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ABSTRACT The imaging properties of photonic crystals (PCs)
with effective negative refraction indexes are studied by the
finite-difference time-domain (FDTD) method. The images re-
sulting from a PC are the results of the interaction of multiple
mechanisms. The superlens phenomena are restricted within
some special conditions, such as low source frequency, excita-
tion of surface mode and little effect of Bragg diffraction.

PACS 78.20.Ci; 41.20.Jb; 42.70. Qs

1 Introduction

Since the concept of the left-handed materials
(LHMs) or negative refraction index materials (NRIMs) was
first proposed by Russian physicist Veselago in 1968, there
has been great interest in flat slab imaging by negative refrac-
tion [1-20], which can be realized in photonic crystal (PC) or
LHM. For the PC, the equifrequency surface (EFS) of Bloch’s
modes can be properly designed so that the group velocity
(directed to the EFS normal) of Bloch’s mode excited by an
incident wave points to a negative-refraction direction [2].
Many researchers [1-19] verified that a point source on one
side of a PC slab could be imaged into a real point image on
the opposite side. They also attempted to connect this phe-
nomenon to the mechanism of superlensing. The superlensing
effect can potentially overcome the diffraction limit inherent
in conventional lenses. X. Wang et al. demonstrated unre-
stricted superlensing in a triangular two-dimensional PC [3].
X. Wang’s another work indicated that surface modes ex-
cited on the surface of the PC lens facilitate restoration of
evanescent waves and carry the subwavelength image in-
formation [4]. X. Zhang studied the effect of interface and
disorder on the far-field image in a two-dimensional PC based
flatlens [5]. Zhang’s another work showed that the position re-
lation of the point source and images in the PC lens imaging
system strictly obeys the simple rules of geometric optics [6].
Like the above references, most of these works used a cer-
tain source frequency, i.e., a certain negative refraction index
—1 or other values. There has been little work considering
the effect of different values of negative refraction indexes on
the imaging of PC lens up to now. For the physical mechan-
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isms of the imaging of flat slab, it seems no debate attributing
them to the negative refraction caused by double negative
permittivity and permeability in LHMs; however, there still
exist some different understandings about the superlensing
behavior of PC based on the negative refraction, which were
described in [9] and [10]. Recently, Z.Y. Li et al. [9] did
their further studies on the all angle negative refraction in the
flat slab PC predicted by [8], and concluded that the imag-
ing properties of the PC slab were dominantly governed by
the self-collimation effect and complex near-field wave scat-
tering effect, rather than by the all-angle negative-refraction
effect. After these works, S. He et al. pointed out that the
self-collimation effect occurred at smaller incident angles,
whereas the negative refraction effect occurred at relatively
larger incident angles [11]. Therefore, there might be many
factors contributed to the PC slab imaging, and which one of
them plays the role is dependent on the configuration of the
PC and optical source. In this paper, we will study the imag-
ing properties of the PC slab with different values of negative
refraction indexes and different configurations, and examine
the dependence of the position, resolution of image and nega-
tive refraction index in detail. In addition, we also consider
the effect of Bragg diffraction on the imaging properties of
the PC.

2 The photonic crystal and calculation

of effective negative refraction index

For the point source imaging system, we select
atriangular lattice of air holes in GaAs background with elec-
tric permittivity ¢ = 12.96. The hole radius is given r = 0.4a
and a is lattice constant. Only the transverse magnetic (TM)
modes are considered here (the electric field is parallel to the
axis of the air holes), thus the electromagnetic field of every
point can be indicated by E;, H, and H,. For general crys-
talline compounds, the optical loss is very small, and then
we neglect it in our calculation. We obtain the photonic band
structures for above PC using the standard plane expansion,
which are shown in Fig. 1, in which the frequency is in unit
of 2rrc/a (c is the light velocity in vacuum). It is noticed that
the second band near the gap becomes convex. Figure 2a gives
the three-dimensional representation of band structure from
w=0.252nc/a) to w = 0.34(27c/a) (for simplicity, the unit
2mc/a of frequency is omitted in the later), and Fig. 2b shows
the corresponding EFS. The shape of EFS is almost circular
for the higher frequencies, which means that the wave propa-
gation is isotropic-like at these frequencies. For the isotropic
frequency range, the effective refractive index concept can be
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FIGURE 1 The band structure of 2D PC photonic crystal with triangular
lattice of air holes
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FIGURE 2 (a) The 3-D representation of the band structure. (b) The cor-
responding EFS for (a)

