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Abstract
The mixture unified gradient theory of elasticity is invoked for the meticulous assessment of peculiar size-dependent behavior 
of materials with nano-structural features. The size-dependency of the strain gradient theory and the stress gradient theory 
is consistently integrated with the classical continuum theory within a variational elasticity framework. The boundary-value 
problem associated with the dynamics of the nano-scale elastic bar is determined and enriched with the proper form of the 
extra non-standard boundary conditions. The constitutive model of the resultant fields is cast as differential relations in view 
of the stationarity of the proposed functional. The efficacy of the established generalized continuum theory in the accurate 
description of the size-effects at the ultra-small scale is put into evidence via electrostatic and elastodynamic analysis of 
nanobars. The nanoscopic characteristics of the wave dispersion are analytically addressed and appropriately compared with 
the counterpart experimental measurements. The elastostatic size-dependent behavior of nanobars is rigorously examined 
by applying an efficacious solution approach. Size-dependent elastostatic response of nanobars with kinematic constraints 
of interest in nano-mechanics are analytically determined and graphically illustrated. A promising approach to tackling the 
statics and dynamics of structural bar-type modules of advanced nano-systems is introduced.

Keywords Stationary variational principle · Nanobar · Wave dispersion · Elastostatic analysis · Stress gradient theory · 
Strain gradient theory · Size effects · Analytical modeling

1 Introduction

Materials with nano-structural features are extensively 
applied in advanced industries owing to their significantly 
enhanced physical characteristics. As the key elements 
of a broad spectrum of pioneering engineering systems, 
including MEMS and NEMS, investigation on the physical 
behavior of nano-structured materials attracted consider-
able attention [1–4]. Intricacy of performing experiments 
at the ultra-small scale and the high computational cost of 

accomplishing atomistic-based numerical simulations, make 
them undesirable methodologies to capture the size-effects. 
On the contrary, hopes are anchored on the generalized con-
tinuum mechanics for nanoscopic study of the field quanti-
ties at the micro-/nano-scale where the classical continuum 
mechanics ceases to hold [5].

To realize the peculiar physical response of nano-struc-
tured materials at the ultra-small scale, the description of 
the constitutive law should be enriched via incorporation of 
the suitable characteristic length-scale parameters. Various 
forms of the generalized continuum theory, in essence, fall 
under the classifications of the higher-order grade continua 
and the nonlocal continua. Within the context of the higher-
order grade continuum mechanics, additional gradients of 
the field variables are supplied in the kinematics or kinet-
ics of the continua for each material point, correspondingly 
leads to the strain gradient theory [6, 7] or the stress gradient 
theory [8, 9]. As the strain gradient theory can effectively 
predict the stiffening phenomenon in nano-structures, imple-
mentation of the stress gradient theory yields the soften-
ing behavior of continua with nano-structural features. The 
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well-posedness of the gradient-type elasticity problems is 
broadly addressed in the literature for various nano-sized 
structures; nevertheless, let us restrict ourselves to men-
tioning some representative contributions [10–15]. As an 
utterly different school of thought, the kinetic field variables 
within the framework of the nonlocal continuum mechan-
ics, are assumed to depend on the kinematic field variables 
of the reference point along with the nearby points of the 
continua [16]. As a result of intrinsic simplicity of the non-
local elasticity theory, the pertinent literature amounts to 
a vast collection; some recent contributions are addressed 
in [17–23]. The nano-structured continua may demonstrate 
both the softening and stiffening size-effects contingent on 
the specific state conditions of the problem. Indeed, the 
higher-order grade continuum mechanics and the nonlocal 
elasticity theory cannot solely realize all the peculiar size-
dependent characteristics of continua with nano-structural 
features. Unification of the generalized continuum theories 
to cover the wide spectrum of physical characteristics at the 
ultra-small scale attracted a significant amount of attention. 
A range of unified size-dependent continuum theories has, 
accordingly, merged in the literature; such as the nonlocal 
strain gradient model [24, 25], the nonlocal modified gra-
dient theory [26, 27], the higher-order nonlocal gradient 
theory [28–30], the nonlocal surface elasticity [31, 32], and 
the mixture stress gradient theory [33]. Among this line of 
thought, the nonlocal strain gradient theory has stimulated 
interest in the literature and widely implemented to address 
the size-effects in nano-structures; to mention a few repre-
sentative works refer to [34–40].

