of propagation media. Among these, the following may
be cited. Wolf provided a unified formalism of coherence
and polarization dealing with the determination of degree of
polarization changes as the beam propagates in free space
and random media [9]. Ge et al. examined the propagation
of partially polarized GSM beams in dispersive and absorb-
ing media [10]. By adopting Tatarskii model of the power
spectrum, Roychowdhury and others performed a study on
the polarization changes of partially coherent sources in at-
mospheric turbulence [11]. The far field degree of polariza-
tion behaviour of partially coherent beams propagating in
turbulent conditions was considered, formulated and evalu-
ated by Korotkova et al. [12]. Recently, Ji, Zhang and Lü
studied the polarization of polychromatic partially coherent
beams in a turbulent atmosphere [13]. Within the context of
laser beam shaping applications, Shealy and Hoffnagle re-
ported [14] a general comparison of four flattened beams,
namely the super-Gaussian, flattened Gaussian, Fermi–Dirac,
and super-Lorentzian.

It is well known [15] that the coherence and polariza-
tion are two important characteristics of laser beams which
have a strong influence on the intensity and spectrum prop-
erties of the beams. The importance of the polarization of a
beam in a turbulent atmosphere is that polarization can affect
the behaviour of performance parameters in an atmospheric
optical communications link. For example, it is shown by Ko-
rotkova [16] that partial polarization can be used, together
with partial coherence, to reduce the scintillation index. It is
also known [11] that when a Gaussian Schell-model source
beam propagates in a turbulent atmosphere, the degree of
polarization at the receiver plane first varies but after propa-
gating a sufficiently long distance, the degree of polarization
at the receiver plane attains the same value as that of the degree
of polarization at the source plane.

The studies on the degree of polarization changes during
propagation of optical beams have so far been mainly con-
fined to source beams of Gaussian profile. Our aim in this
article is to extend such analysis to other beam types, namely
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to cosh-Gaussian, cos-Gaussian and annular-Gaussian beams,
with the aid of generalized beam formulation that we intro-
duced some time ago [17]. For such an undertaking, we are
motivated by the fact that the selection of the right kind of in-
cident beam is an essential part of obtaining favourable beam
characteristics on the receiver plane.

In some of our recent works [18, 19], we have found that
cosh and cos-Gaussian beams in comparison with the funda-
mental Gaussian beam, offer favourable scintillation charac-
teristics at certain propagation ranges, which can be an im-
portant criteria in atmospheric optical communications link
design. Therefore, it becomes essential to investigate other
beam types. Among the above cited studies, several applica-
tions of radially polarized laser beams are mentioned in [3].
Some of these are particle guiding, acceleration, scanning
optical microscopy, determination of fluorescent molecule
orientation and laser cutting. In communication, polarization
properties can be utilized for diversity and multiplexing op-
erations. For this purpose polarization filters can be placed
in front of conventional detectors in order to separate x and
y polarized fields. It is extracted from [14] that when the
parameters of beam profiles from each family of distribu-
tions are constrained so that each profile has an equal radius
and slope at half-maximum irradiance, then both near and
far-field diffraction patterns can not be distinguished reason-
ably using common detectors. The difficulty experienced by
such detectors to differentiate between different beam pro-
files as reported in [14] may still remain also in the case
of partially polarized beams even when polarization filters
are used.

2 Formulation

The x and y polarized field components of a low-
est order coherent generalized beam, comprising a summation
over N beams, can be written as [17]

ux(s) = ux(sx, sy)

=
N∑

�=1

Ax� exp(− jθx�) exp
[− kαx�

(
s2

x + s2
y

)]

× exp[− jVx�(sx + sy)] , (1)

uy(s) = uy(sx, sy)

=
N∑

�=1

Ay� exp(− jθy�) exp
[− kαy�

(
s2

x + s2
y

)]

× exp[− jVy�(sx + sy)] , (2)

where s is the transverse source plane vector and (sx, sy)

stands for the decomposition of s into x and y directions.
Ax� and θx� denote respectively the amplitude and the phase
of the �th component of the source field for the x polarized
field. αx� = 1/(kα2

xs�)+0.5 j/Fx�, thus αxs� and Fx� are Gaus-
sian radial source size and the source focusing parameter,
k = 2π/λ is the wave number with λ being the wavelength and
j = (−1)0.5. Vx� is the complex displacement parameter giv-
ing rise to cosh-Gaussian and cos-Gaussian beams. Identical
definitions apply for the y polarized field.

