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ABSTRACT We present a new method for obtaining the phase
of an ultra-short light pulse in the frequency domain. This tech-
nique is based on measuring the logarithmic derivative of the
cross correlation of the pulse with a frequency-filtered version
of it. It only requires sweeping the center frequency of the filter,
while the time delay of the correlator is held fixed for measuring
the group delay of the frequency components of the pulse. It is,
to our knowledge, the first one-dimensional method to recover
directly the phase information without resorting to a deconvo-
lution or a procedure involving two Fourier transforms. Since it
directly measures the delay operator we have called this tech-
nique direct group delay operator measurement. We present the
theory, experimental results and a brief discussion of the best
choice for the fixed setting of the time delay in order to improve
the signal to noise ratio in this technique.

PACS 42.60.Jf

1 Introduction

The state of the art of ultra-short-pulsed lasers is
far beyond the time resolution of electronic detectors. As a di-
agnosis tool for improving design of laser cavities and pulse
compressors, as well as the study of non-linear propagation, it
is necessary to obtain accurate measurements of pulse shapes
or their spectra, including amplitude and phase.

If the field spectral amplitude and phase are known, a sim-
ple Fourier transform can accurately retrieve the pulse shape.
Taking the spectral amplitude is easy, but there is no simple
and accurate technique for the direct measurement of the spec-
tral phase.

The standard method employed to characterize these ultra-
short pulses is intensity autocorrelation [1]. Pulse compres-
sion and dispersion-compensated laser cavities lead to the
femtosecond range, but the pulses are often chirped, or present
satellites or pedestals. These features are not revealed by the
intensity autocorrelation, which only gives an approximated
measurement of the pulse length. Interferometric autocorre-
lation [2] is affected by the chirp, but its measurement is not
straightforward from this technique.

Alternative methods to retrieve the phase information
from interferometric measurements have been reported [3, 4],
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but they require accurate and detailed measurement of the
interference fringes and rely upon deconvolution procedures
that are often numerically unstable and critically sensitive to
measurement errors.

Other techniques developed during the last decade, such
as frequency-resolved optical gating (FROG) [5–8] and spec-
tral phase interferometry for direct electric-field reconstruc-
tion (SPIDER) [9, 10], have been successful in characterizing
ultra-short laser pulses. The FROG technique gets a quali-
tative output with a simple and intuitive interpretation, but
it resorts to deconvolution computations for the attainment
of a quantitative answer to the problem. In addition, it is
essentially a two-dimensional method that needs to acquire
enough information for the simultaneous deconvolution of
amplitude and phase in order to reconstruct the pulse shape.
The SPIDER technique is a frequency-domain interferomet-
ric method that does not use an iterative algorithm as FROG
does, but it still requires performing some mathematical ma-
nipulation (Fourier transforms) to get the phase of the pulse.

A few years ago, Chilla and Martı́nez developed a tech-
nique, called frequency domain phase measurement
(FDPM) [11, 12], which is a method for direct measurement
of phase and amplitude of an ultra-short pulse in the frequency
domain. It is based on the measurement of the cross correla-
tion of two pulses. The first is the pulse to be characterized
and the second is a synthesized copy of the first pulse obtained
by means of a Fourier-filtering scheme [13]. This filtering
is performed in a zero-dispersion compressor using a mask
consisting of a narrow slit placed near the back mirror of the
compressor.

2 Basics of FDPM

The FDPM technique essentially consists in re-
trieving the phase of an ultra-short pulse by measuring the
group delay of its different frequency components. This is
done by sequentially performing cross correlations of a ref-
erence pulse with different frequency-filtered pulses, all
obtained from the pulse to be characterized by means of
a Fourier-filtering scheme. The output intensity of the filtered
pulse can be expressed as [12]

Ifilt (ωo, t) = |
∞∫

−∞
|Ain(ω)|eiϕ(ω)M (ω−ω0) eiωtdω|2 , (1)
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where M(ω−ωo) is an effective filter centered at ωo, con-
structed as a convolution of the transmittance mask that con-
stitutes the filter with a Gaussian that accounts for the finite
beam size, and Ain(ω) is the Fourier transform of the input
pulse. If we assume M(ω−ωo) to be a narrow function of the
phase of the incoming pulse around the filter central frequency
ωo, this equation may be rewritten as