An essential insight into the peculiar size-dependent 
physics of elastic nanobars is provided in this study and a 
consistent approach for a rigorous assessment of size-effects 
is offered. The mixture unified gradient theory of elasticity 
is invoked for the nanoscopic study of the field quantities. 
Within the framework of the mixture unified gradient theory, 
size-dependency of the strain gradient theory and the stress 
gradient theory is consistently integrated with the classi-
cal continuum theory. A promising approach for accurate 
description of the behavior of continua with nano-structures 
is, therefore, presented. All the governing equations, i.e. 
the differential condition of dynamic equilibrium, classical 
and extra non-standard boundary conditions along with the 
constitutive laws of the resultant fields, are integrated into 
a single functional. Furthermore, the extra non-standard 
boundary conditions, needed to close the corresponding 
boundary-value problem on finite domains, are properly 
introduced and explicitly determined. A variety of gener-
alized continuum theories of the gradient type are, also, 
retrieved by suitably driving the characteristic length-scale 
parameters. Efficacy of the conceived mixture unified gradi-
ent elasticity framework in addressing the peculiar features 

of nanoscopic structures is evinced via thoroughly exam-
ining both the elastostatic and elastodynamic responses of 
nano-sized bars. A practical methodology for inverse deter-
mination of the characteristic length-scale parameters asso-
ciated with the generalized continuum mechanics theories 
is, also, introduced.

The present study proceeds as follows; a stationary vari-
ational framework, founded on ad hoc functional space of 
kinetic source fields, is established in Sect. 2. The differ-
ential and a complete set of boundary conditions of equi-
librium along with the constitutive laws of the resultant 
fields are determined. Nanoscopic characteristics of the 
wave dispersion is analytically addressed and numerically 
illustrated in Sect. 3. Section 3 is, moreover, enriched via 
comparing the dispersive behavior of waves detected within 
the established size-dependent continuum framework and 
the counterpart experimental measurements. Section 4 is 
devoted to rigorously examine the elastostatic response of 
nano-sized bars where a viable approach, based on succes-
sive integration of differential equations of lower-order, is 
applied to derive the analytical solution. To further enhance 
Sect. 4, nanoscopic elastostatic features of nano-sized bars 
with kinematic constraints of interest in nano-mechanics are 
numerically determined, graphically demonstrated, and thor-
oughly commented upon. Section 5 summarizes the study 
and presents the conclusion.

2  Mixture unified gradient elasticity 
for nanobar

To establish the variational framework consistent with the 
mixture unified gradient elasticity theory, the reference is 
made to an elastic thin bar of length L with cross-sectional 
area A. The material is characterized by the elastic modulus 
E and the material density � . The bar is referred to orthogo-
nal Cartesian co-ordinates (x, y, z) , with the x abscissa coin-
ciding with the centroidal axis of the bar and (y, z) defines 
the cross-section plane. The bar is considered to be subject 
to a generalized axial load f  , comprising the inertia forces, 
and the terminal loads, if any. Assuming the elastic bar to 
be sufficiently slender, the effects of the lateral deformation 
can be overlooked [41], and hence, the displacement field (
ux, uy, uz

)
 writes as:

where u denoting the axial displacement of the bar along 
the abscissa x at the time t. The kinematically compatible 
strain field consistent with the thin bar model, therefore, 
reads:

(1)ux = u(x, t), uy = 0, uz = 0,

(2)�(x, t) = �xu(x, t),
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where � representing the axial strain field. To consist-
ently integrate the size-effects of the strain gradient theory, 
the stress gradient theory, and the classical elasticity, the 
stationary functional �  associated with the mixture unified 
gradient theory is introduced as:

(3)
� = ∫

L

0

(
N0(x, t)�xu(x, t) + N1(x, t)�xxu(x, t) − f (x)u(x, t)

−
1

2EA

(
N0(x, t)

)2
−

c2

2EA

(
�xN0(x, t)

)2

−
1

2EA
(
�c2 + �2

)
(
N1(x, t)

)2
−

c2

2EA
(
�c2 + �2

)
(
�xN1(x, t)

)2
)
dx,

where the axial resultant fields N0,N1 are defined as 
the dual mathematical objects of the classical strain field 
� = �xu and of its derivative along the bar longitudinal axis 
�x� = �xxu . The significance of the strain gradient theory and 
the stress gradient theory is, respectively, addressed by the 
strain gradient characteristic length � and the stress gradient 
length-scale parameter c. The mixture parameter is denoted 
by 0 ≤ � ≤ 1 addressing the influence of the classical elas-
ticity theory.

As it is well-established within the framework of sta-
tionary variational principles, the kinematic and kinetic 
field variables are selected as the primary variables sub-
ject to variation. The virtual kinetic source field variables 
are, moreover, assumed to have compact support on the bar 
domain. The first variation of the functional �  , following the 
integration by parts, writes as:

(4)

�� = ∫
L

0

((
−�xN0(x, t) + �xxN1(x, t) − f (x)

)
�u(x, t)

−�N0

(
�xu(x, t) −

1

EA
N0(x, t) +

c2

EA
�xxN0(x, t)

)

−�N1

(
�xxu(x, t) −

1

EA
(
�c2 + �2

)N1(x, t) +
c2

EA
(
�c2 + �2

)�xxN1(x, t)

))
dx

+
(

N0(x, t) − �xN1(x, t)
)
�u

|||
L

0
+ N1(x, t)�x�u

||
L

0
,

where the boundary congruence conditions are released 
in view of the heuristic assumption on the virtual kinetic 
source field to have compact support on the bar domain.