Equations (1) and (2) represent the deterministic parts of
the source fields. To introduce partial coherence originating

from random phase shift and tilt, we employ the formalism re-
ported in our earlier work [20]. With this adoption, the degree
of coherence for the x polarized field with itself becomes �xx.
Similarly �yy will refer to the degree of self coherence for the
y polarized field. The parameters, �xy = �yx, will, in the mean
time, measure the degree of cross coherence between x and
y polarized fields.

After furnishing the source beam with this partial co-
herence property, mutual coherence functions for the x and
y polarized fields and their cross-products can be stated
as

Γqr(s1, s2) = uq(s1)u
∗
r (s2) exp

[−0.25(s1 − s2)
2/�2

qr

]
. (3)

Here similar notation as in [1, 4, 12] is used, where q =
x, y and r = x, y and ∗ denotes the conjugate. s1 and s2
are two distinct locations of the source plane. �qr repre-
sents the degree of source coherence for self and cross
fields.

In a turbulent propagation medium, for obtaining the mu-
tual coherence functions evaluated at the same (a single) point
p = (px, py) on a receiver plane located at an axial distance
of L away from the source plane, we utilize the extended
Huygens–Fresnel principle in the following manner [13]

Γqr(p, p, L) = b2

∞∫

−∞

∞∫

−∞
d2 s1 d2 s2Γqr(s1, s2)

× exp
[

jb
(|p − s1|2 −|p − s2|2

)]

× exp
(−|s1 − s2|2

/
�2

0

)
, (4)

where, b = 0.5k/L, the symbol | · | means the absolute value,
�0 = (0.545C2

nk2L)−3/5 indicates the coherence length of
a spherical wave propagating in the turbulent medium and C2

n
is structure constant.

By the use of (3.462.2) of [21], the integration in (4) can be
performed to arrive at the following analytic expression.

Γqr(p, p, L) = b2�2
qr�

2
0

N∑

�1=1

N∑

�2=1

Aq�1 A∗
r�2

exp[− j(θq�1 − θr�2)]

× Xqrx Xqry

Tqr
. (5)

It is known that the mutual coherence function, Γqr(p, p, L)

of (5) has to satisfy the non-negativity condition mentioned
in [5]. In our case since the two coordinates of the transverse
plane are taken the same, such requirement is already fulfilled.
The definitions of various terms appearing in (5) are given be-
low.
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2
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4
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(6)
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. (8)
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From (6) and (8), Xqry and Qqry are found simply by replacing
px with py.

The beam coherence polarization (abbreviated as BCP)
matrix can be stated as [1, 2, 5, 6, 10, 11]

P(p, L) =
(

Γxx(p, p, L) BxyΓxy(p, p, L)

ByxΓyx(p, p, L) Γyy(p, p, L)

)
, (9)

where Bxy and Byx with the restrictions of Bxy = B∗
yx and

|Bxy| ≤ 1 are the distance independent cross correlation coef-
ficients between the x and y polarized fields. In (9), the matrix
elements, i.e., Γxx(p, p, L), Γxy(p, p, L), Γyx(p, p, L) and
Γyy(p, p, L) can be retrieved from (5) by successively setting
q = x, y and r = x, y.

Finally, the degree of polarization at a transverse coordi-
nate, p on a receiver plane that is a distance L away from the
source plane is defined to be [1, 2, 5, 6, 10, 11]

γ(p, L) = (1 −4 det[P(p, L)]/{Tr[P(p, L)]}2)0.5 . (10)

Here, the operators Det and Tr respectively correspond to tak-
ing the determinant and trace of P(p, L) as given by (9).

3 Results and discussions

In this section, discussions and graphical illustra-
tions are offered based on the numerical evaluation of (10)

FIGURE 1 Variation of degree of polarization versus propagation length for six beam types

for cosh-Gaussian, cos-Gaussian, Gaussian and annular-
Gaussian beams. These specific beams are generated from (1)
and (2), by selecting the source parameters as listed in Table 1
of [22]. In this study however, for annular-Gaussian beams, it
is to be noted that the amplitude coefficient of the secondary
beam is 0.9 of the primary beam, and the source size of the
secondary beam is 0.8 of the primary beam.