used for description of light propagation, and light refraction
is simply described by Snell’s law. Meanwhile, the direction
of group velocity vector v, = Vi@ is the direction of the en-
ergy flow, which is normal to the EFS. Since the group vel-
ocity for the second band is negative due to the all-convex
shape of the EFS, the direction of waves is inward from the cir-
cular EFS. To clearly describe it, the schematic wave-vector
diagrams are shown in Fig. 3 for the wave propagation with
w = 0.3 from air to the PC. The blue arrows indicate two wave
vectors from two different spaces, and the red arrow refers to
the group velocity vector in the PC. Remember that the conti-
nuity of tangential components of the wave vector across the
interface determines the k vector in the second material. Thus
the effective negative refraction index for a certain frequency
can be calculated by nes = — sin«/ sin 8 = —r/rg, where r(

The equal frequency surface plot
for w=0.3
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FIGURE 3  The schematic wave-vector diagrams are shown in Fig. 3 for the
wave propagation from air to the photonic crystal
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FIGURE 4 The calculated effective refraction index as a function of fre-
quency in the second band of the PC

and r are the radius of two EFSs in air and the PC, respectively.
The calculated results for frequencies (0.285-0.31) are shown

in Fig. 4, from which we find the frequency with neg = —1 is
0.305.
3 The calculating model and method

In order to verify our above conjecture depicted by
Fig. 1, we perform a numerical simulation based on the finite-
difference time-domain (FDTD) method, which is a very
powerful method to analyze electromagnetic problem due to
its simplicity and accuracy. In a two-dimensional case, the
electromagnetic fields can be decoupled into two transversely
polarized modes, namely, the TE mode and the TM mode.
For a linear isotropic material in a source-free region, the
time-dependent Maxwell’s equations can be discretized in
space and time by a so-called Yee-cell technique [17, 18]. The
following FDTD time stepping formulas are the spatial and
time discretizations of Maxwell’s equations on a discrete two-
dimensional mesh within the x—y coordinate system for the
TM mode,

E.|".  —E_|*.
R RV T LV A TR T R i )
ez = A2 T Ay .
n — n.
g lmt2 g 12 EEZ i+~ Bz i @)
yli+1/2,j = By |iv1/2,) o Ax >



FANG et al. The imaging properties of photonic crystal slabs with effective negative refraction indexes

589

n+1/2 n+1/2
il N At H, i+1/2,j_Hy i—1/2,j
Eelij =Eelig+ o Ax
iJ
n+1/2 n+1/2
H, i,j+1/2_Hx i,j—1/2
Ay ’

3

where the index 7 denotes the discrete time step, indices i and
Jj denote the discretized grid point in the x—y plane, respec-
tively. At is the time increment, and Ax and Ay are the inter-
vals between two neighboring grid points along the x and y di-
rections, respectively. In our computation, Ax = Ay = a/20.
The electromagnetic field inside the computation region is
modeled by repeatedly applying (1)—(3); at each repetition,
the whole field distribution is evaluated using the known dis-
tribution at the previous time step. In our computation, we set

324 x 524 cell numbers and At = ——L__ (cis light
2ca/ (Ax)~24(Ay) 2

velocity) which can give a stable and convergent solution of
the above equations. Similar equations for the TE mode can be
easily obtained. Special consideration should be given at the
boundary of the finite computational domain, where the fields
are updated using special boundary conditions as information
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FIGURE 5 The four kinds of PC configurations in the computing space in-
dicated by (a), (b), (¢) and (d). The unit of axis is cell number. All the sizes
of PCs in the x direction are 300 (from 12 to 312). The sizes of PCs in the y
direction are as follow: 94 (from 160 to 254) for (a), 111 (from 160 to 271)
for (b), 139 (from 132 to 271) for (¢) and 147 (from 132 to 279) for (d)

300

out of the domain is not available. Here, we use the perfectly
matched layer (PML) method [18] for the boundary treatment.