The differential and boundary conditions of equilibrium 
for a mixture unified gradient elastic bar are accordingly 
detected, imposing the stationarity of the functional �� = 0 , 
as:

(5)

�xN0(x, t) − �xxN1(x, t) + f (x) = �A�ttu(x, t),

(
N0(x, t) − �xN1(x, t)

)
�u

|||
L

0
= 0,

N1(x, t)
||
L

0
= 0,

where the axial strains on the bar ends are assumed to have 
arbitrarily variations. The differential condition of dynamic 
equilibrium is notably obtained via implementation of the 
d’Alembert principle. As a choice normally preferred within 
the context of the generalized continuum mechanics, the 
axial force field N is introduced as:

The boundary-value problem of the dynamic equilibrium 
of the mixture unified gradient elastic bar is, therefore, sim-
plified as:

(6)N(x, t) = N0(x, t) − �xN1(x, t).

(7)

�xN(x, t) + f (x) = �A�ttu(x, t),

N(x, t)�u|L
0
= 0,

N1(x, t)
||
L

0
= 0.

The established differential condition of equilibrium is 
notably equipped with classical boundary conditions along 
with extra non-standard boundary conditions described in 
terms of the axial resultant field N1 . The well-recognized 
privilege of application of stationary variational principles 
lies on properly detecting the constitutive model. The axial 
resultant fields N0,N1 , accordingly, are cast as ordinary dif-
ferential relations expressed by:
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determined by prescribing the stationarity of the intro-
duced functional �� = 0 . The sought constitutive law of the 
axial force field is also determined, by virtue of the consti-
tutive relations of N0,N1 along with the definition of N, as:

The detected constitutive model of the axial resultant 
fields is properly enriched with the strain gradient character-
istic length � and the stress gradient length-scale parameter 
c incorporating the size-effects of the corresponding gradi-
ent theory of elasticity. Influence of the classical elasticity 
theory is, furthermore, integrated via the mixture parameter 
� . A promising methodology to capture the size-effects, 
capable of accurate realization of the physical characteris-
tics of nano-sized elastic bars, is accordingly introduced. A 
close examination of the detected constitutive model reveals 
that the axial resultant fields are of higher-order than the 
counterpart classical resultants. As a result, to appropriately 
close the boundary-value problem on bounded domains, the 
explicit mathematical formula of the axial resultant field 
N1 should be determined. Following some straightforward 
mathematics, it may be shown that the sought formula of N1 
can be cast in the form:

Different forms of the generalized continuum theories of 
the gradient-type are recovered via appropriately driving the 
characteristic length-scale parameters. Setting the mixture 
parameter zero � → 0 in Eq. (9), the constitutive law of the 
axial force within the context of the unified gradient theory 
of elasticity can be retrieved [24]:

As the strain gradient characteristic length tends to zero 
� → 0 in Eq. (11), one get the stress gradient constitutive 
model of the axial force field as [9]:

Likewise, the strain gradient constitutive law of N can 
be retrieved as the stress gradient length-scale parameter 
vanishes c → 0 in Eq. (11) [7]:

(8)
N0(x, t) − c2�xxN0(x, t) = EA�xu(x, t),

N1(x, t) − c2�xxN1(x, t) = EA
(
�c2 + �

2
)
�xxu(x, t),

(9)
N(x, t) − c2�xxN(x, t) = EA

(
�xu(x, t) −

(
�c2 + �

2
)
�xxxu(x, t)

)
.

(10)N1(x, t) =
c2
(
�c2 + �

2
)

(1 − �)c2 − �2

(
�A�ttu(x, t) − q(x) − EA

(
�c2 + �

2

c2

)
�xxu(x, t)

)
.

(11)N(x, t) − c2�xxN(x, t) = EA
(
�xu(x, t) − �

2�xxxu(x, t)
)
.

(12)N(x, t) − c2�xxN(x, t) = EA�xu(x, t).

(13)N(x, t) = EA
(
�xu(x, t) − �

2�xxxu(x, t)
)
.

In the absence of the strain gradient characteristic length 
� in Eq. (9), the constitutive law of the axial force consist-
ent with the mixture stress gradient theory can be restored 
as [33]:

Lastly, the classical constitutive law of the axial force field 
can be retrieved via either vanishing the gradient length-
scale parameters for a fixed mixture parameter c,� → 0 or 
by setting the mixture parameter to unity in the absence of 
the strain gradient characteristic length � → 1,� → 0.

