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ABSTRACT We examined the range of shape factor of the Gabor
wavelet in the analysis of spectral phase retrieval with an inter-
ferogram. We demonstrated that for the pulses with moderate
high order phase the accuracy of the retrieved phase is insensi-
tive to the shaping factor in the range of 1 ∼ 20. Both simulated
ideal Gaussian spectrum and actual non-Gaussian spectrum are
applied in the analysis.

PACS 42.65.Re; 42.30.Rx

1 Introduction

Time-frequency analysis is an effective tool for
characterizing the time-varying spectral components of sig-
nals. Recently, we introduced wavelet-transform (WT) [1, 2]
into the spectral phase retrieval of femtosecond pulses [3, 4].
The signal is collected with spectral phase interferometry for
direct electric-field reconstruction (SPIDER) apparatus [5],
and part of the phase retrieval procedure is also similar to
SPIDER process. In the conventional SPIDER phase retrieval
procedure [5], there are three peaks after Fourier transform
(FT) of the spectral interferogram (SI). A super-Gaussian
type filter is applied centered one of the AC terms. Select
a reasonable filter widths, the phase is retrieved after a sec-
onded FT [6]. However a different filter introduces different
noises, which creates uncertainty in phase retrieval. Wavelet-
transform analysis for spectral phase extraction does not need
a filter in time domain; therefore, the uncertainty introduced
by the temporal filter is avoided. On the other hand, the time-
frequency analysis is similar to frequency resolved optical
gating (FROG) technique [7]. In the spectrogram of FROG
trace, the time domain phase (chirp) can be directly identi-
fied; and WT of SI also results two two-dimensional time-
frequency topographies (an amplitude topography and a phase
topography) [3], the frequency domain phase (spectral phase)
can be also directly identified from the amplitude topography.
However, the phase retrieval algorithm of FROG needs the
procedure of iterative, but the phase extraction procedure of
WT algorithm is non-iterative.
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Different from FT [6], the basis of WT is not unique. To
extract spectral phase from SI, a complex mother wavelet
is needed to the analysis. The most widely used complex
wavelet is the Gabor wavelet whose shape is controlled by
a single parameter named as the shaping factor [8]. One can
imagine that the shaping factor of the Gabor wavelet, which
controls the time-frequency localization property, should
strongly influence the effectiveness of WT analysis. There-
fore, it is important to examine how the shaping factor affects
the retrieved phase, for the best restoring the phase from SI.

2 Brief introduction of Gabor wavelet

In any case of signal analysis, one must take in
consideration two resolutions: the time resolution and the fre-
quency resolution. However, one cannot improve both sim-
ultaneously: when the time resolution is improved, the fre-
quency resolution must be degraded; likewise, when the fre-
quency resolution is improved, the time resolution must be
degraded. This is like the Heisenberg’s Uncertainty Principle.
The signal analysis accuracy is confined in a box, the vertical
dimension of the box denotes the accuracy of time, ∆τ , and
the horizontal dimension denotes the accuracy of frequency,
∆ν; whereas the area of the box is prescribed, i.e., ∆τ∆ν is
a constant. We called this box the Heisenberg Box.

The Gabor wavelet is one of the most widely used an-
alytic wavelets. It has the best time-frequency resolution,
i.e., the smallest Heisenberg box. It is a complex frequency-
modulated Gaussian function, which can be expressed as [8]:

ψ(t) = 1

(σ2π)1/4
e
− t2

2σ2 +iηt
(1)

There are two parameters in (1): time spread σ and center fre-
quency η. However, the shape of the mother Gabor wavelet
can be characterized by a single dimensionless parameter
called the Gabor wavelet shaping factor, Gs, which is defined
as Gs = ση [8].

By adjusting the values of Gs, the desired shape of Gabor
wavelet can be obtained. Morlet wavelet, another commonly
used wavelet, is a special case of Gabor wavelet. The shaping
factor for the most widely used Morlet wavelet is Gs = 5 (σ =
1 and η = 5).

Gabor wavelet shaping factor not only determines the
shape of wavelet, but also controls the time-frequency reso-
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FIGURE 1 The Gabor wavelet profile has more oscil-
lations as the shaping factor is from small to large. The
“Heisenberg box” shows the relationship between the
temporal resolution and the frequency resolution, like
the principle of uncertainty in quantum mechanics

lution, via the shape of the Heisenberg box. The shape of the
Gabor wavelet and the “Heisenberg box” with the shaping fac-
tors of 3, 6 and 9 are shown in Fig. 1, respectively. The larger
shaping factor means more oscillations under the wavelet en-
velope, and a larger dimension in horizontal axis. Therefore
the time resolution degrades, and the frequency resolution im-
proved as the shaping factor increases. Like in the quantum
mechanics, the smaller shaping factor wavelet has a high fre-
quency resolution but loses the time resolution: one cannot
have high resolutions for both simultaneously. The above fact
gives us a hint: the shaping factor of the wavelet might have
a tricky influence on the phase retrieval. Let us examine the
phase retrieval with different shape of Gabor wavelet.