Our graphical outputs employ a single wavelength of op-
eration, which is λ = 1.55 µm. Collimated beams are used,
hence Fx = Fy → ∞. All throughout the illustrations, the
cross correlation coefficients of Bxy and Byx are uniformly set
to 0.4 and the degree of polarization is evaluated at on-axis,
which means that p is equated to zero in (10). As a result,
legend boxes in our figures, do not contain such common
information.

Initially, by arranging the source and propagation parame-
ters as shown in the figure, Fig. 1 displays the progress of six
beam types along the propagation axis starting from the vicin-
ity of source plane, up to a propagation length of L = 108 m.
Here cosh-Gaussian and cos-Gaussian beams are taken twice,
once with equal displacements for x and y polarizations, in the
other instance, Vx and Vy are taken to have different magni-
tudes. From Fig. 1, it is observed that if the only difference
between the x and y polarized source beams lies in their partial
coherence parameters as in the case of cosh-Gaussian, cos-
Gaussian beams having equal displacement parameters, and



94 Applied Physics B – Lasers and Optics

Gaussian and annular-Gaussian beams, then the degree of po-
larization is maintained at the value of 0.4 for a short distance
further from the source plane. But as the propagation length
is extended, a drop is experienced. Eventually at excessive
propagation lengths, degree of polarization returns to the ori-
ginal value of 0.4. However, a cosh-Gaussian beam with un-
equal displacement parameters demonstrates nearly the oppo-
site behaviour, that is, with advance of propagation distance,
the degree of polarization gradually rises towards unity after
a step rise occurring in the short propagation range. The cos-
Gaussian beam possessing unequal displacement parameters
exhibits a behaviour analogous to pure Gaussian and cos-
Gaussian of equal displacement, but in the end, the degree of
polarization for cos-Gaussian beam falls somewhere below
the limiting value of 0.4. Cosh-Gaussian beams of equal dis-
placement parameters and annular beam are characterized by
humps at earlier propagation distances, while in the rest of the
propagation range, they follow the same trend as the majority
of the beams in Fig. 1.

To better understand the phenomena encountered in Fig. 1,
we take the simple case of a Gaussian beam and assume
that for x and y polarizations, all the beam parameters are
identical except the coherence parameter settings of �qr =
[�xx �xy �xy �xx]. In these circumstances, the mutual coher-
ence functions in the matrix elements of (9) become diag-

FIGURE 2 Variation of degree of polarization versus propagation length at different source sizes of y polarized beams

onally equivalent, that is, Γxx(p, p, L) = Γyy(p, p, L) and
Γxy(p, p, L) = Γyx(p, p, L). This way, the degree of polariza-
tion as defined by (10) will transform into

γ(p = 0, L)

= |Bxy|Γxy(p = 0, p = 0, L)/Γxx(p = 0, p = 0, L)

= |Bxy|
× �2

xy

(
k2α4

xs�
2
xx�

2
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xs�
2
0 L2 +4�2

xx�
2
0 L2

)

�2
xx

(
k2α4

xs�
2
xy�

2
0 +8α2

xs L2�2
xy +2α2

xs�
2
0 L2 +4�2

xy�
2
0 L2

) .

(11)

In writing for (11), the exponential terms, Xqrx and Xqry are
taken as unity, since we are operating on axis, i.e., p = 0.

It is clear from (11) that as L approaches zero or as L
gets very large, the degree of polarization approximates to
γ(p = 0, L) → |Bxy|. Meanwhile for most of the propaga-
tion lengths in-between, the term, 2α2

xs�
2
0 L2, present both in

the numerator and denominator of the fourth line of (11) will
dominate, hence in this region, degree of polarization will
roughly reduce to γ(p = 0, L) � |Bxy|�2

xy/�
2
xx. Note that for

the entire illustrations of this study, Bxy = Byx = 0.4, and
for Fig. 1 in particular �qr = [�xx �xy �yx �yy] = [2 1 1 2] mm,
these analytically deduced results are almost in exact confor-
mity with the numerical values displayed by the degree of
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polarizations curves in Fig. 1. The unaccounted situations are
cosh-Gaussian beam of unequal displacement parameters and
the humps of cosh-Gaussian and annular-Gaussian beams.