Noteworthy, the alternative approach to capture the sof-
tening structural response is to apply the nonlocal integral 
model within the context of the nonlocal strain gradient the-
ory. Implementation of the nonlocal strain gradient theory 
is, nevertheless, restricted to some special nonlocal kernel 
functions [26–30]. In contrast to the nonlocal strain gradi-
ent framework, the reinstatement of the nonlocal integral 
convolution with the nonlocal differential model is no longer 
required in the proposed size-dependent continuum theory. 
The extra non-standard boundary conditions are explicitly 
determined in terms of the axial resultant fields without the 
requirement of utilizing the equivalence lemma indispensa-
ble within the context of the nonlocal gradient theory. The 
established variational framework of the mixture unified 
gradient elasticity can advantageously expose the peculiar 
size-dependent structural features of nanobars as put into 

(14)
N(x, t) − c2�xxN(x, t) = EA

(
�xu(x, t) −�c2�xxxu(x, t)

)
.

evidence by analytically examining both the elastostatic and 
elastodynamic responses of nano-sized elastic bars.

3  Wave dispersion characteristics

The classical elasticity theory is well-known to cease to 
hold in describing the dispersive behaviors of waves with 
wavelengths at the ultra-small scale. Restoring to general-
ized continuum mechanics is, therefore, foreseeable [30, 42]. 
Efficacy of the established mixture unified gradient theory of 
elasticity in proper determination of the dispersive charac-
teristics of waves, as wavelength decreases, is evinced here.

To study the harmonic longitudinal waves dispersing 
along the longitudinal axis of the elastic nanobar, the axial 
force field is first determined in term of the kinematic field 
variables. By virtue of the differential condition of dynamic 
equilibrium Eq. (7) in the absence of the axially distributed 
load, the constitutive law of the axial force field is cast in 
the form of:
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The differential condition governing the wave dispersion 
in the elastic nano-sized bar within the context of the mix-
ture unified gradient theory is, subsequently, expressed as:

The boundary conditions at infinity is tacitly fulfilled as 
the dispersive behavior of waves is examined on unbounded 
domains. For steady waves disperse in an infinitely extended 
homogeneous nano-sized elastic bar, the corresponding solu-
tion can be written as:

where i =
√
−1 , � denotes the wave number,� represents 

the wave frequency, and � indicates the wave amplitude, 
respectively. Substitution of the wave solution in the dif-
ferential condition governing the wave dispersion within 
the context of the mixture unified gradient theory yields the 
sought phase velocity of axial waves v = �∕� as:

To demonstrate the efficiency of the mixture unified 
gradient theory in predicting the peculiar dispersive behav-
ior of axial waves at the nano-scale, let us examine the 

(15)
N(x, t) = �Ac2�xttu(x, t) + EA�xu(x, t) − EA

(
�c2 + �

2
)
�xxxu(x, t).

(16)
�Ac2�xxttu(x, t) − �A�ttu(x, t) + EA�xxu(x, t)
− EA

(

�c2 + �2)�xxxxu(x, t) = 0.

(17)u(x, t) = � exp i(�x − �t),

(18)v =

√
E

�

√
1 + �2

(
�c2 + �2

)

1 + c2�2
.

experimental measurement of Silicon crystal for nanoscopic 
wavelengths as reported in [43]. The physical properties of 
Silicon crystal, as referenced in [44], is employed here. The 
detected closed-from analytical solution of the phase veloc-
ity of dispersive waves can be advantageously utilized to 
calibrate the characteristic length-scale parameters associ-
ated with the generalized continuum mechanics theories via 
applying the inverse theory approach. Accordingly, the dis-
crepancy between the inversely determined phase velocity 
and the limited experimental measurements is minimized 
utilizing a nonlinear least square optimization procedure 
[45, 46].

The angular frequency in terms of the wave number of 
Silicon crystal, inversely determined in accordance with the 
mixture unified gradient theory, is illustrated in Fig. 1 in 
comparison with the experimental measurements. Applying 
the inverse theory methodology, the calibrated characteristic 
length-scale parameters associated with the mixture unified 
gradient theory are determined as c = 8.54857 × 10−2nm

,� = 0.26178 × 10−2nm and � = 0.11512 . As noticeably 
observed in the comparison made in Fig. 1, the wave dis-
persion characteristics of Silicon crystal is realized on the 
entire domain with an excellent accuracy. The proposed mix-
ture unified gradient theory can capture all the qualitative 
aspects of the experimental measurements at the nano-scale, 
and accordingly, provides a promising approach to precisely 
describe the size-dependent wave dispersion phenomenon at 
the ultra-small scale.