3 Brief review of wavelet-transform for phase
extraction from spectral interferogram

Wavelet-transform is the inner scalar between sig-
nal and daughter wavelet functions [1, 2]. If a function, ψ(t), is
selected as mother wavelet, the daughter wavelets generation
from dilations and translations of it can be expressed as:

ψa,b(t) = ψ

(
t −b

a

)
, (2)

where a is the dilation factor, and b the translation factor.
In a SPIDER apparatus, the interferogram is generated

from spectral shearing interference, which can be expressed
as [5]:

f(ω) = ∣∣Ẽ(ωc −Ω)
∣∣ 2 + ∣∣Ẽ(ωc)

∣∣ 2 (3)

+2
∣∣Ẽ(ωc −Ω)

∣∣ · ∣∣Ẽ(ωc)
∣∣× cos[ωτ + θ(ωc)] ,

where θ(ωc) = ϕω(ωc −Ω)−ϕω(ωc) is the spectral phase dif-
ference, Ω = −τ/ϕ̈ spectral shearing, τ pulses time delay
between the two replicas, and ϕ̈ the two-order dispersion of
the stretcher. Ẽ(ωc −Ω) and Ẽ(ωc) are the spectra of the two
replicas.

When WT is applied in the spectral phase extraction from
SI f(ω′), it takes the following form [3, 4]:

W(∆ω,ω) = 1

∆ω

+∞∫
−∞

f(ω′)ψ∗
(

ω′ −ω

∆ω

)
dω′ (4)

where ψ∗[(ω′ −ω)/∆ω]/∆ω is the complex conjugation of
daughter wavelet ψ[(ω′ −ω)/∆ω]/∆ω, ∆ω is a dilation fac-
tor that represents a variable width of the daughter wavelet, for
measuring the spacing of the interferogram, and ω the trans-
lation factor that shifts the peak of the daughter wavelet along
the interferogram.

Based on (4), WT of a SI produces a two-dimensional
complex array, which can be plotted as two two-dimensional
topographies: an amplitude topography and a phase topogra-
phy, in which ∆ω corresponding to time (t = 2π/∆ω) and ω

corresponding to frequency. To retrieve the phase of femtosec-
ond optical pulses, we first find the maximum value of the
amplitude topography of WT along frequency direction [3].
This curve of maximum on the amplitude topography is like
a ridgeline of a mountain; therefore we called it as the ridge-
line of WT [9]. This ridgeline is then projected onto the phase
topography, with which the folded spectral phase is extracted
along projected ridgeline.

4 Influence of shaping factor
on the spectral phase retrieval

In this section we assume a Gaussian type fem-
tosecond pulse, with a Gaussian type spectrum. The transform
limited pulse width is 13.90 fs and the spectrum has a band-
width (FWHM) of 68.03 nm (31.83 THz), centered at 800 nm.
Assume the following three phases are applied to the pulse,
which are respectively shown in Fig. 2a.

Phase 1 ϕ(ω) = 200 fs2 × (ω−ω0)
2

Phase 2 ϕ(ω) = 200 fs2 × (ω−ω0)
2 −600 fs3 × (ω−ω0)

3

Phase 3 ϕ(ω) = 200 fs2 × (ω−ω0)
2 −600 fs3 × (ω−ω0)

3

+12 000 fs4 × (ω−ω0)
4

The pulse will be stretched to 80.90 fs, 25.46 fs and 60.78 fs in
time domain, which are respectively shown in Fig. 2b.

We can make the SI with the above assumed spectrum,
spectral phases, and with different SPIDER parameters: the
time delay of the pulse pair τ and the spectral shear Ω,
which are:

Case 1: Time delay τ = 0.7 ps

and spectral shearing Ω = 22.0 ×1012 rad/s ;
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FIGURE 2 Simulated spectrum and assumed phases. (b) Pulse profiles
reconstructed with simulated spectrum and assumed phases, TL: transform-
limited pulse

Case 2: Time delay τ = 1.0 ps

and spectral shearing Ω = 31.4 ×1012 rad/s .

Then we calculate the spectral phase with WT ridge algo-
rithm [3, 9]. The WT ridges of the SI for the given phases and
the corresponding “Heisenberg boxes” are shown in Fig. 3.

To evaluate the accuracy for different shaping factors, we
introduce the relative phase error εϕ defined as:

εϕ =

+∞∫
−∞

|ϕr(ω)−ϕ0(ω)| · I(ω)dω

+∞∫
−∞

|ϕ0(ω)| I(ω)dω

, (5)

where ϕr(ω) the retrieved phase, ϕ0(ω) the given phase, and
I(ω) the intensity of the spectrum.

We vary the shaping factor from 1 to 20 of Gabor wavelet
to retrieve the spectral phases. The retrieval errors for the three
phases are shown in Fig. 4.