Ifilt (ωo, t) = |Ain (ωo) |2|m (
t +ϕ′

o

) |2
= |Ain (ωo) |2h

(
t +ϕ′

o

)
, (2)

where ϕo = ϕ(ωo) and ϕ′
o = | dϕ

dω
|ωo are the coefficients of the

first-order expansion of the phase ϕ(ω) and m (t +ϕ ′o) =
∞∫

−∞
M (ω−ω0) eiϕ′

o(ω−ωo)ei(ω−ωo)tdω is the effect of the fre-

quency filter in the time domain.
Equation 2 shows that the output of the filtering system

is the square of the Fourier transform of the narrow function
m(t −ϕ′

o) shifted by a time equal to the derivative of the phase
at the filter frequency (∆t = −ϕ′(ωo)), and with an amplitude
that scales according to the spectral power corresponding to
the filtered frequency (|Ain (ωo)|2).

The cross-correlation signal of the filtered pulse, I filt , with
the reference pulse, Ire f , as a function of the relative timing, τ ,
is given by

S(τ) =
∞∫

−∞
Iref(t)Ifilt(t + τ)dt. (3)

Fig. 1a schematically represents the situation for five different
frequencies. Substituting (2) into (3) gives

S(τ) = |Ain (ωo)|2
∞∫

−∞
Iref(t)h

(
t +ϕ′

o + τ
)

dt . (4)

As demonstrated by this equation, and graphically shown in
Fig. 1b, this cross-correlation function presents the same –
ϕ′(ωo) time shift and |Ain (ωo)|2 amplitude dependence as the
filtered pulse.

In the FDPM method the only information used to recover
the phase of the pulse is the relative timing τ(M)(ωo) that max-
imizes each cross correlation (Fig. 1b). It becomes clear that
to complete measurement of all the correlation functions pro-
duces information in excess of the only purpose of the phase
measurement, and the price to be paid for this redundancy is
the time necessary to obtain the data.

It may be convenient, because of experimental reasons, to
measure the derivative of the cross correlation instead of the
cross correlation itself. This function is mathematically ex-
pressed as

S′(τ) = |Ain (ωo)|2
∞∫

−∞
Iref(t)

d

dτ
h

(
t +ϕ′

o + τ
)

dt . (5)

The time shift and amplitude behavior of S′(τ) are the same
as (3) and (4). In this case τ(M)(ωo)(g)s the relative tim-
ing for which the derivative of the cross correlation vanishes
(Fig. 1c).
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φ

FIGURE 1 Representation of the cross correlations, the derivative and the
logarithmic derivative as a function of the central frequency of the filter (ωi).
a Filtered pulses obtained from an ultra-short pulse by means of a Fourier-
filtering scheme. All the pulses are shifted in time because of the group delay
corresponding to each frequency. b Cross correlations (S(ωo, gτ)) of the
filtered pulses with the reference pulse shown in (a). τM(ωi) is the rela-
tive timing of the reference pulse for the maximum of the cross correlation.
c Derivative of the cross correlations (S′(ωo, τ)). d Logarithmic derivative of
the cross correlations

3 Direct group delay operator measurement
(DGDOM) technique

3.1 Introduction to the technique

As we mentioned before, a change in the central
frequency of the filter does not modify the shapes of the cross
correlation (S(τ)) and its derivative (S′(τ)) ; it only varies their
amplitude and position. Since the variation for both functions
is exactly the same (they are both shifted by ϕ′(ωo) and scaled
by |Ain(ω)|2), it is possible to get rid of the scaling factor
while keeping the required information of the relative timing
by simply dividing S′(τ) by S(τ). The resulting function is the
logarithmic derivative of the cross correlation

d

dτ
ln(S) = S′(τ)

S(τ)
=

∞∫
−∞

Iref(t)
d

dτ
h

(
t +ϕ′

o + τ
)

dt

∞∫
−∞

Iref(t)h
(
t +ϕ′

o + τ
)

dt

= g
(
ϕ′

o + τ
)

. (6)

As the central frequency of the filter (ωo) is varied, this func-
tion suffers a displacement along the timing axis according to
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the group delay ϕ′(ωo), but no change in its amplitude is pro-
duced. In this way a set of identical curves is obtained with
a displacement directly related to ϕ′(ωo) (Fig. 1d). Another
way to understand this is that for a fixed delay τo the variations
of the value of the function g for each frequency ωo are only
related to the displacement produced because of the difference
in the group delay ϕ′(ωo). This is the key idea of the DGDOM
technique, to retrieve the phase of an ultra-short pulse by cal-
culating the group delay from the measurement of the value of
the function g at some fixed τo.