Nano-scale effect of the characteristic length-scale param-
eters on the dispersive behavior of axial waves is depicted 
as well. The non-dimensional form of the stress gradient 

Fig. 1  Comparison of the wave 
dispersion in silicon crystal by 
experimental measurements 
[43] and the mixture unified 
gradient theory
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characteristic parameter � , the strain gradient characteristic 
parameter � , the wave number � , and the phase velocity v 
are introduced, for the sake of consistency, as:

Three-dimensional variation of the phase velocity of axial 
waves versus the characteristic length-scale parameters and 
the logarithmic scaling of the non-dimensional wave num-
ber is studied. Influence of the strain gradient and the stress 
gradient characteristic parameters on the dispersion of axial 
waves is, respectively, demonstrated in Figs. 2 and 3. The 
strain gradient characteristic parameter is assumed to range 
in the interval 

[
0, 1∕2

]
 in Fig. 2 as three values of the mix-

ture parameter � = 0, 1∕3, 2∕3 are utilized for a prescribed 
value of the stress gradient characteristic parameter � = 1∕5 . 
Likewise, as the stress gradient characteristic parameter is 
ranging in the interval 

[
0, 1∕2

]
 in Fig. 3, three values of 

the mixture parameter � = 0, 1∕3, 2∕3 are prescribed for 
a fixed strain gradient characteristic parameter � = 1∕5 . 
The (logarithm of) non-dimensional wave number [47] is 

(19)� =
c

L
, � =

�

L
, � = �L, v = v

√
�

E
.

ranging in the interval 
[
10−2, 10+1

]
 in the ensuing numerical 

illustrations.
As deducible from the presented illustrations, the strain 

gradient characteristic parameter � has the effect of increas-
ing the phase velocity, and, therefore, a stiffening structural 
response in terms of the strain gradient characteristic param-
eter is realized. Otherwise, the softening structural response 
in terms of the stress gradient characteristic parameter � is 
demonstrated since the phase velocity of dispersive waves 
decreases with increasing the stress gradient characteristic 
parameter. As the mixture parameter � varies from 0 to 1, 
effects of the stress gradient theory in the constitutive model 
is continuously replaced with the influence of the classical 
elasticity theory. The phase velocity of axial waves increases 
with increasing the mixture parameter � , and accordingly, 
the stiffening structural response is revealed. The phase 
velocity of axial waves consistent with the mixture unified 
gradient theory remains unaltered for low wave numbers; the 
size-effect phenomenon is merely enhanced at higher wave 
numbers. This issue is expectedly occurred in consideration 
of the distinct nano-structural characteristics for sufficiently 
small wavelengths corresponding to large wave numbers.

Fig. 2  Wave dispersion by 
mixture unified gradient theory: 
effects of the strain gradient 
parameter on the phase velocity

Fig. 3  Wave dispersion by 
mixture unified gradient theory: 
effects of the stress gradient 
parameter on the phase velocity
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4  Elastostatic characteristics of nanobars

To examine the elastostatic characteristics of nanobars, the 
axial deformation of a mixture unified gradient elastic bar 
with kinematic constraints of nano-mechanics interest is 
analytically addressed. In preference to directly solving the 
governing equation in terms of the axial displacement field, 
an efficacious approach based on integration of the differen-
tial equations of lower-order is utilized which can advanta-
geously provide the exact analytical solutions [29, 48].

Integration of the differential condition of equilibrium 
Eq. (7), in the absence of the inertia forces, results in the 
equilibrated axial force N as:

where �1 denotes the unknown integration constant. The 
axial displacement function u is afterward determined up to 
integration constants �2,�3,�4 via solving the constitutive 
differential law Eq. (9) as:

(20)N(x) = −∫
x

0

f (�)d� +�1,

(21)

u(x) = �2 exp

�
x

√
�c2 + �2

�
+�3 exp

�
−

x
√
�c2 + �2

�
+�4

+
1

2EA
√
�c2 + �2 ∫

x

0 ∫
�

0

exp

�
� − �

√
�c2 + �2

�
�
N(�) − c2���N(�)

�
d�d�

−
1

2EA
√
�c2 + �2 ∫

x

0 ∫
�

0

exp

�
� − �

√
�c2 + �2

�
�
N(�) − c2���N(�)

�
d�d�.

The detected axial displacement field of the mixture 
unified gradient elastic bar should fulfill the classical and 
the extra non-standard boundary conditions as Eq (7). Pre-
scribing the aforementioned set of boundary conditions, the 
unknown integration constants �1, ...,�4 are determined, 
and consequently, the analytical solution of the axial dis-
placement field of the nano-sized elastic bar is derived.