The PC structure is given in Sect. 2. The sizes and pos-
itions of PC slabs in the computing space are given four kinds,
which are shown in Fig. 5. All the sizes of PC slabs in the
x direction are 300 (from 12 to 312), and in the y direction
are as follows: 94 (from 160 to 254) for Fig. 5a, 111 (from
160 to 271) for Fig. 5b, 139 (from 132 to 271) for Fig. 5¢
and 147 (from 132 to 279) for Fig. 5d. For every PC struc-
ture, we select different termination. By the termination, we
mean that we cut some part from the outside rows of air holes.
All the lower and upper termination are as follows: 0.3a and
0.15a for Fig. 5a, 0.3a and 0.2a for Fig. 5b, 0.4a and 0.4a for
Fig. 5c, and 0.4a and O for Fig. 5d. Then we give five com-
puting models. Models One and Two are based on Fig. 5a, b,
respectively, and give a point source at same position, i. e., at
(162, 150). Model Three is based on Fig. 5c and gives a point
source at (162, 122). Model Four is also based on Fig. 5c and
gives a point source at (162, 112). Model Five is based on
Fig. 5d and gives a point source at (162, 112). The distance be-
tween source and PC slab is 0.5a for the former three models,
and a for the latter two models. For every model, we perform
calculation by FDTD using source frequencies from 0.285 to
0.31 with an added step of 0.001, which correspond to effect-
ive negative refraction indexes from —1.385 to —0.926.

4 The properties of
images and negative refraction index

In this section, we give the detailed simulation re-
sults of the above five models. Figures 6-9 show the three-
dimensional representation of electric field intensity for the
Models One-Four at four frequencies: 0.285, 0.295, 0.305
and 0.310, which correspond to the effective negative refrac-
tion indexes of —1.385, —1.195, —1 and —0.926, respectively.
Although light cannot focus at one point with neg # —1, the
ray aberration is very small if n¢gr is near to —1 and there is
still a maximum value of electric field intensity at one point.
We still call it as an imaging point in this paper. For simpli-
city, all the pictures include only the imaging space, i.e., they
are drawn from the upper interface of the PC slab (see Fig. 5).
For each model, the electric field intensities in z-axis are mul-
tiplied by same coefficient. From all the figures, we find that
the imaging intensity, position and resolution are clearly de-
pendent on the values of the effective negative refraction index
and the PC configurations. For a definite model, the less abso-
lute value of n., the less the imaging intensity and the lower
the imaging resolution. In order to further verify above rules,
Fig. 10a and b plot the average electric field intensity distribu-
tion along two lines in the vertical and horizontal directions,
respectively, which are all through the centers of the images.
Figure 10c depicts the full width half maximum (FWHM) of
the images obtained from the vertical and horizontal direc-
tion. Clearly, the resolution of image in horizontal direction
is much higher than that in the vertical direction. Further-
more, the FWHM of the images in the horizontal direction is
much less than the wavelength and rarely changes with ngg.
However, the FWHM of the images in the vertical direction
is larger than the wavelength after n.g > —1.2 and increases
quickly with n.g. Although the above results are obtained
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mainly from Model One, our calculations for other models
obtain similar results. All these results show that superlens
phenomena are restricted in the low frequency domain. There
must be other mechanisms limiting the superlens behavior,
which will be discussed in later parts.