The resolution of the system will depend on the width of
the filtering slit. A narrower slit will improve the spectral reso-
lution but it will decrease the signal level at the same time.
Just as in a monochromator, a compromise between the de-
sired resolution and the signal level that can be detected must
be achieved.

3.2 The shape of the logarithmic derivative

In a Fourier-filtering scheme two limiting cases
may arise: a beam spot narrower than the filtering slit and
a slit narrower than the beam spot. For the first case a Gaus-
sian profile of the effective filtering function may be assumed,
so the logarithmic derivative will be a linear function of
the timing. To obtain the phase derivative from the meas-
urement is in this case very simple: it is only necessary to
multiply the measured value by a constant. In this case, if

S (ωo, τ) = A (ωo) exp
(

τ2

τ2
g

)
is the cross correlation, its loga-

rithmic derivative will be

d

dτ
ln(S) = −2τ

τg
, (7)

with τg defined as 1
τg

= σ dν
dx , where σ is the width of the beam

spot at the filter and dν
dx is the dispersion of the grating.1/τg can

be understood as the width of the focused beam spot measured
in units of frequency.

In the limit of a beam spot much narrower than the slit
width, the effective filtering function becomes a sinc function.

τ

τ
FIGURE 2 Logarithmic derivative of a sinc function

Its logarithmic derivative is

d

dτ

{
ln

[
sinc2

(
τ

τt

)]}
=

2 τ

τ2
t

cos
(

τ
τt

)
− 1

τt
sin

(
τ
τt

)
τ
τt

sin
(

τ
τt

) , (8)

1/τt being the slit width in units of frequency that comes,
as in the other limiting case, from 1

τt
= d dν

dx , where d is the slit
width. In Fig. 2 a plot of this function is represented, showing
that its most relevant portion can be very well approximated
by a linear function in the region of interest.

Between both limits the filter is the convolution of the slit
with a Gaussian function. The Fourier transform of the filter

will then be given by S(τ) = s1s2 = sinc2 (τ/τt) exp
(

τ2

τ2
g

)
. It is

easy to show that the first two terms of its logarithmic deriva-
tive are

−Aτ

[
1 +C

(
τ

τt

)2
]

, (9)

with

C =
(

τ

τg

)2
[

30 +5

(
τ

τg

)2
]−1

≤ 0.2 .

As it can not be expected that the phase retrieval can be
performed without appreciable distortion with a slit width
comparable with the pulse spectral spread, it will be assumed
that the time delays that are of interest for the measurement are
less than τ/5.

This yields C
(

τ
τt

)2
< 8 ×10−3. Hence it can be asserted

within a very good approximation that the logarithmic deriva-
tive of the cross correlation is a linear function of the time
delay. The fact that one does not actually measure the fil-
tered function, but its correlation with a shorter pulse [12],
not only does not change the linearity of the measurement, as
long as the reference pulse is much shorter than the filtered
pulse, but also makes the result completely independent of the
reference pulse actual shape. The time average of the loga-
rithmic derivative is proportional to the time average of the
group delay because of the linear relation we have just demon-
strated. The calibration that relates these two quantities can be
measured by taking two values of the logarithmic derivative
corresponding to two time delays of known difference. We
have named this technique direct group delay operator meas-
urement (DGDOM) because, as we have shown, a quantity
directly proportional to the group delay is measured.

3.3 Optimal arm length

To accomplish the aim of obtaining an optimal sig-
nal to noise ratio, it is necessary to determine the correlator
arm length (or the corresponding time delay) which yields the
best results. A detailed theory of noise sources and their influ-
ence on the retrieved data is beyond the scope of this paper. If
it is assumed that the dominant noise comes from the detec-
tor and its associated electronics, it can be asserted that noise
is additive and there is no correlation between its DC and fo

spectral components or, in other words, errors in the signal



S276 Applied Physics B – Lasers and Optics

and its derivative are not correlated. In this case, calling S the
correlation signal and S′ its time derivative, the error in the
logarithmic derivative of the correlation will be[
∆

(
d

dτ
ln (S)

)]2

=
[
∆

(
S′(τ)
S(τ)

)]2

=
(
∆S′)2

S2
+ S′2 (∆S)2

S4
.