Let us assume the elastic nanobar to be subjected to the 
uniformly distributed axial load of intensity f  . For an elastic 
nano-sized bar consistent with the mixture unified gradient 
theory with fixed-ends, the classical kinematic boundary 
conditions consist of vanishing the axial displacement at 
both ends and the extra non-standard boundary conditions 
involve setting zero the axial resultant field N1 at the bar 
ends. Following the proposed analytical solution approach, 

the axial displacement of the uniformly loaded nanobar with 
fixed-ends is determined as:

The maximum axial displacement is determined for 
numerical illustrations as:

Likewise, the classical boundary conditions of an elas-
tic nanobar with fixed-free ends include vanishing the axial 
displacement and the axial force field at the fixed and free 
ends, respectively. The mixture unified gradient elastic bar 
with fixed-free ends is, furthermore, subject to the same 
extra non-standard boundary conditions, i.e. vanishing the 

(22)

u(x) =
f
EA

((

−�2 + 1
2
(L − x)x − c2(−1 +�)

)

+
(

�2 + c2(−1 +�)
)

cosh

(

L − 2x
2
√

�c2 + �2

)

sech

(

L

2
√

�c2 + �2

))

.

(23)
umax =

f
8EA

(

−8�2 + L2 − 8c2(−1 +�) + 8
(

�2 + c2(−1 +�)
)

sech
(

L

2
√

�c2 + �2

))

.

axial resultant field N1 at both ends. Implementation of the 
introduced analytical solution approach yields the axial dis-
placement of the uniformly loaded nanobar with fixed-free 
ends as:

The maximum axial displacement of a uniformly loaded 
nano-sized bar within the context of the mixture unified 
gradient theory is, nevertheless, insensitive to the charac-
teristic length-scale parameters. For the sake of numerical 
illustrations, the axial displacement field at the mid-span of 
the mixture unified gradient elastic bar is determined and 
employed:

(24)
u(x) =

f
EA

((

−�2 + Lx − 1
2
x2 − c2(−1 +�)

)

+
(

�2 + c2(−1 +�)
)

cosh

(

L − 2x
2
√

�c2 + �2

)

sech

(

L

2
√

�c2 + �2

))

.
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The addressed analytical solutions of the displacement 
field of the mixture unified gradient elastic bar can efficiently 
incorporate the size-effect phenomenon at the ultra-small 
scale. It is of notice that the erroneous inference, preceded 
in literature, is stemmed from prescribing the imprecise form 
of the extra non-standard boundary conditions [41]. The sub-
sequent non-dimensional axial displacement function u is, 
furthermore, introduced for the sake of consistency:

Nanoscopic influence of the characteristic length-scale 
parameters on the elastostatic characteristics of nanobars 
is examined here. The non-dimensional axial deformation 
of the nano-sized elastic bar at the mid-span is normalized 
with respect to the corresponding results of the classical bar 
model u0 . Three-dimensional variation of the normalized 
axial deformation function of the mixture unified gradient 

(25)

ux=L∕2 =
f

8EA

�
−8�2 + 3L2 − 8c2(−1 +�)

+8
�
�
2 + c2(−1 +�)

�
sech

�
L

2
√
�c2 + �2

��
.

(26)u =
EA

fL2
u.

elastic bar is depicted in Figs. 4 and 5, respectively, for 
fixed-end and fixed-free boundary conditions. As the stress 
gradient and the strain gradient characteristic parameters 
range in the interval 

[
0, 1∕2

]
 , three values of the mixture 

parameter � = 0, 1∕3, 2∕3 are prescribed.
Taking into consideration the numerical results illustrated 

in Figs. 4 and 5, it is noticeably observed that the estab-
lished mixture unified gradient theory of elasticity reveals a 
softening structural response in terms of the stress gradient 
characteristic parameter � , i.e. a larger � involves a larger 
axial displacement for prescribed values of �, � . The axial 
deformation field of the nano-scale elastic bar decreases 
as the strain gradient characteristic parameter � increases, 
and, therefore, the mixture unified gradient theory exposes 
a stiffening structural response in terms of the strain gradi-
ent characteristic parameter for given values of �, � . With 
varying the mixture parameter from 0 to 1, the effects of 
the stress gradient theory are reinstated with those of the 
classical elasticity theory. The axial displacement of the 
mixture unified gradient elastic bar, accordingly, decreases 
with increasing the mixture parameter for prescribed val-
ues of � , � . A stiffening structural response in terms of the 
mixture parameter is, accordingly, confirmed. The expected 
nanoscopic features of the elastostatic axial deformation of 

Fig. 4  Maximum axial deforma-
tion of the mixture unified 
gradient nanobar with fixed-end 
boundary conditions

Fig. 5  Midspan axial defor-
mation of the mixture unified 
gradient nanobar with fixed-free 
boundary conditions
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the nano-sized elastic bar within the framework of the mix-
ture unified gradient theory are endorsed. The axial response 
of the elastic nanobar is recognized to be less influenced 

by the characteristic length-scale parameters for non-van-
ishing values of the mixture parameter. The size-depend-
ent effects of the gradient characteristic parameters on the 