Figure 4 shows the retrieval errors with different Gabor
wavelet shaping factors. For the phase 1, the spectral phase
can be precisely retrieved with a relative phase errors less than
1%, in a large shaping factor range of 2 ∼ 20. For the phase 2,
the retrieval phase error is also less than 1% in the shaping
factor range of 2 ∼ 15, and the retrieval phase error slightly
increases with the shaping factor. However, for the phase 3,
the spectral phase can be retrieved only in a relatively narrow
shaping factor range of 2 ∼ 7. For a shaping factor of more
than 7, the retrieval phase error increases sharply.

To demonstrate that this method can be used in actual
femtosecond laser pulses, we took a practical spectrum from

FIGURE 3 Wavelet-transform ridges of the spectral interferogram for the
given phases. (a) Time delay τ = 0.7 ps. (b) Time delay τ = 1.0 ps

FIGURE 4 Phase errors retrieved by Gabor mother wavelet with different
shaping factor. (a) Time delay τ = 0.7 ps. (b) Time delay τ = 1.0 ps
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FIGURE 5 Phase errors retrieved from actual spectrum. (a) Actual spec-
trum and assumed phases. (b) Retrieved phase errors with different shaping
factor for time delay τ = 0.7 ps. (c) Retrieved phase errors with different
shaping factor for time delay τ = 1.0 ps

a home-made Ti:Sapphire laser, which is not a typical Gaus-
sian. The spectrum is centered at 800 nm with a bandwidth
(FWHM) of 81.1 nm (38.5 THz). Figure 5 shows the retrieval
errors with different Gabor wavelet shaping factors for this ac-
tual spectrum. The spectrum and the assumed spectral phases
are shown in Fig. 5a. Figure 5b and c are the retrieved phase
errors for different shaping factor for time delay of 0.7 ps and
1.0 ps, respectively.

5 Discussions

The above results show that the high order phase
is sensitive to the shaping factors. Apparently the accuracy of
the phase retrieval with wavelet-transform analysis is deter-

mined by both Heisenberg box and the actual phase. That is,
for the rapidly changed spectral phase with frequency, high
frequency resolution (small shaping factor) is required.

In the case of phase 1, with a quadratic phase, the ridge-
line of wavelet-transform is flat, i.e., the time (period) com-
ponents have no variations along frequency direction. The
spectral shearing interferogram is not a typical “frequency-
dependent” signal; therefore, shape of Heisenberg box has no
apparent effect on the phase analysis.

In Phase 2, a quadratic plus a cubic phase, the ridgeline
of wavelet-transform is tilted; a smaller shaping factor results
in a better accuracy. However, for the Phase 3, a more com-
plicated phase, the ridge curve varies remarkably along the
frequency direction, and a much higher frequency resolution
(smaller shaping factor) is demanded.

Figures 4 and 5b,c show smaller shaping factor tends to fit
better range of the spectral phase, which is because frequency
resolution degrades as shaping factor increases. On the other
hand, the retrieved phase error rises sharply for the shaping
factor less than 2, and the phase cannot be extracted at all
when the shaping factor is less than 1.5. It is because as the
shaping factor is reduced, the time resolution becomes worse.

In general, the shaping factor in the range of 2 ∼ 7 should
be reasonable for various signal analysis. For the most widely
used Morlet wavelet, the shaping factor is 5; and for the most
widely used Gabor wavelet, the shaping factor is (2 ln 2)−1/2 ·
2π = 5.336, which was used in our previous studies [3, 4].

Figures 4 and 5b,c also shows that the value of delay τ

does not seem to have big impact on the Phase 1 and Phase 2,
but certainly reduces the error for the Phase 3. This is because
as the carrier frequency increases, the spectral phase differ-
ence loaded on each carrier fringe is decreased; consequently
the spacing of the fringe varies tend to be alleviated. It is why
a larger carrier frequency (larger delay τ) can reduce retrieved
phase error.

It is unfortunate that the shaping factor affects the re-
trieved phase so much for the rapidly changed and compli-
cated phase, which plays the similar role to the temporal filter
in the SPIDER process [5]; however, the uncertainty is essen-
tially different from that resulting from the choice of filter. If
we always choose a small shaping factor, for example, 3 ∼ 5
as we suggested, the resulting error is always small enough
for various applications. These wavelets have 3 ∼ 5 cycles, the
cycles for absolute majority of the popular wavelets (Mexican
hat, Morlet, Daubechies, Meyer, Symlets, Coiflets, et al.) all in
those range. This has been proved to be reliable, at least for the
phase extraction of moderate phase conditions [3, 4].

6 Conclusions

We analyzed the shaping factor of the Gabor
wavelet on the accuracy of the phase retrieval for quadratic,
cubic, and quartic spectral phases, for the shaping factor from
1 to 20 with both an ideal Gaussian spectrum and a non-
typical Gaussian actual spectrum. The results demonstrated
that a small shaping factor wavelet (shaping factor range of
2 ∼ 7, more precisely, 3 ∼ 5) is always safe for the phase re-
trieval of the femtosecond pulses at reasonable conditions
listed in the paper. This study may be useful for the on-line
feedback phase control of femtosecond optical pulses.
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