(10)

Hence the best place to set the mirror is where the corre-
lation is maximized, i.e. the one which makes its derivative
vanish. It can not be placed there a priori, because this pos-
ition of the mirror depends on the filtered wavelength. The
compromise is then to place the arm at null delay.

4 Experimental work

For the experimental work we have used a mode-
locked Ti:sapphire laser as the source of ultra-short pulses.
Our oscillator generates pulses at a repetition rate of 80 MHz,
with about 500 mW of average power.

The experimental setup is shown in Fig. 3. The output of
the laser enters a Michelson-like system, were a 1200 l/mm
diffraction grating, positioned to have the first diffraction
order exiting normal to it, acts as the beam splitter. The
order one of diffraction goes through a 5 cm focal length
lens, placed at a distance f from the grating, and is reflected
back by a flat mirror placed at a distance f from the lens,
with a 0.4-mm-wide movable slit positioned immediately be-
fore the mirror. This is the arm where the Fourier-filtering
scheme is implemented. The zero order of the diffraction grat-
ing provides the reference pulse for the cross correlations. The
light emerging from the grating is reflected back by a hollow
retroreflector mounted on a piezoelectric crystal that dithers it
so as to obtain the derivative of the cross correlation. This vi-
brating retroreflector was also mounted on a translation stage
to scan the relative timing between pulses.

The beams returning from both arms of this arrange-
ment are aligned to emerge from the grating parallel to each
other and to the incoming beam. These outputs are redi-
rected by mirrors 1 and 2 towards a lens that focuses them
into a 0.1-mm-thick KDP crystal. The non-collinear second-
harmonic beam generated by the crystal is recollimated by

FIGURE 3 Schematics of the experimental setup

FIGURE 4 Measured spectral amplitude and group delays obtained by the
FDPM (squares) and the DGDOM (stars) techniques

a second lens, filtered to eliminate the fundamental wave-
length and detected with a photomultiplier tube (PMT). In
order to control the non-linear crystal alignment, we regis-
tered the relative spectral intensity of the pulse, and measured
simultaneously with a photodiode the intensity of the reflec-
tion of the filtered pulse at the KDP crystal.

To measure the group delay using the DGDOM technique
we first fixed the position of the retroreflector and made it vi-
brate. Then, we positioned the filtering slit at one end of the
spectrum and started to move it parallel to mirror 3 to scan
the different frequencies. We measured the second-harmonic
signal detected by the PMT with a lock-in amplifier linked to
a computer, locked at the vibrating frequency of the piezo-
electric crystal. With the lock-in amplifier we simultaneously
registered the amplitude of the signal in AC (derivative) and
DC (cross-correlation) modes, and the position of the filtering
slit. The whole measurement took us just a few minutes and
this time was limited by the speed of the scanning device used
to move the slit.

To validate the DGDOM results we also implemented
the well-established FDPM technique using the same setup
in a different way. For the FDPM technique we registered
the PMT signal with the lock-in amplifier in DC mode. To
get the cross-correlation curve for each fixed position of the
frequency-filtering slit we varied the delay of the testing pulse
by moving the retroreflector on the translation stage. By vary-
ing the filtered frequency (i.e. moving the slit along the spec-
trum on mirror 3), we acquired all the data needed to retrieve
the phase and frequency information of the pulse. In Fig. 4 we
show the results obtained using both methods.

5 Conclusions

We have shown that the logarithmic derivative of
the cross correlation of the pulse with a frequency-filtered ver-
sion of it is proportional to the group delay.

We have theoretically demonstrated the DGDOM tech-
nique and presented its experimental validation. We have also
discussed the best choice for the fixed setting of the time delay
in order to improve the signal to noise ratio for implementing
this technique.
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DGDOM is, to our knowledge, the first method that di-
rectly measures the group delay of an ultra-short laser pulse.
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