Table 1  Normalized maximum axial deformation of a mixture unified gradient elastic nanobar with fixed-ends

umax∕u0 

� � → 0 � → 1∕3

� = 0 � = 0.1 � = 0.2 � = 0.3 � = 0.4 � = 0.5 � = 0 � = 0.1 � = 0.2 � = 0.3 � = 0.4 � = 0.5

0+ 1.00000 0.92108 0.73218 0.54261 0.39781 0.29611 1.00000 0.92108 0.73218 0.54261 0.39781 0.29611
0.1 1.08000 1.00000 0.79914 0.59343 0.43545 0.32426 1.05331 0.97404 0.78123 0.58337 0.42999 0.32123
0.2 1.32000 1.23677 1.00000 0.74590 0.54836 0.40873 1.20772 1.12325 0.91749 0.69812 0.52197 0.39386
0.3 1.72000 1.63138 1.33477 1.00000 0.73654 0.54951 1.42664 1.33477 1.11273 0.86736 0.66156 0.50658
0.4 2.28000 2.18383 1.80345 1.35575 1.00000 0.74660 1.66005 1.56515 1.33330 1.06688 0.83264 0.64898
0.5 3.00000 2.89413 2.40604 1.81313 1.33873 1.00000 1.87586 1.78326 1.55204 1.27487 1.01913 0.80985

umax∕u0 

� � → 2∕3 � → 1

� = 0 � = 0.1 � = 0.2 � = 0.3 � = 0.4 � = 0.5 � = 0 � = 0.1 � = 0.2 � = 0.3 � = 0.4 � = 0.5

0+ 1.00000 0.92108 0.73218 0.54261 0.39781 0.29611 1.00000 0.92108 0.73218 0.54261 0.39781 0.29611
0.1 1.02655 0.94888 0.76408 0.57365 0.42467 0.31824 1.00000 0.92466 0.74763 0.56424 0.41948 0.31532
0.2 1.09670 1.02277 0.84694 0.65603 0.49799 0.38004 1.00000 0.93691 0.78616 0.61869 0.47611 0.36714
0.3 1.17870 1.11273 0.95158 0.76544 0.60037 0.46986 1.00000 0.95158 0.83053 0.68481 0.54951 0.43809
0.4 1.25031 1.19442 1.05281 0.87863 0.71309 0.57389 1.00000 0.96372 0.86903 0.74660 0.62349 0.51436
0.5 1.30603 1.25984 1.13887 0.98157 0.82237 0.68038 1.00000 0.97261 0.89874 0.79771 0.68919 0.58656

Table 2  Normalized mid-span axial deformation of a mixture unified gradient elastic nanobar with fixed-free ends

ux=1∕2∕u0 

� � → 0 � → 1∕3

� = 0 � = 0.1 � = 0.2 � = 0.3 � = 0.4 � = 0.5 � = 0 � = 0.1 � = 0.2 � = 0.3 � = 0.4 � = 0.5

0+ 1.00000 0.97369 0.91073 0.84754 0.79927 0.76537 1.00000 0.97369 0.91073 0.84754 0.79927 0.76537
0.1 1.02667 1.00000 0.93305 0.86448 0.81182 0.77476 1.01777 0.99135 0.92708 0.86112 0.81000 0.77374
0.2 1.10667 1.07892 1.00000 0.91530 0.84945 0.80291 1.06924 1.04108 0.97250 0.89937 0.84066 0.79795
0.3 1.24000 1.21046 1.11159 1.00000 0.91218 0.84984 1.14221 1.11159 1.03758 0.95579 0.88719 0.83553
0.4 1.42667 1.39461 1.26782 1.11858 1.00000 0.91553 1.22002 1.18838 1.11110 1.02229 0.94421 0.88299
0.5 1.66667 1.63138 1.46868 1.27104 1.11291 1.00000 1.29195 1.26109 1.18401 1.09162 1.00638 0.93662

ux=1∕2∕u0 

� � → 2∕3 � → 1

� = 0 � = 0.1 � = 0.2 � = 0.3 � = 0.4 � = 0.5 � = 0 � = 0.1 � = 0.2 � = 0.3 � = 0.4 � = 0.5