We also consider the effect of the PC configuration on
the imaging properties. Given the same frequency w = 0.305
which corresponds to neg = —1, Fig. 11 plots the average

FIGURE 6 The 3-D representation
of electric field intensity at four fre-
quencies: 0.285, 0.295, 0.305, 0.310
for Model One

FIGURE 7 The 3-D representation
of electric field intensity at four fre-
quencies: 0.285, 0.295, 0.305, 0.310
for Model Two
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electric field intensity distribution along two lines through the
centers of the images in the vertical and horizontal directions
as Fig. 10 does. It is clear that the resolution and intensity of
images decrease with the thickness of the PC slab increasing.
But there is an exception that the resolution and the intensity
of images for Model One is similar to those for Model Two,
though the thickness of the PC slab in Model Two is larger
than that in Model One. This can be attributed to the excitation
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of the surface mode at the interface due to proper termination.
References [4], [7] and [11] told us that the surface mode can
facilitate restoration of the evanescent waves, which carries
the subwavelength image information. From Figs. 7c and 11a,
we find the field intensity at the upper interface of the PC slab
for Model Two is much larger than that for other models.
Next, we study the relation of the image position and nega-
tive refraction index. According to Sect. 2, if PC has the ef-
fective negative refraction index, the light propagation in the

FIGURE 8 The 3-D representation
of electric field intensity at four fre-
quencies: 0.285, 0.295, 0.305, 0.310
for Model Three

FIGURE 9 The 3-D representation
of electric field intensity at four fre-
quencies: 0.285, 0.295, 0.305, 0.310
for Model Four

PC obeys the rules of geometric optics. Thus we can eas-
ily evaluate the image point position by Snell’s law. For the
case of negr # —1, the image point position is obtained ap-
proximately. Because the point source is at the perpendicular
bisector of the PC slab, i.e., x = 162, the image point position
can be decided only by the y coordinate. By Snell’s law, we
calculate all the coordinates of image points from Model One
to Model Four. On the other hand, we measure all the coor-
dinates of image points by FDTD, from which the position
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FIGURE 10 (a) The average electric field intensity distribution for Model
One along the vertical line across the center of the image (i.e., x = 162, see
Fig. 5a). Every curve begins from the upper interface of each slab. (b) The
average electric field intensity distribution for Model One on the horizontal
lines y =275, 300, 319, 332 through the centers of the images (i.e., the max-
imums in Fig. 10a), respectively. (¢) FWHM of images obtained from the
vertical and horizontal directions for different nefr. The circle points are from
vertical direction and the square point from horizontal direction

of image point is decided by the maximum value of average
field intensity along x = 162. The results of two methods are
shown in Fig. 12. For all models, the y coordinates of the
image points increase almost linearly with the n.¢ by the Snel-
I’s law, but they are all dropped by FDTD. The decreasing
of the y coordinates of the image points can be attributed to
the self-collimation effect existing in the PC that moves the
images inside the PC forward and the images outside the PC
back. In addition, for the results of FDTD, the curves of the y
coordinates of image points go up with n.g generally, which
is consistent with the results calculated by Snell’s law, but
there are some exceptions, for example, near neg = —1.15 in
Fig. 12a and nei = —1.3 in Fig. 12b, they go down when ngt
increases. It should be noted that the curves of the y coordi-
nates of image points by FDTD look like stairs in Fig. 12c and
12d, i.e., in some domains the y coordinates keep constant in
spite of the change of n¢¢. The abnormal phenomena have not
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FIGURE 11 (a) The average electric field intensity distribution for different
models along the vertical line across the center of the image (i.e., x = 162,
see Fig. 5a) with same source frequency w = 0.305. Every curve begins from
the upper interface of each slab. (b) The average electric field intensity distri-
bution along the horizontal lines across the centers of the images for different
models

been reported in recent published papers. Here we contribute
them to Bragg diffraction effect of the PC, which we will dis-
cuss in next part.

5 Discussion and analysis

In Sect. 4, we conclude that the imaging resolution
is dependent on the value of n.g and the configuration of the
PC, and the superlens phenomena are restricted within low
frequency domain. Furthermore the position relations of the
source and images do not strictly obey the Snell’s law. All
these show that the superlens phenomena of the PC are ideal
models. The basis of the superlens phenomena of the PC is
that we suppose the PC, an artificial inhomogeneous media,
as homogeneous media. However, it is only suitable for light
with low frequencies, because the lattice constants are much
less than the wavelengths. For light with high frequencies,
the Bragg diffraction effect in the PC cannot be omitted, be-
cause the lattice constants are near to the wavelengths in these
case. The Bragg diffraction effect will result in many diffrac-
tion spots in the imaging space of the PC, just as the x light
propagates through the crystal. In fact, the negative refrac-
tion effect and Bragg diffraction effect together exist inside
the PC, and we think that the total result is the modulation of
the negative refraction effect on Bragg diffraction effect. Of