Now we continue our investigations by plotting in Fig. 2,
the degree of polarization for the four beams against propaga-
tion path at different source sizes. In this context, the curves
in plot 1 of Fig. 2 reflect the typical patterns of Fig. 1, where
in both cases, the source sizes of x and y polarized beams
are taken equal. From plot 1 of Fig. 2, it is also possible to
conclude that, at this source size setting of 1 cm and the dis-
placement parameters being equal to the inverse of the source
sizes, the humpy appearance of cosh-Gaussian beam will be
removed, but it will continue to exist for annular-Gaussian
beam for all individual plots of Fig. 2. Plots 2, 3 and 4 of
Fig. 2 prove that, as the source size of the y polarized beam
is raised, the degree of polarization at greater propagation
ranges, will also be raised towards a saturation value of unity,
after a dip at earlier propagation distances. This process will
be the fastest for cosh-Gaussian beam and the slowest for cos-
Gaussian beam.

Figure 3 explores the variation of the degree of polar-
ization against the structure constant, C2

n . Here in plot 1,
C2

n → 0, hence this implementation represents free space,
i.e. no turbulence case. On inserting into (11) the limits of
C2

n → 0, followed by �0 → ∞ and L → ∞ in succession, we

FIGURE 3 Variation of degree of polarization versus propagation length at different structure constant settings

see that the degree of polarization will once again reduce to
γ(p = 0, L) � |Bxy|�2

xy/�
2
xx. Considering the numerical set-

tings of the used parameters, the degree of polarization will, in
the far propagation range, then approximate towards 0.1. This
analytically calculated value is well in conformity with the be-
haviours observed in plot 1 of Fig. 3. According to plots 2,
3 and 4 of Fig. 3, with stronger turbulence, i.e. with higher
values of C2

n , the degree of polarization will revert to the ori-
ginal level at earlier propagation distances.

Finally we examine the variation of the degree of polariza-
tion against the coherence parameters. For this purpose, Fig. 4
displays how the degree of polarization reacts to increasing
coherence levels. Looking at plots 1–4 of Fig. 4 sequentially,
it is seen that as the source self and cross coherence is raised,
the width of the dip that is situated between short and long
propagation distances becomes narrower. Correspondingly,
the initial and the end regions, where the degree of polar-
ization becomes flat, become wider. Another interesting ob-
servation regarding Fig. 4 is that, increasing coherence levels
causes the differential changes in the degree of polarization to
reduce.

Comparing Fig. 1 and the relevant plots of Figs. 3 and 4,
one can easily assess that the typical trend for the degree
of polarization in turbulent conditions will be more or less
preserved given that the only difference between x and y po-
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FIGURE 4 Variation of degree of polarization versus propagation length at different degrees of source coherences for self and cross fields

larized fields are the degree of source coherences for self and
cross fields.

4 Conclusion

Polarization of cosh-Gaussian, cos-Gaussian and
annular-Gaussian optical beams propagating in atmospheric
turbulence are investigated. Through the use of mutual coher-
ence functions, the degree of polarization of such beams are
evaluated where x and y polarized field components exhibit
self and cross partial coherence. For cos-Gaussian beams hav-
ing equal displacement parameters and for Gaussian beams
it is observed that when the degree of partial coherence is
the only difference between the x and y polarized source
beams, the degree of polarization remains at a constant value
for a short propagation distance, while further increase in the
propagation length will give rise to a drop in the degree of po-
larization, and at very long propagation paths, the degree of
polarization attains the same value it takes for short propaga-
tion lengths. However, for cosh-Gaussian beam with unequal
displacement parameters, the behaviour of the degree of po-
larization versus the propagation length follows an opposite
trend. It is found that when the source size of y polarized beam
is increased, the degree of polarization at large propagation
distances increases and reaches a saturation value of unity,
experiencing a dip at smaller propagation distances. Among

the beams investigated, this behaviour is the fastest for cosh-
Gaussian beams and slowest for cos-Gaussian beams.

Except for the annular-Gaussian beam, the dependence of
the degree of polarization on the structure constant is such that
in the absence of turbulence, the degree of polarization starts
at a certain value and decreases as the propagation length in-
creases, eventually settling at a flat value. As the structure
constant is increased, the degree of polarization first stays
at a constant value up to a certain propagation distance, de-
creases as the propagation length increases, forms a dip, then a
further increase in the propagation distance yields an increase
in the degree of polarization, eventually reaching a saturation
value. At higher structure constants, the degree of polariza-
tion reverts more rapidly to the saturation value of the smaller
propagation distances.

The variation of the degree of polarization versus the
propagation distance under different source self and cross co-
herence shows similar behaviour as in the variation of the
degree of polarization versus the propagation distance under
different structure constants.
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