0+ 1.00000 0.97369 0.91073 0.84754 0.79927 0.76537 1.00000 0.97369 0.91073 0.84754 0.79927 0.76537
0.1 1.00885 0.98296 0.92136 0.85788 0.80822 0.77275 1.00000 0.97489 0.91588 0.85475 0.80649 0.77177
0.2 1.03223 1.00759 0.94898 0.88534 0.83266 0.79335 1.00000 0.97897 0.92872 0.87290 0.82537 0.78905
0.3 1.05957 1.03758 0.98386 0.92181 0.86679 0.82329 1.00000 0.98386 0.94351 0.89494 0.84984 0.81270
0.4 1.08344 1.06481 1.01760 0.95954 0.90436 0.85797 1.00000 0.98791 0.95634 0.91553 0.87450 0.83812
0.5 1.10201 1.08661 1.04629 0.99386 0.94079 0.89346 1.00000 0.99087 0.96625 0.93257 0.89640 0.86219
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axial deformation of nanobars are more significant for the 
fixed-end conditions. The axial deformation function of the 
nano-sized elastic bar coincides with the classical elastic bar 
model for either vanishing the gradient characteristic param-
eters, or instead, as the mixture parameter approaches unity 
in the absence of the strain gradient characteristic parameter.

Numerical values of the normalized axial deformation 
function at the mid-span of the mixture unified gradient 
elastic bar, under a uniformly distributed axial load, are, 
respectively, collected in Tables 1 and 2 for fixed-end and 
fixed-free boundary conditions. Numerical results of the 
axial deformation of the nano-sized elastic bar consistent 
with the mixture unified gradient theory for the prescribed 
mixture parameter � = 1 are not depicted in the numeri-
cal illustrations, for the sake of clarity, but are tabulated in 
Tables 1 and 2.

Last but not least, the effectiveness of the mixture uni-
fied gradient theory of elasticity in precisely characterizing 
the nanoscopic features of elastic nanobeams in nonlinear 
flexure [49] as well as the dynamics of elastic nanobeams is, 
more recently, evinced in [50, 51].

5  Concluding remarks

The mixture unified gradient theory of elasticity is invoked 
for an accurate description of the size-dependent structural 
response of materials at the ultra-small scale. The size-
effects of the stress gradient theory and the strain gradient 
model are consistently integrated with the classical elastic-
ity model within the context of the mixture unified gradi-
ent theory. The conceived generalized continuum theory, 
therefore, addresses a consistent approach to rigorous assess-
ment of nanoscopic field quantities. A stationary variational 
framework, founded on ad hoc functional space of kinetic 
source fields, is introduced. The boundary-value problem 
of the associated equilibrium of the nano-sized elastic bar 
is established and properly equipped with a complete set 
of boundary conditions. The explicit formulae of the axial 
resultant fields, describing the extra non-standard boundary 
conditions, are determined without the need of implement-
ing the sophisticated equivalence lemma necessary in the 
counterpart framework of the nonlocal gradient models. 
The detected constitutive model of the axial resultants, cast 
as ordinary differential relations, is properly enriched with 
the strain gradient characteristic length, the stress gradient 
length-scale parameter, and the mixture parameter. All the 
governing equations associated with the equilibrated elastic 
nanobar are integrated into a single functional. Various gen-
eralized continuum theories of the gradient type, namely the 
unified gradient theory, the stress gradient theory, the strain 
gradient theory, and the mixture stress gradient theory, are 
recovered by properly driving the characteristic length-scale 

parameters. The effectiveness of the established variational 
framework consistent with the mixture unified gradient 
theory in addressing the peculiar characteristics of nano-
scale structures is put into evidence via a comprehensive 
analysis of both the elastostatic and elastodynamic structural 
behaviors of nano-sized elastic bars. The dispersive behav-
ior of axial waves is analytically examined and the closed-
form solution of the phase velocity of dispersive waves is 
derived. Nanoscopic features of the wave dispersion are 
numerically depicted and thoroughly discussed. The efficacy 
of the introduced generalized continuum theory in describ-
ing the dispersive behaviors of waves with wavelengths at 
the ultra-small scale is demonstrated in comparison with 
the counterpart experimental measurements. A practical 
approach for inverse determination of the characteristic 
length-scale parameters associated with the generalized 
continuum mechanics theories is introduced. The elasto-
static characteristics of nanobars with kinematic constraints 
of nano-mechanics interest are, furthermore, studied. The 
axial deformation of a mixture unified gradient elastic bar is 
analytically addressed via a viable procedure based on suc-
cessive integration of differential equations of lower-order. 
The associated nanoscopic elastostatic features of nano-
sized bars with fixed-end and fixed-free boundary condi-
tions are graphically demonstrated and comprehensively 
commented upon. The expected size-dependent features 
of the elastostatic axial deformation of the nano-sized bar 
within the framework of the mixture unified gradient theory 
are confirmed. A new numerical benchmark is detected for 
elastostatic and elastodynamic analysis of nano-sized elas-
tic bars. The introduced mixture unified gradient elasticity 
framework provides a promising methodology to tackle the 
statics and dynamics of bar-type elements of a wide spec-
trum of cutting-edge engineering systems.
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