FANG et al. The imaging properties of photonic crystal slabs with effective negative refraction indexes

593

360 400 FIGURE 12 The coordination of im-
ages obtained by Snell’s law and
ggﬁzfo ﬁ,:, FDTD for Model One (a), Model
340 o 4 280 i S Two (b), Model Three (¢) and Model
E‘ } = I 7 g
= 320 . ‘g‘,z‘ P o ] 2 360 . o /s*’ J
= -*@”\-‘ = 7
= = *
= 300 ﬁ MX 1 3 340 e@gﬁ' # -
2 W oeo ™™™ 2 =
ES = rggeg"’ w*
3 ) L s
2801 7 —o— by Snell law | | o7 be fw
# —+— by FDTD o o —=— by Snell law
o —— by FDTD
260 . - . - 300 — . . .
-1.4 13 1z 1.1 -1 n.e -1.4 -1.3 1.2 -1.1 -1 0.9
a neff b neff
420 420
o
400 400 5
= T 380 ﬁ ]
£ 36D E 2 e
E 2 = 4
= = 360 .
E 3 oA
T 360 ; =
= 340 .
340 Ggg ¥,. e }:"j" Snall law 320 W —S— b!,l anell law | 4
# —— by FOTD H —+— hy FOTD
=) hd ) . . 300 L L L
e 13 12 1 1 as A4 3 12 a1 1 08
c neff d neff

Mormalized intensity

FIGURE 13 The distribution of instantaneous electric field intensity of
imaging space with w = 0.305 for Model Four

course, there may be other factors such as self-collimation,
surface mode and the losses of materials etc., which are all
contributed to the imaging properties. It should be noted that
we have ignored the effect of material losses. If we consider
it, the image quality will become worse [20]. In order to ob-
serve the Bragg diffraction effect, we plot the distribution of
instantaneous field intensity of imaging space with w = 0.305
for Model Four in Fig. 13. It is clear that besides a main peak
on the optical axis, there are a series of smaller peaks lining
up on this line and some much smaller peaks distributing on
both sides of this line. All these smaller peaks can be regarded

as the result of the Bragg diffraction. Because the diffraction
peaks on the optical axis are much larger than the side peaks,
the effect of the Bragg diffraction on the resolution of images
along the vertical direction is much larger than that along the
horizontal direction. This can explain why the resolution of
images along the vertical direction is lower than those along
the horizontal direction for all models. As for the y coordinate
curves drops in Fig. 12a and b, and the y coordinate curves
have stairs structure in Fig. 12¢ and d, we think that, for some
source frequencies the effect of the Bragg diffraction has an
advantage over that of negative refraction and the position of
the peak value is decided by the Bragg diffraction. With alittle
change of source frequency or the value of neg, the diffrac-
tion peaks hold still or even fall back, which is dependent on
the diffraction condition. In addition, the less the source fre-
quency, the less effect of Bragg diffraction on the resolution of
images. This also explains that when the frequency increases
or the absolute value of n.¢ decreases, the resolution of im-
ages becomes lower and lower (see Fig. 10). In fact, the effect
of the Bragg diffraction on the images also appeared in other
papers [3,4]. Around the images, there were other clear op-
tical spots (Fig. 4 in [3] and Fig. 2a in [4]), which were not
explained in these papers.

6 Conclusions

In conclusion, we systematically study the imag-
ing properties of the PC with different values of effective
negative refraction index and different configurations. There
are multiple mechanisms in the PC that are all attributed to
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the imaging properties, including the Bragg diffraction, the
excitation of surface mode and self-collimation. The Bragg
diffraction occurs in high frequency domain and mainly in-
fluences the quality and position of image in the optical axis
direction. The excitation of surface mode helps to improve the
resolution of image, and the self-collimation make the pos-
ition of the image deviate from the rules of geometric optics. It
is hoped that our studies will be helpful for further understand
the imaging properties of the PC with negative refraction.
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